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PREFACE 


Despite a number of excellent monographs and reviews covering 
specialized branches of astrophysics, teachers and research workers in 
astronomy anti physics have long felt the need for a work covering not 
only the fundamentals necessary for an understanding of the field but 
also the major modern developments* This volume is intended for 
those who wish to learn something of the methods employed and the 
results obtained in the study of the atmospheres of the sun and stars 
and solar-terrestrial relationships. A companion volume will treat of 
nuclear transformations and stellar interiors, variable stars, and the 
interstellar medium* 

After a brief astronomical introduction the background of ph} f sies 
necessary for a study of stellar atmospheres and other branches of as- 
trophysics is carefully given. The subjects treated include atomic 
structure and spectra, gas laws and velocity distribution, ionization, 
excitation, dissociation of atoms and molecules, and selected aspects of 
radiation theory* In following chapters of the book, these principles 
are applied to the radiation of the sun and stars, to their continuous and 
dark-line spectra, lo solar phenomena, and solar-terrestrial relationships* 

Throughout this book I have stressed not merely the results but also 
the methods by which they are obtained* The reader is shown how 
each principle or important formula is applied to some definite numeri- 
cal problem concerned with the interpretation of the stars and nebulae* 
For example, I have shown in detail how the energy flux of the sun and 
stars may be calculated and compared with the observations, how the 
abundance of calcium may be determined from the profile of the 
line in the solar spectrum, and how the cosmic abundances of elements 
not observable in the sun are inferred from studies of the hot stars* 
The chemical composition of a “normal” star is critically discussed, fol- 
lowed by an account of composition differences between stars* In the 
largely descriptive chapter on solar phenomena use is made of numerous 
excellent photographs obtained in France and the United States* Con- 
siderable original material is included. 

It would have been impossible to produce a book of this scope with- 
out the enthusiastic cooperation of many astronomers and students who 
have offered helpful comments and suggestions* Particular thanks arc 
due to Daniel Barbier, S* Chandrasekhar, Helen W, Dodson, Leo Gold- 
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herg, Jes.sc’ L. Grcenstcin, Gerhard Herzberg, V. Koutganoff, Jean Mc- 
Donald, D. B. McLaughlin, D. H. Menzel, Paul W. Merrill, M. Min- 
naert, Orrcn Mohler, Moth B. Nicholson, R. M. Petrie, A. Keith Pierce, 
Evry Schatzman, Otto Struve, and K. O. Wright. Original photographs 
and illustrations have been provided by the Mount Wilson and Lick 
Observatories, by Andrew McKellar, Jason Nassau, H. M. Petrie, and 
by my colleagues at Michigan, particularly Robert It. McMath and 
Helen Dodson. Special mention must be made of the beautiful photo- 
graphs of solar phenomena supplied by Lucien and Marguerite d’Azam- 
huja and the late Bernard Lyot. Finally, it is a pleasure to acknowledge 
that this book was written at the suggestion of Henry Norris Russell. 


Ann Arbor 
January, 1953 


Lawrence II. Aller 
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LIST OF PHYSICAL CONSTANTS 


Velocity of light 
Planck’s constant 
Election mass 
Electronic charge 
Boltzmann's constant 
Volume of a mole 
Gas constant jver mole 
Avngndra’s number (number r>f atoms 
or molecules per mole) 

Loschniidt’s number 
Density of oxygen gas (0°( ') 

Radius of first Bohr orbit 
Stefa r i-Bol tz m an n constan t 
Second radiation constant 
Wien displacement law constant 

Bohr magneton 

Ratio; mass proton mass electron 
Mass of proton 
Mass of hydrogen atom 
Wave length associated with 1 ev 
(electron volt) 

Frequency associated with I ev 
Energy associated with 1 ev 
Conversion factor atomic mass units 
to Mev 

Energy equivalent of electron mass 
Constant of gravitation 
Standard atmosphere (pressure) 
Melting point of ice 
Mechanical equivalent of beat 
Acceleration of gravity 


c = 2.01)776 X 10 10 cm sec -1 
h = 6.6234 X I O’ 27 erg sec 
m = 9.1055 X 10 _2S grams 
t = 4.8024 X 10 -10 e.s.u. 

A' = 1.38032 X 10 -16 erg deg -1 

22.4146 X 10* cm 3 

Rv = 8.31436 X UP erg mol" 1 deg" 1 

N\ - 6,0251 X 10 23 
nty = 2 ,(>8731 X 10 1D cm^ 

1.429 X 10“* grams/cm 3 

0 0 ^ 0.529 1 61 X 10“* cm 

tr - 5,6724 X lO^ergcm^deg^sec- 1 
he/ k = 1 .43847 cm deg 
\ m T = 0.289715 cm cleg 

M > = = 0.92731 X 10- 2 " erg 

Airmc 

gausses -1 
MJm = 1836.57 
M p = 1.67248 X 10 -21 grams 
Mu = 1.6734 X JO-w grams 

Xo = 12394.2 X 10-® cm 
= 2.41867 X 10 14 sec -1 
= 1.60199 X IQ -13 erg 

1 a.m.u. = 931,04 Mev 
mcr — 0.51079 Mev 

G - 6.670 X 10“* dynes cmVgram 2 
\ ,013,246 dynes/ cm Vatmnspherc 
273.16°K 

4.185 joules/calorie 
go = 980.665 cm/sec/sec 


The numerical values are taken from the data of R. T. Birge (1941), and 
from J. W. M. DuMond and E. R. Cohen, Rev. Mod. Phys. 20, 82, 1948. 






CHAPTER 1 


Survey of the Basic Data 

1. Scope of Astrophysical Problems 

Astronomy differs from its sister physical sciences in that the phe- 
nomena with which it deals cannot be handled by the experimental 
method. Stars, planets, and nebulae are known only through the radi- 
ation they emit, absorb, or reflect. Much of this radiation cannot be 
observed. For example, the earth’s atmosphere cuts out all light of 
wave length shorter than 2.!) X 10“ 5 cm (2900 angstrom units, written 
as \2900). In the infrared much radiation is obstructed by water vapor. 
Furthermore, we can observe only the outermost layers of a star. The 
interior lies concealed from view; conditions there may be inferred only 
with the aid of universal physical laws. The stars tell us what they 
please; skilled interpretation of more or less slender clues leads to further 
knowledge. The problem is to apply known physical laws to the inter- 
pretation of the observational data. Thus we may learn the structure, 
temperature, and composition of stellar atmospheres, the state of stellar 
interiors, and the conditions prevailing in the gaseous nebulae and in 
the interstellar medium. 

Let us first review the observational data : The positions of the stars 
and nebulae may be measured upon the celestial sphere with a high 
order of precision. 

The apparent brightnesses of stars and nebulae can be measured with 
various light-detecting devices such as the eye, photographic plate, or 
photoelectric cell. To be able to convert apparent luminosity to true 
luminosity, one must know the distance of the star or the nebula. \ isual 
double stars of established distances and orbital periods are the source 
of most of our knowledge of stellar masses. Radii and densities may be 
found for the components of eclipsing binaries. 

The physical nature and chemical compositions of stellar atmospheres 
may be deduced from their continuous and dark-line spectra. 

Much more detailed information may be obtained for the sun. Direct 
photographs show granules, spots, and faculae. Spectroheliogrums show 
flocculi, flares, and prominences, (tiee Fig. 1.) The structure of the 
inner corona may be studied with the coronagraph. 

The gaseous and diffuse nebulae present special problems of observa- 
tion and interpretation. Here the significant data arc often the surface 
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brightnesses and the angular dimensions* It is possible to measure the 
size and luminosity of the planetary nebula in each of its characteristic 
emissions; while sllt-spectrographic observations give the internal mo- 
tions. 

The presence of unorganized material in the galaxy is revealed by its 
effect on the light of distant stars; “stationary” lines often appear in 
the spectra of these stars and their light is often reddened* 

Radio-frequency static from the sun and Milky Way has recently 
been observed* This new technique has already given important data 
on the outer envelope of the sun, and on the physical state of the inter- 
stellar medium. 

Among the questions which astrophysics seeks to answer are: What 
are the densities, temperatures, and compositions of stellar atmospheres? 
IIow are they constructed? Are the atmospheric strata in balance with 
gravity like those of the earth, or do such atmospheres consist of jets 
and filaments hurled from the depths of the star, the whole atmosphere 
resembling a vast fountain of heated gases? 

The sun poses many additional problems, such as that of the origin 
of the sunspots. How are we to explain the shapes and motions of 
prominences? What causes the high excitation of the corona? What 
is the origin of the solar cycle of 11*5 years? 

The gaseous nebulae derive their luminosities from enclosed or nearby 
stars. What are their densities, temperatures, compositions, and total 
masses? 

Are the interstellar obscuring clouds composed of dust, droplets, or 
large chunks of matter— of ice, metals, or silicates? Was the dtfbris 
scattered between the stars originally expelled from them or is it the 
stuff from which the stars arc made? 

These are but a few of the questions that might be asked. We shall 
see that some of them can be answered in a fairly satisfactory manner — 
to others we can supply but the crudest conjectures. The interpretation 
of the observational data of modem astrophysics requires knowledge of 
almost all branches of physics, from aerodynamics to nuclear transfor- 
mations * At the top of our list we place the theory of the absorption 
and emission of radiation. We must become familiar with definitions 
of flux, intensity, and energy density as well as such topics as Kirch- 
hoffs, Planck’s, Wien’s, and the Stefan-Boltzmann law. Furthermore, 
since we are dealing with heated gases we need to apply the kinetic the- 
ory of gases. 

In some respects stellar atmospheres are close to thermal equilibrium 
— the state of affairs that would prevail in a box whose walls were kept 
at constant temperature. This situation may be studied with the aid 
of the ionization and dissociation equations that are derived from sta- 
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tistical mechanics. These relations should be labeled handle with care, 
since a stellar atmosphere is not strictly in thermal equilibrium; we 
must be prepared to recognize and allow for the differences that do 
occur. 

Since we study the behavior of atoms and molecules by means of 
their spectra, an understanding of atomic and molecular structure is 
necessary. The arrangement of the energy levels in the atom deter- 
mines the character of the spectrum* The intensity of a spectral line 
will depend on (among other factors) the number of atoms capable of 
absorbing it, and the probability coefficient for the transition* Except 
at very high temperatures, most of the atoms in any stage of ionization 
are in the ground level and thus can absorb lines arising from this level 
(resonance lines). Thus the calcium H and K lines attain great strengths 
in the sun. On the other hand, the lines of the more abundant oxygen 
and carbon are weak in the sun, simply because the observable lines 
arise from hi g h energy levels; at the relatively low temperature of the 
sun, only a few of these atoms are in these levels* The role of transition 
probabilities is exhibited by the X3302 and the D pairs of sodium; both 
are resonance lines but the former are inconspicuous whereas the latter 
are strong* This happens because the absorption probability is much 
larger for the D pair. 

For other problems, e.g., the interpretation of faint lines of carbon 
and oxygen in the gaseous nebulae, we must know the probabilities for 
the recombination of ions and electrons* 

The production of the so-called forbidden lines in the spectra of 
novae and nebulae, however, depends on the cross-section for collisions! 
excitation of certain metastable levels, whence the atom can return to 
the ground level with the emission of the forbidden lines. Usually the 
determination of these basic physical parameters requires either diffi- 
cult quantum mechanical calculations or experimental techniques. 

Electromagnetic phenomena are involved in the sunspots, in the 
peculiar stars which have strong general magnetic fields that sometimes 
reverse themselves periodically, and probably also in the motions of 
prominences and in the behavior of coronal streamers* 

Shock waves, presumably arising from acoustical disturbances mov- 
ing through gases of varying density, may account for the high temper- 
ature of the corona and the peculiarities of the atmospheres of supergiant 
stars* Aerodynamics has been employed to study the interaction of 
clouds in the interstellar medium. 

In recent years the theory of the solid state has become important 
to the astrophysicist in connection with the accretion of gas molecules 
by small crystals in interstellar space, in the analysis of comets and of 
the structure of the solid cores of planets. 
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The energy output of the sun and stars cannot be accounted for l>v 
chemical or gravitational processes. Actual transformations of the ele- 
ments occur by thermal reactions involving the nuclei of light atoms 
and protons. The basic quantities here are the cross-sections for the 
capture of protons by protons and by nitrogen and carbon nuclei and 
the dependence of these cross-sections on the speeds of the colliding par- 
ticles. These quantities must be determined experimentally. A reac- 
tion of interest in connection with the red dwarf stars (objects that arc 
fainter and smaller than the sun) is the encounter between two protons 
to form a deuteron. This process cannot be observed in the laboratory 
and its reality depends on the validity of theories of nuclear forces and 
/3-ray emission. A further understanding of the basic phenomena in 
nuclear physics will be helpful to astrophysics. 

2. Distances of the Stars 

Much of the work of the astronomer is devoted to the measurement 
of the masses, radii, and luminosities of the stars. For these measu re- 
men ts it is usually necessary to know the distance. 

For the nearer stars we may measure the distance by the trigono- 
metric method. The distance of a star is related to its parallax (the 
angular radius of the earth's orbit about the sun as seen from the star) 
by 

r = 1/p (1) 

If p is measured in seconds of arc, r is the distance in parsecs. (One 
parsec is 206,265 times the distance of the earth from the sun, i.e., 
206,265 astronomical units.) 

The distances of more remote stars are found by statistical methods, 
some of which depend on motions relative to the sun and the rotation 
of the galaxy. The fact that the spectrum of a star is related to its in- 
trinsic luminosity permits the determination of "spectroscopic” paral- 
laxes which must be calibrated, however, by trigonometric and statistical 
determinations of distances. The distances of faint dwarf stars less 
luminous than the sun are usually well known. The distances of the 
very luminous stars are less accurately known, while data on the dis- 
tances of such objects as the planetary nebulae are very meager. 

3. Luminosities of the Stars 

We express the brightness of a star in terms of its magnitude.* The 
magnitude scale is logarithmic, a difference of five magnitudes corre- 

* Because of the physiological character of the eye, its response to light is logarith- 
mic. A series of lamps arranged by brightness in a geometrical progression will be 
appreciated by the eye ;u$ an arithmetical progression of luminosity. 



Fig. 1, Photographs ok Solar Disk Phenomena 

A. Direct or white light photograph of solar disk (August 18, 19311). 

B. Photograph of disk in the light of the red line of hydrogen. {Ha spcclrohclio- 
gratn). 

* C. Photograph of disk in the light of ionized calcium (X3933 of Cn II). (Ca II or 
**K n line spectrohcliogram) 

Notice the dark filaments upon the disk in the Ha image and the bright areas 
(plages) hi the vicinity of spots on both the Ha and the Ca II photographs. 

D. Direct photograph of sunspot group of September 1, 1939. 

K. Ha spectroheliogram of the same sunspot group. 

F. H« spectroheliograms of a sunspot group approaching the limb of the sun, 
September I -I, 1939. 

(*. The same sunspot group observed on September 10, 1939. 

(MeMath-Hulbert Observatory, University of Michigan.) 
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Fki, 2.— The Spectral Sequence from BO to A/6 

Notice tire decline in tire intensity of the lie I, M 172 and X4O20 lines fromiiO to ,10, 
the great increase in tire strength of the hydrogen litres to a maximum at . 0 and sub- 
sequent decline, and the steady increase in tire mtenmtres of the metaUic hma^ff 
and K of ionized calcium (Call), X4227 of neutral calcium (Cal), and X4.1S- , 
X4668 and X440.'i or neutral imn (Fe 1), toward the lower tenure ratines. he hands 
of compounds become increasingly conspicuous toward the lower 't-mpMUtu^._ lire 
bands of titanium-oxide, whose heads (see C-hapter 2) fall at XloSo, XI. 2, and 
X4954 are strong in the .IJ-type stars. The last strip, d/he, is the spectrum of Mwi 
Ceti. (Photographed by R. H. Curtiss and W. C. Rufus at the l Diversity of Michi- 
gan Observatory.) 
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spending to an apparent luminosity ratio of 100. A first magnitude 
star* is the fifth root of 100 or 2.512 limes brighter than one of the 
second magnitude which in turn is 2.512 times brighter than a thud 
magnitude star. The magnitude difference between two stars is related 
to their relative apparent luminosities fi and It by 

h _ (2.512)’" r- ' m (2) 

( a 

or „ . 

— nil — 2.5 log {h/k) w 

The magnitude of a star depends on its color and the wave length 
sensitivity of the device used to observe it.f The various light-measur- 
ing devices employed by astronomers differ in their response to light of 
different colors. The eye is most sensitive to the green and relatively 
insensitive to the violet and deep red. Ordinary photographic emul- 
sions which are most sensitive from the blue down to the ultraviolet 
limit of transmission of the atmosphere are used to determine photo- 
graphic magnitudes, Orlhochromatic plates used in conjunction with 
yellow filters have a color sensitivity roughly similar to that of the eye. 
Magnitudes determined with such a combination are designated as 
photovisiial (pt>) magnitudes. Bed- or infrared-sensitive plates can be 
employed with appropriate filters to determine red and infrared mag- 
nitudes. , n , n 

Among the most sensitive photoelectric cells is the KGA type ll n 
multiplier phototube that employs an antimony-caesium surface. I he 
sensitivity falls off to the. red side of X4000 and approaches zero around 
XG‘200. Photocells using a “caesium-oxide on silver” surface are em- 
ployed for photoelectric photometry in the red and infrared. 

in the infrared where photographic plates are insensitive or unusable, 
the thermocouple and lead-sulfide cells arc employed. Llie former is 
sensitive to all parts of the spectrum. In the region of 1 to 3 microns 
however, the lead-sulfide photoconductive cell is about one hundred 
times as sensitive as the best thermocouple. 

lioth photographic and visual magnitude systems are widely used. 
The zero-point of the two systems is so adjusted by convention that the 
mean photographic magnitudes of certain white stars of spectral class 
A0 (see Sec. 4) between 5.5 and 6.5 shall equal the mean Harvard 

* Tire zero-point of tire magnitude scale, has been set by general agreement among 

1 t For example, Edmondson’s red variable, HN Monocerotis, has a photographic 
magnitude of 14, a photovisual magnitude of around 9, and a photo red magnitude ol 
about 7.5. 
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visual magnitudes for these stars. The procedure is not free from oh- 
jections.* 

We define the difference lietween the photographic and visual mag- 
nitude of a star as the color index, viz.: 

CX — Htplg ^via 

Red stare arc fainter photographically than visually. Thus BN Mono- 
eerotis has a color index of about 5 magnitudes. The color indices ol 
blue stars are negative but never by more than a few tenths of a magni- 
tude. . 

For many problems we need a number which characterizes the total 

amount of energy received from the star, at a point just outside the 
earth’s atmosphere. We call this quantity the apparent botometric mag- 
nitude. The magnitude measured by the eye, photographic plate, pho- 
toelectric cell, or thermocouple must be corrected for the tact that the 
detector may not be sensitive to all wave lengths, and for the absorption 
in the earth’s atmosphere. These corrections are called bohmetric cor- 
rections. (See Chapter 6.) 

The apparent brightness of the star as measured by the observer 
can be converted to its intrinsic luminosity only when the distance of 
the star is known. We define as its absolute magnitude, M, the mag- 
nitude the star would have if placed at a distance of 10 parsecs. Let m 
be the apparent, M the absolute magnitude, and r the distance of the 
star in parsecs. Let l refer to the amount of light received from the 
star at its true distance, and L to that which would be received at 
the standard distance r a of 10 parsecs. Then 

l 

L 

M - m = 2.5 log l. - 2.5 log L = 5 log r„ - 5 log r (4) 

Since log r„ - 1, we have 

M = m + 5 — 5 log r (5) 

The apparent magnitudes of distant stars are often affected by the 
absorption of light in the interstellar medium. If this absorption 

* The choice of AO stars is unfortunate because the energy distribution in their 
spectra deviates appreciably from that of a black body. They include many intrinsi- 
cally bright stars which are situated at great distances and are often reddened by 
space absorption. Also the Harvard visual magnitudes are mhomogeneous. It 
would have been better to have used the Potsdam Generalk&talog, probably the he st - 
catalog of visual magnitudes that has been made. Today such measures can best lw 
made with the photocell. 
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amounts to A magnitudes then the star is actually brighter than would 
be judged from its apparent magnitude and distance. Therefore, 

M — m + 5 *— 5 log r — A (6) 

The absolute visual magnitude of the sun is +4.7, which means it 
would be nicely visible to the eye on a clear night at a distance of 
10 parsecs. The intrinsically faintest known star, the companion to 
l$j) 4° 4048, discovered by van Biesbroeck, has an absolute magni- 
tude of +19; it is a million times fainter than the sun* The brightest 
star, S Doradus, is of the order of 500,000 times as brilliant as the sun. 
Most of the stars in a volume of space in our part of the galaxy are fainter 
than the gun, while most of those visible to the eye are actually brighter, 
since brighter stars are visible at greater distances than fainter ones. 

4. Spectra of the Stars 

Surface temperatures of the stars, their chemical compositions, and 
their velocities in the line of sight may be deduced from a study of their 
spectra. The majority of stare show a continuous spectrum upon which 
are superposed the dark Fraunhofer absorption lines. 

Despite the vast range in the luminosities of the stars, the spectra 
of all but a few may be grouped into a small number of spectral classes, 
which form a continuous sequence. The order of the Harvard spectral 
sequence is ^ y 

O—B-A—F—G—K—M 

S 

The spectral sequence 0 to M is continuous whereas the ll and N stars 
form one side branch and the $ stars another. Decimal subdivisions 
are also employed. Thus Fo denotes a spectrum about half-way be- 
tween F and G in appearance, whereas B 8 indicates a spectrum closer 
to A0 than to £ 0 . On this system the sun is near G2 or G3 (subdivisions 
not employed in the Henry Draper Catalogue but required for refined 
work). 

In classes 0 and B both emission-line and absorption-line objects arc 
observed. Prominent in class O are the lines of hydrogen, 11 I; neutral 
helium, He I; ionized helium, He II, as well as doubly ionized oxygen, 
nitrogen, and carbon, G III, N III, and C HI. In class B, the helium, 
He I, and hydrogen lines strengthen, while ionized helium disappears. 
Singly ionized carbon, nitrogen, and oxygen are important and the lines 
of doubly ionized iron, Fell I, and ionized magnesium, Mg II, put in 
their appearance. The hydrogen lines attain their greatest strength 
near 42, the lines of He 1 disappear, and the metals gain in prominence. 
Throughout classes A and F the hydrogen lines weaken ami the metals 
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strengthen until at GO the most prominent lines are the // and K lines 
of ionized calcium (Call), the “G-band which is a mixture of atomic 
lines and molecular bands, and the lines of common metals, Fe, Ti, Mg, 
Cr, etc. In class K the low temperature lines of the metals strengthen 
and finally in class Af the titanium-oxide bands dominate the spectrum. 
The li and N branch comprise stars with strong bands of the carbon 
compounds, whereas class S shows bands of % rO rather than bands of 

TiO. 

An important fact about the spectral sequence is that it is also a 
color sequence. The 0 and B stars are intrinsically blue, the A and F 
stars are white, the K stars orange, and the M stars red. ! n other wends, 
the 0 and B stars must be the hottest and the .1/ stars the coolest in the 
spectral sequence. As Saha pointed out in 1922 the spectra! sequence 
is essentially a temperature sequence and spectral variations arise from 
differences in temperature rather than from differences in composition. 
The late 0 stars have temperatures near 30,000°K, the early B' s near 
21 000°K, an .4 star like Sirius has a temperature of 10,000°K, G stars 
have temperatures in the 4900 <, K-5800°K range, and the M’s have 
temperatures in the 2500°lv— 3200° K range. 

5. The Spectrum-Luminosity Relation 

If the absolute magnitudes of the stars are plotted against their 
spectral classes the points do not scatter all over the diagram as one 
might expect, but fail in a definite pattern. The resultant plot is called 
the Russell diagram or the RusseUrH erlzsprung diagram. Most of the 

-5 


0 


5 


10 


Flu. 3 — Tn« Spectrum-Luminosity Relationship 

When the absolute visual magnitudes of the stars are plotted against their spectra) 
types most of the points fall in groups which define the dwarf or main sequence, the 
giants, the supergiants, and the white dwarfs. A diagram of this type was first pre- 
pared by H. X. Russell about 1913. 


M 



8URVKY OF THK BASIC DATA 


1 


See. 5] 


stars cluster along a curve running diagonally from highly luminous 
blue stars at one corner to dim red ones at the other, color and luminosity 
changing progressively. This group of stars is called the main sequence 
(or dwarf sequencer The sun is a main-sequence star. Its absolute 
magnitude is about 5 and its spectral class is G 2, 

The rest of the diagram is more sparsely populated. The giants form 
u group around absolute magnitude 0 to +1,0 extending from about (70 
to the later (i.e., redder) spectral classes. At the top of the diagram is a 
thin sprinkling of the highly luminous mpergiants ( M = —3 to —7) in 
which all spectral classes are represented. These stars are rare; their 
enormous candlepowcr enables them to be seen at great distances with 
the result that among naked-eye stars there is a large proportion of 
supergiants. 

Beneath the giants and above the dwarfs is the group of subgianls, 
whereas just below the main sequence arc occasional representatives of 
the subdwarfs. The lower left-hand side of the diagram includes certain 
intrinsically faint stars the famous “white dwarfs” whose sizes are 
comparable with those of planets but whose masses are similar to that 
of the sun. Hence their densities exceed that of the sun by many thou- 
sands of times. Yet in .spite of this fact, or more accurately because of 
it, these stars are better understood than the giants or supergiants. 

The terms giant, supergiant, and dwarf, originally invoked to express 
the relative luminosities of the stars, apply to their sizes as well. The 
cmissivity of matter per cm 2 depends primarily on its temperature. 
Hence a supergiant ten thousand times as luminous as the sun but of 
the same surface temperature must have very closely ten thousand 
times the surface area or a radius a hundred times as great. The giant, 
Capclla, has a radius l(i times that of the sun while the red supergiant, 
a Herculis, which has ten thousand times the sun's luminosity but a 
much lower surface temperature, has a diameter 800 times that of the 
sun. Even this star is outdone by YY Cephei whose vast atmosphere 
would envelop Saturn if its center were placed in the position of 
the sun. 

On the other hand, the most luminous main-sequence stars of whose 
sizes we have any precise knowledge, the components of the eclipsing 
system Y Cygni, whic h are ten thousand times as bright as the sun, 
have radii only six times that of the sun. Krueger GOA, a typical red 
dwarf, has a radius about half that of the sun, while its luminosity is 
0*017 that of the sun. 

The usual Russell diagram applies to the Milky Way in the neighbor- 
hood of the sun. Globular star clusters, however, give a somewhat dif- 
ferent picture. Many years ago, Shapley plotted the colors of stars in 
globular clusters against their magnitudes. (See Fig. 4.) Since colors 
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Fin, 4, — Composite Co lor- Magnitude Array for the Globular 
Clusters, MS, M 13, and A/22 

The color class, expressed in terms of the corresponding spectral class, is plotted 
against the absolute photo visual magnitude. The majority of the stars fall in the 
cross-hatched area; the individual points are not shown. (After Harlow Shapley.) 



The Type i distribution is indicated by the shaded areas. The Type II distribu- 
tion of the most luminous stars, to which we have added the subdwarfs, is indicated 
by the cross-hatching. Compare t his schematic diagram with Fig. ti where an ob- 
served color-magnitude array for a globular cluster is given with a similar plot For 
a Type l population. (Adapted from a diagram by Walter Baade, Astro physical 
Journal, University of Chicago Press, 100, 113, 1944.) 
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arc correlated with spectral types and since all objects in a cluster are 
at practically the same distance from the sun, his color-magnitude array 
is equivalent to a spectrum-luminosity plot;. There are no blue main- 
sequence stars in globular clusters. The dwarf sequence appears to 
start near ^40 and continue to the fainter stars. The giant stars arc 
distributed along a curve such that, the redder a star, the higher its 
luminosity. In particular, the gap at absolute magnitude 0, between 
the main sequence and the giants (the Hcrtzspmng gap) now appears 
to be populated and includes the cluster-type Cepheid variables. More 
recently, W. Baade has emphasized the existence of two types of stellar 
distribution, one characterizing the majority of stars found in our part 
of the galaxy, Type I, and the other, Type II, characterizing the glob- 
ular dusters, the elliptical nebulae, and the center of our own Milky 
Way. (Bee Fig. 5.) Galactic clusters represent pure Type I distribu- 



Fia, (5, — Color Magnitude Array for the Globular Cluster Messier 3 

hi this diagram, based on the work of Allan Sandagr, absolute photovisual 
magnitudes arc plotted against color indices for stars of the globular cluster, Mossier 3. 
This Type I I population is compared with the giant and main sequences of a Type I 
population (cross-hatched area). The duster variables fall in the gap indicated. 
Notice Urn extension of the cluster stars to the left (blue stars) and that the main 
sequence does not extend to the hotter, more luminous, stars. The position of the 
diis&kal Cepheid variable stars at medium light is indicated. 
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tions as apparently do the outer regions of the Magellanic clouds. The 
globular clusters exhibit a pure Type 1 1 population* Near the sun, rep- 
resentatives of both types are found. Stars moving about the galactic 
center in nearly circular orbits, e*g* f the B stars, belong to Type L 
Bona fide Type 11 objects, such as the cluster-type variables, tend to 
move in highly elliptical orbits; evidently they are invaders from distant 
regions of our galaxy. Below AO both types seem to follow the main 
sequence* 

When absolute magnitude is plotted against spectral type for stars 
whose trigonometric parallaxes, apparent magnitudes, and spectra arc 
determined, the main sequence shows an appreciable scatter* The sun 
does not fall at (he center of the distribution. Some of this scatter may 
be real but most of it probably arises from observational error, h is to 
he noted that when accurate colors and magnitudes of stars in galactic 
clusters such as the Pleiades or 1 lyades are determined (by photoelectric 
photometry), the color-magnitude plot gives a well-defined curve with 
very little scatter. Colors may be measured more accurately than 
spectral types may be estimated. 

6. Spectroscopic Parallaxes 

The fact that the spectra of dwarfs, giants, and supergiants differ in 
small but noticeable details enables us to determine the distances of 
stars from the character of their spectra and their apparent magnitudes* 
A stellar parallax derived in this way is called a Hpedwscopic parallax. 

The distances of dwarf stars may be measured directly by the trig- 
onometric method. The distances of giants and supergiants, however, 
must be established by statistical methods that utilize their motion, 
membership in clusters, and galactic rotation. The spectral differences 
(for a small range of spectral type) between dwarfs, giants, and super- 
giants are established, and the quantitative empirical relationships be- 
tween these spectral differences and the absolute magnitudes are found* 
Once these fundamental calibrations have been worked out, spectro- 
scopic parallaxes may be determined more rapidly and, except for the 
nearest stars, more accurately than the trigonometric parallaxes* (Bee 
Chapter 8.) 

Since the pioneer work of W. S* Adams and A* Kohlschtitter, ex- 
tensive work has been carried out at Mount Wilson, particularly by 
A* H* Joy, culminating in a catalog of spectroscopic parallaxes. Men- 
tion must be made of the investigations of Lindblad and his colleagues 
in Sweden and the Allas of Stellar Spectra due to Morgan and Keenan* 
The Yerkes system of classification assigns luminosity classes as well as 
Henry Draper classes* Thus X, fl, III, IV, and V refer respectively to 
supergiants, bright giants, giants, subgiants, and dwarfs* Keenan has 
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carried out a calibration of these luminosity classes in terms of absolute 
magnitudes* The reader is referred to his paper for an account of this 
problem. 


7. Eclipsing Binaries 

Our considerations about the sizes of stars are fortunately substan- 
tiated by data of quite an independent sort. Little exact information 
may be obtained from single stars, but double stars that occur as eclips- 
ing binary systems provide a wealth of facts. I wo stars move about 
each other in elliptical orbits whose orientation with respect to the ob- 
server is such that an eclipse will occur when one passes in front- of the 
other. The inclination of the orbit and the radii of the stars determine 
whether the eclipse will be partial, annular, or total* 

The observational data arc a light-curve which shows the variation 
of the brightness of the system as a function of time, and occasionally 
measurements of the velocity of one or both of the components in the 
line of sight. From the light-curve it is possible to derive the relative 
radii of the stars in terms of the size of the orbit. If the velocity of 
the star is known from spectroscopic measurements of radial velocity, 
the circumference follows at once from the period* With the size of the 
orbit given in kilometers, the radii of the stars can be computed imme- 
diately. Thus Stebbins determined the diameter of & Aurigae in 1911* 

The analysis of the light-curve gives the inclination i of the plane of 
the orbit to the line of sight* The spectroscopic' measurements give 
Oj sin i, the semi-major axis Qi of the orbit of the brighter star multi- 
plied by the sine of the inclination. If both spectra are visible we find 
(m + a*) sin i * A combination of the photometric and spectroscopic 
data therefore yields a and the period P. The sum of the masses then 
may be found from Kepler's third law 


a 1 

Mi + nh =■ p i 


( 7 ) 


where a is measured in astronomical units, P in years, and m in terms 
of the sun's mass* The individual masses follow from 


m J _ 2 - 
?n« a i 


The relative depths of eclipses give the ratio of the surface bright- 
nesses of the two st ars, if the parallax of the system is known and the 
sizes of both components are calculated with the aid of spectroscopic 
Observations, one can compute the absolute surface brightnesses of the 
stars in ergs radiated per cm' per second* Fortunately, it is possible to 
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obtain such detailed information for a and for a KG system (a 
Scorpii and YY Geminonmi)* Thus we have an independent cheek on 
the system of stellar temperatures, since the relation between emis- 
sivity/cm 2 and temperature is known (Stefan-Boltzmaim law Chap- 
ter 5). 

In addition to radii and masses, much other useful information can 
be found from eclipsing binary systems* Often the stars lid ally per- 
turb each other; the amount of distortion depends on their separation 
and the concentration of mass towards the center. Because of these 
distortions the stars do not attract each other as point masses and as a 
consequence the whole elliptical orbit slowly rotates in space, a phe- 
nomenon we refer to as the motion of the line of apsides. From the 
rate of this motion much has been learned concerning density distribu- 
tions in the interiors of stars* Theoretically, the deformation of the 
figure of the star by tidal action can be determined from the shape ot 
the light-curve* However, the interpretation of the latter outside of 
eclipse is complicated by the reflection of the light of one star from the 
surface of the other and by the phenomenon of gravity darkening. 
Usually the rotations of eclipsing stars arc synchronized exactly with 
the orbital revolution. The stars keep the same sides pointed toward 
each other just as the moon keeps the same face pointed toward the 
earth. In a few systems, the smaller, heavier component of the pah 
spins more rapidly than it revolves, but in all instances the direction of 
rotation is in the same sense as the orbital revolution* 

The darkening to the limb, a phenomenon observed in the sun, de- 
pends on the wave length, surface temperature, gradient, and source 
of opacity in the stellar atmosphere* Its dependence on wave length 
can be inferred from good light-curves in different colors but its abso- 
lute value may be established only with difficulty. 

The most abundant eclipsing stars are the W Lrsae Majoris vari- 
ables— dwarf stars closely comparable to the sun* They revolve around 
each other almost in contact and are highly distorted* 

Further information on stellar diameters comes from certain ted 
s u \ )c rg i at i ts whose 3 angu 1 ar d i am e t er s have been m e asu red di re e t Ly w ith 
the interferometer. If the parallax of the star is known, the true di- 
ameter can be found immediately from the angular diameter. 

8* The Mass-Luminosity Law 

Visual binaries are the most important source oi data on stellar 
masses. The orbit gives the period P and semi-major axis, a , in sec- 
onds of arc* If the parallax p is known, we may find a — a p , the 
semi-major axis in astronomical units* Then from Kepler s third law , 
eqn* (7), it is possible to solve for the sum of the masses* Hence a good 
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mass determination requires an accurate parallax* The individual 
masses f vi\ and of a visual double can be found only it the orbit ot 
each component can be measured in relation to the center oi gravity of 
the pair* That is, the absolute motions of the stars upon the hack- 
ground of the sky must be determined* 

A comparison of stellar masses and intrinsic luminosities leads to the 
important mass- luminosity law, which played so significant a role in 
the development of the theory of stellar interiors. 

According to the discussion by Russell and Miss Moore, the absolute 
bolometric magnitude M is related to the mass by 


log m = — 0,1048 (M - 5*23) (8) 


Ji' both the intrinsic luminosity L and the mass 9U are measured in units 
of the sun’s luminosity and mass, 


log L - 3*82 log m - 0*24 


(9) 


The significance of the constant 0.24 is that the sun is L7 times as 
bright as it should be for its mass. That is, an average main-sequence 
star of solar mass would be fainter by 0.GQ magnitude* It would also 
he smaller and denser than the sun* An “average 11 star of the same in- 
trinsic! luminosity as the sun would bo 15 per cent more massive and 
would be slightly cooler and redder than the sun. 

Both giants and dwarfs appear to fit the mass-luminosity relation 
reasonably well, but our data concerning the supergiants are less certain* 
The brighter components of eclipsing binaries usually agree with the 
normal mass-luminosity relationship although the faint components arc 
often discordant* If two members of an eclipsing system are main-se- 
quence stars, the fainter star will be smaller, cooler, and less massive 
than the brighter one. Therefore it cannot totally eclipse the more 
luminous one. Observational selection tends to favor the deeper 
eclipses, that is, to pick objects in which a normal main-sequence st ar is 
accompanied by a larger, less dense, cooler companion* This latter star 
tends to be a subgiant, whose mass, luminosity, and radius may be ab- 
normal. The masses of the tenuous companions turn out to bo smaller 
than one would estimate from their luminosities* Russell and Miss 
Moore have found that the more tenuous the companion, the greater 
the deviation. 

The abnormalities of the objects found in eclipsing systems is in one 
sense disappointing, but in another useful, for they may cast some light 
on problems of stellar structure* 

The white dwarfs are much too faint for their masses* Their in- 
ternal structures and energy sources appear to differ fluid amen tally 
b l om those of normal stars* 
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The surface gravity, g, of a star depends on its mass and radius. If 
SfE and It are measured in terms of the solar mass and radius 


g - g&tl/K* = 2.74 X 10 1 M It " cm/sec* 0°) 


From the data of eclipsing variables, Russell has found that the surface 
gravities of main-sequence stars can be well represented by the empiri- 
cal formula log g = 3.79 + 0.640 (H) 

while for the giant stars, a rough approximation is given by 

log g = 5.20 - 2.240 (12) 


where 6 = 5040 /T. The surface gravity g and temperature 7 , together, 
determine the spectrum of a star of normal composition. When we dis- 
tinguish giants and dwarfs by spectroscopic criteria we separate them 
in terms of their surface gravities. 

It must be remarked that the effective surface gravities of super- 
giant stars are often smaller than the values computed from their radii 
and masses. Perhaps the atmospheres of such stars are not in ordinary 
mechanical equilibrium. (See Chapters 7 and 8.) 


9. The Plan of Attack 

With this brief sketch of some of the basic astronomical data we 
turn next to an account of the physical background required for an in- 
terpretation of stellar atmospheres and interiors. C hap ter 2 summarizes 
salient facts uu spectroscopic nomenclature, and atomic and molecular 
structure. Chapter 3 treats of the gas laws and the distribution of 
molecular velocities, whereas Chapter 4 gives an account of basic ther- 
modynamic relationships we shall need. The important subject of the 
interaction of radiation with matter occupies the bulk of Chapter 5. 

In the following chapters we proceed with the study of the continu- 
ous and dark-line spectra of the sun and stars, the gaseous nebulae, and 
the interstellar medium as well as with the problems of stellar interiors 
and of energy generation. We shall pay special attention to the sun, 
whose interpretation is one of the most fundamental tasks oi astro- 
physics. Most of our discussion is concerned directly with solar or 
closely allied problems, 
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CHAPTER 2 


Atomic and Molecular Spectra 

1. Introduction 

Itefom the modem ql.rn.tum theory w«e developed, the iuterpretaton 

:rr. u,r,! .c <« »** 

Ivo the relation hettve® the general nature of the source and the Wmd 
„f spectrum emitted, vis., (1) an incandescent M- 

descent gas nuclei- low pressure emits a spectrum of discrete bright lines, 

■ ml (3) a gas placed in front of a hotter source of contmuous radiation 

w U Iroducc a dark-line or absorption spectrum superposed upon the 
will produce a o abs0 rption lines will fall at precisely 

continuous background. iucac 1 ..fldititm to the 

the same wave lengths that the gas regularly emus I, -Wuonto £ 

bright- and dark-lh.ed atomic spectra, the complicated band spctlia 

m r rtL:Sthu7Se"gh W ine spte, rum, ,as eor- 
racUyTum'preted as an iuem.deseent gas tvhcrcaa the dart-hue spec ra 
f ,/ , m( i stars could be explained in terms of the Kirchhoff fluid 
law It was generally believed that the bright surface or “photosphere 
f the sun emitted a continuous spectrum and relatively cooler gas m 
tl overlying atmosphere, then called the “reversing layer absorbed 
certain wave lengths characteristic of the elements P^n , In 1874 
Young obtained a striking demonstration of the second and ^ thml la _ 
bv observing an eclipse with the spectroscope. Before totality, the da k 
Zl or Fraunhofer speclnm was evident; the instant the photosphere of 
n vXXrecf by the moon, the dark lines disappeared and were 
replaced by bright lines in exactly the same positions. Before totality 
the light reaching the observer passed through the cooler gases of 
sun’s atmosphere^ and produced a dark-line spectrum in the usual way. 
When the photosphere is blocked from view, the observer receives ra i 
attonfrom only the upper atmosphere and 

bright -line spectrum of an incandescent gas. W e now know this pict . 
to t somewhat oversimplified. The Fraunhofer and the continuous 
spectra of the sun and stars are both produced in the same layers. Only 
the tiniest fraction of the atoms in the solar atmosphere, namely those 
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in the attenuated chromosphere, produce the bright linos of the flash 
spectrum observed by Young. 

The source of the continuous spectrum of the sun was a puzzle for 
many years, KirdihaTs first law would suggest that it was produced 
by a hot gas under pressure (since the temperature of the solar atmos- 
phere is too high to permit solids or even liquids to exist). Later studies 
by .1. Q* Stewart and others showed that the pressure at the bottom of 
the solar atmosphere was much too low to admit this explanation. 
Atoms and molecules are known to emit and absorb continuous as well 
as discrete line spectra, but the continuous absorption in the solar at- 
mosphere is produced primarily by the negative hydrogen ion. 

The astronomers and physicists of the late nineteenth century could 
make a qualitative chemical analysis of the stars and nebulae, Kireh- 
hofT. who pioneered in these investigations, was able to identify most of 
the lines in the solar spectrum with such familiar elements as hydrogen, 
iron, nickel, calcium, chromium, titanium, sodium, magnesium, etc. 
Similar studies of stellar spectra by Huggins, Lookyer, and others es- 
tablished the essential identity of the chemical composition of the stars 
and the earth. Elements abundant in the earth were usually well rep- 
resented in the sun and stars, and rare elements on the earth were often 
missing. The recognition of the sameness of the matter throughout the 
universe was the first great discovery of astrophysics. Nevertheless, 
some abundant elements are poorly represented in the spectra of stars 
like the sun. 

Atomic carbon and oxygen — very abundant constituents of the earth 

are represented in the sun by moderately conspicuous lines in the 
infrared* The strongest lines of these and many other elements Her in 
the astronomically inaccessible ultraviolet below A2900* No lines of 
abundant neon appear in the observable solar spectrum at all! The 
appearance of molecules of carbon and nitrogen, CX, oxygen and hy- 
drogen, OH, etc., show these elements to be abundant in the sun. 

The gaseous nebulae presented real difficulties. Their spectra showed 
t he familiar emissions of hydrogen and helium but the strongest nebular 
radiations had never been produced on the earth. For many years 
astronomers spoke of a hypothetical and mysterious nebulium until the 
advance of physics showed there was no room in the periodic table for 
such an element. Ultimately, these radiations were assigned to such 
familiar constituents of the earth’s atmosphere as oxygen, nitrogen, 
Rfcon, and argon* 

Any quantitative analysis of the sun and stars presented formidable 
difficulties. How is the intensity of a spectral line related to the abun- 
dance of the relevant element? Can the temperature of the atmosphere 
of a star be determined from its spectrum? These questions could be 
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answered only when the structure of t he at om was understood and when 
the processes of the emission and absorption of energy could he ex- 
pressed in quantitative terms. 

Thus the relationship between Hie structure of atoms and their 
spectra proves of crucial importance to astrophysics and our survey of 
basic principles can well begin with a brief excursion into this problem. 

The fundamental building block of all the complicated substances of 
nature, the atom, consists of a positively charged core or nucleus which 
contains .nearly all the mass, surrounded by one or more negatively 
charged, constantly moving electrons . Each electron carries a negative 
charge of 1.6 X IG“ 19 coulombs or 4.80 X 10“ 10 e.s.u. In the complete 
atom the positive charge on the nucleus equals the sum of the negative 
charges on the electrons. For example, eight electrons surround the 
nucleus of the oxygen atom which carries a positive charge of 8 X 4,80 X 
IQ-lo = 3.84 X 10 -9 e,s.u. 

The simplest of all atoms is hydrogen, which consists of a positively 
charged particle called a proton and a single negatively charged electron. 
The charge on the proton is the same as that on the electron, but the 
mass of the proton, 1.67248 X 10 grams, exceeds that of the electron, 
9. 1055 X 10"-* grams, by a factor of 1836.57. 

The hydrogen nucleus or proton is a fundamental particle of nature 
like the electron. Ail other atomic nuclei are more complicated, con- 
taining both protons and particles of about (he same inass but no charge, 
called neutrons. Thus ordinary carbon of atomic number six (deter- 
mined by the number of protons) and atomic weight 12 has 6 protons 
and 6 neutrons. The carbon isotope of atomic weight 13 has 7 neutrons 
and 6 protons. 

2. Spectral Series 

The outer or electronic structure of the atom determines the spectral 
lines that will be radiated. A basic postulate of the quantum theoiy is 
that an atom can exist in certain definite energy states and when it 
jumps from one of energy W% to another of lesser energy W i it emits 
radiation in accordance with the law' 

IPs — Wi = hv (1) 

or if W« — Wi be denoted as E t 


E - hv (2) 

represents the basic relation between energy and frequency v. Here h 
is a basic quantity of nature called Planck’s constant; h =■ 6.6234 X 
10 - - 7 erg sec. 
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Hydrogen, the simplest of all atoms, shows the simplest of all spectra. 
In 1885 Ilalmer showed that the wave numbers v of the visible hydrogen 
lines could be expressed by 



where n — 3, 4, 5, etc., and R is a constant the same for all values of n, 

u\, for all lines of the series. Subsequently series in the ultraviolet and 

infrared were found that could be represented by the formulae 

Lyman series v — R ^ n = 2, 3, 4, etc. (4) 

Paschen series v — R ^ n — 4, 5, 6, etc. (5) 

Subsequently, Brackett and Pfund found other series yet farther in the 
infrared. The same constant /£ was involved in ah of these formulae. 

Alkali metals show somewhat similar series that may be represented 
by formulae of the type 

v — T* “ R/(n + &y (6) 

where T' corresponds to t lie wave number of the series limit and 5 is 
nearly constant for a given series. 

Quite generally the wave numbers of spectral lines can be written as 

* = r - t " (7) 

where T* and T n are term values which are usually expressed in wave 
number units and correspond to the energy levels of the atom. 

3. The Bohr Atom 

In order to explain the hydrogen spectrum Bohr postulated that the 
electron traveled in a circular orbit around the positively charged pro- 
ton, During this time it does not radiate; it emits energy only when it 
jumps from one orbit to another. 

The orbits permitted to the electron have radii given by 

ht 

a = . * 0 „ n * = 0.52916 X 1 0r*n* cm (8) 

4 ir l m£-Z 

where m and e denote the mass and charge on the electron respectively, 
Z is the atomic number (1 for hydrogen) and the integer n is called the 
principal quantum number. The energy in the nth orbit is 

tit 2*%tZ 2 e* I 


h 1 n 2 


( 9 ) 
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where W = 0 corresponds to the complete detachment of the electron 
from the atom. The ionization energy from the lowest level is 


_ 2jhnZ-e* 
h 2 


ami the energy radiated in the transition (n ->?') is: 


IT 


n 




y'-mZ-v' / 1_ __ j_\ 
h- ' \n' ,J n-J 


( 10 ) 
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The Bohr theory eomrctly pndhled the to,™.™* of the 
hydrogen spectrum. We may represent the energies of the Bohi 


In the hydrogen atom by means of 
an energy-level diagram. In ac- 
cordance with eqn. (Q) the zeio ot 
energy corresponds to complete 
detachment of the electron from 
the atom. The energy of the low- 



Fio. L — The Bonn Model of 'hie 
Hydrogen Atom 
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FiG. 2 . — Energy Level Diagram for 
Hydrogen 


Transitions corresponding to the 
Lyman, Balmer, and Paschen series 
are depicted. 

cat level is — W%, that of the sec- 
ond level is -Wi/4, etc. If we 
depict the transitions as vertical 
lines connecting the possible energy 


The energy levels (each of which cor- 
responds to a Bohr orbit) are depicted 
as horizontal lines. The transitions are 
shown as vertical lines. If the lowest level 
is taken as 0 ev, the first excited level lies 
at 10.15 ev and the ionization pot e n t i a l 
(the highest horizontal line) liesat 13.54 ev. 
The cross-hatched area represents the con- 
tinuum which corresponds to a complete 
detachment of the electron from the atom. 


states we get Fig. 2. Thus lines _ T „ mnn series 

ending on the first level represent radiation of the Lyman senes, 
those ending on the second level radiation of the Balmer senes, c.tc. 
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Downward transitions represent emission of energy by tbe atom; up- 
ward transitions represent absorption of energy. 

Although eqn. (9) gives the energy in ergs, term diagrams are often 
plotted with wave-number units or electron volts (ev). The excitation 
potential of a level in ev is the potential through which a hombarding 
electron must drop in order to acquire sufficient energy to excite an 
atom from the ground level to the level in question. Energies expressed 
in electron volts are related to energies expressed in wave-number 
units by 


1 w in— 




The energy-level diagram illustrates why the lines of the various 
spectral series crowd together and ultimately coalesce into a continuous 
spectrum. The larger the orbit the weaker the proton-electron attrac- 
tion until the addition of a small amount of energy suffices to detach 
the elect ron completely, i.e., ionize the atom. 

Whereas in the transition between two discrete levels the atom ab- 
sorbs or emits precisely the correct amount of energy so that a spectral 
line is emitted or absorbed, in order lo eject an electron the atom may 
absorb any amount of energy equal to or greater than that required to 
go from its initial state lo the one represented by W — 0. The excess 
energy imparts a velocity, v t to the free electron, viz,, 

hv — W n = (13) 

In hot stars a strong continuous absorption is observed beyond the limit 
of the Balmer series* This continuum corresponds to the phototoniza- 
tion of hydrogen atoms from the second level. Conversely, the capture 
of free electrons of various velocities by protons in the second energy 
level gives the bright continuous spectrum observed beyond the Balmer 
limit in the planetary nebulae. 

Ionized helium (denoted as lie II) displays a hydrogen-like spectrum. 
Its ionization potential, however, is four times greater than that of hy- 
drogen, 54*17 ev instead of 13.54 ev. Since Z — 2, eqn, (11) shows that 
the wave numbers of the He 11 lines will be given by 


5 = 4li (~ - 


\tl 



An interesting result is that alternate lines of the Brackett (4 n) series 
of lie II correspond with the Balmer (hydrogen Ii 1) lines. This series 
was first discovered in the stars and called the Pickering series. The 
general structure of the spectrum of any singly ionized atom resembles 
fhat of the atom immediately preceding it in the periodic table. 
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As we shall soon sec, the planetary atom may be modified to produ ^ 
a useful model for the prediction of lines emitted and absorbed by nn_ 
complex atoms. The refined Bohr model or vector model is valuable for 
the enumeration of the kinds of levels of complex atoms, but fads to 

predict the energy levels correctly. , . , 

The modern quantum theory does not assign electrons to planc.Uiy 
orbits Instead it is concerned with a wave amplitude, f, whose square 
exoresses the probability of finding an electron at a given point at a 
given time. Not only the energy levels but the probabilities of transi- 
tions between them may be computed by these new techniques. Al- 
though the planetary orbits must be discarded, the c oncept of the eirm-g 
level diagram (which involves no assumption concerning the atom n 
remains intact* 

5. Spectra of the Alkali Atoms 

The alkali atoms Li, Na, K, etc., display the simplest spectra next 
to that of hydrogen. In depicting the Bohr model of an alkali atom we 
find it useful to refer to Sommerfeld’s generalization o the Bohr theory 
to elliptical orbits. lie showed that the allowed orbits were of such a 

Z s Zp 2 0 


ns no n ' 



shape that the ratio of minor to major axis was k/n where k and n are 
integers. Here k is an integer subject to the rule \<k<n and 
termines the major axis. Circular orbits require k-n 

In the quantum picture, the electron retains an angular momentum 
even though the concept of an orbit is discarded. We define an oi fatal 
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angular momentum quantum number l — k — 1 such that the angola) 
momentum is l ■ Atomic states with I =- 0 are called s states; l = 1 

corresponds to a p state, t = 2 to a d state, and l = 3 to an / state. Now 
s states correspond to orbits of increasingly greater ellipticity as n in- 
creases. In hydrogen the energy depends on n and hardly at all on l, 
but in other atoms the energy depends on both n and I. Notice that 
the 3 s level in sodium falls far below the corresponding hydrogenie 
n = 3 level, the 3 p level falls closer, and the 3d only slightly below the 
hydrogenic level* 

The ten inner electrons of sodium are held in tightly bound shells 
whereas the eleventh electron which is responsible for the optical spec- 
trum is held only loosely. In the highly elliptical 3 s orbit this electron 
spends much of its time close to the nucleus where the screening by the 
core electrons is less and the attraction of the unclear charge is greater* 
Hence the electron is more tightly held in this orbit than in the 3 p or 
M configurations which correspond to more nearly circular orbits for 
which the shielding by the ten core electrons is more nearly complete* 

The observed spectral lines in sodium belong to the following series: 

Sharp series - 3p — ns n — 4, 5, 6 , etc* 

Principal series — 3s — np n = 3, 4, 5, etc. 

Diffuse series = 3p — nd n — 3, 4, 5, etc* 

“Fundamental” series — 3d — nf n — 4, 5, 6 , etc. 

Transitions always take place between levels in adjacent columns in the 
energy level diagram* be** between levels whose /-values differ by unity* 
In the alkalis different I- values correspond to substantially different en- 
ergies* The strongest lines in sodium correspond to the 3s — 3 p tran- 
sition, the first line of the principal scries. This is also called a “resonance 
line ” since it involves the ground level. Transitions between higher 
levels give what are called subordinate lines. 

A conspicuous characteristic of alkali levels is their doubling which 
Uhlenbeck and Goudsmit suggested to be a consequence of the inter- 
action between the magnetic moment of the orbital motion and that ol 
the spin of the optical electron* All the p } d, etc*, energy levels are 
doubled* The s-levels are not doubled because l = 0, and the orbital 
angular momentum and magnetic moment vanish. 


6. Orbital and Spin Angular Moments 

The angular momentum associated with electron spin is always nu- 
merically ~ * It and the orbital angular momentum ■«) have the 

important property they may be added and subtracted like ordinary 
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vectors.* The total angular moment j of an alkali atom in which only 
the outermost electron plays a role in the prod act ion of the optical 
spectmm is the vector sum of the orbital and spin angular momenta, 

thus ; = I + s (14) 


Numerically j = 1 + s or l — s, the spin is lined up parallel or anti- 
parallel to the orbital motion vector. For an s-level j - J4, for a 
7 >level j = Yi and %, etc. 

We designate a level by the notation 

n\L)j 


where ti is the total quantum number, L, which only for one electron 
spectra (hydrogen and the alkalis) is equal to l, is the azimuthal quan- 
tum number. The superscript 2 indicates that the levels are doubled 
and the subscript J (here equal to j ) denotes the angular momentum 
quantum number. The /.-"value symbol is chosen according to the 

scheme L . value 0 1 2 3 4 5 

Symbol S P D I' (j H 

The sodium ground level for which l = L — 0 and j = l + \ = 0 4* 
is written Ss'Sys. Likewise and 3 p*P m refer to the two lowest 

p-levels with J = 1/2 or 3/2. The sodium “D" lines are represented 
by the transitions: 

3 - 3 p~P m X5889.953 d&S m - Sp-Pm X5895.923 


7, The Vector Model for Complex Atoms 

For atoms with several electrons responsible for the optical spectrum, 
the positions, numbers, and kinds of energy levels can be computed by 
quantum mechanics. The vector model, nevertheless, predicts the kind 
and number of energy levels in complex atoms; hence it is a useful device 
for remembering the results of quantum mechanical calculations. 

We suppose that to each electron we can assign a, l , and $ values ap- 
propriate to the size and shape of the corresponding Bohr orbit and 
electron spin. The vector P s and s’s of the individual electrons are 
added to get the total angular momentum J of the whole atom in the 
particular energy level. For light atoms the appropriate mode of vec- 
tor combination is to add the s>s of the individual electrons to form the 
total spin vector S and the individual fs to form the resultant angulai 
momentum L t viz., L = ^ s = (15) 

* Quantum mechanics shows the angular momentum actually to be v7(£ -hi) ™ 
but the approximation / suffices to give the number and kind of energy levels. 
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The sum of these vectors 

J = L + S 

tells the total angular momentum in the energy state; this mode of 
vector coupling is called LS coupling.* 



(Courtesy, O. Struve and K. Worm, Astropfojfrical Journal, University of Chicago 
Press, 88, S7 ( H>38.) 


Helium will serve as the simplest example of a 2-electron spectrum 
(see Fig. 4). The lowest level is represented by two Is electrons, viz.: 

Is* It = 0 k = 0 b = h + U - 0 

* The use of the letter S Ui denote both the term with L = 0 and the total spin 
vector Ik unfortunate. It arises from the fact that the notation S for the term h - 0 
'vas firmly established before the 5-vector was invented. 
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The Pauli Exclusion Principle (section 9) requires that the two s-elec- 
trons in the n = 1 have oppositely directed spins, i.c., .S ■ + s, 

W-? — 1/2 = 0 Also J = 0. Levels for which S = 0 are called smglet. 

levels (denoted by the superscript 1). The ground level of is de- 

noted as ‘So, where the subscript 0 means J - 0 and the S 

1 Brrt set of excited levels tails about 20 ev above the wound 
,J| Ch* electron remains in the 1. level; the other ts cxet.ed to an 

n = 2 level, viz.: 

Unexcited electron Is »i = 1 h — 0 and si - 1 - 

Excited electron 2s n% = 2 h = 0 Ss " *■' ‘f 

or 2p n* = 2 U — 1 Si — 1. * 

The ls-is combination givM /„ - 1, + 1= - 0 (S term). The spins S> 

and Si may be added in 2 ways f 

S = S , +S! = t/2+1/2-o * 

The triplet and sinulct terms do not coincide in encret (tecOug. <)• 
An terms in helium ate singlete with S - 0 nr triplets with S - 1. 

Thc lW combination resulte in a triplet P <>P> term cin^rnu rf 
3 levels ot ihe same /. tmd S but different J', and a emgkt / ( > term 
which has hut a single level. Now L-U + U- l and S - » « •' - > 
fhoomng /. - 1. S ■= 1, vector addition gra J - 1 + 1 ' 
corresponding to ‘Po. • Pi, and >P, levels With I. - 1, S - 0, J lias 
only one value, 1, and there results a ‘Pi level. . _ . 

The superscripts 1 and 3 refer to the multiplicity of the term, .c., 
the number of levels when L > S. A specification of the a- and U 
the individual electrons is said to give the configuration. In its ground 
Itto Ifigumtion ot helium is 1*. The excited < » 

38j *P, ad, etc., the i-valuc of the second electron fixes the fa-value 

““denmd tnumitions in hclinm eolinUt ol jumps l*twecn triplet 
terms or between singlet terms, but not between singlet and triplet 

terms, i.e., there are hS - »P, *S ~ l P J“ m P s but not tS 7 ? 

lions The totality of transitions between 2 terms comprises a 
plot ‘ In Fig. 4 notice that the >5 term in helium lies lower than the 
\ P tenn The ls2shS - is 2 l S transition is strictly forbidden; the 2s S 
level is called a metaslabte level. In helium, which is in pure 
the *S level is also metastable and atoms may escape from such levels 
only by going to a higher level or by giving up their energy to a passi g 
electron {suj)erelastic collision). 
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Now consider the problem of more complex atoms. T wo electrons 
tluil have the same n and / values arc called equivalent electrons. The 
normal state of carbon or doubly ionized oxygen is ls*2s 2 2 p 2 which 
means there are 2 electrons in a closed shell with n =* 1, l =* 0, two in 
a shell with n = 2, l = 0, and two in a shell with n — 2, l = 2. The 
^-electrons are all held in tightly bound shells for Which L = 0, $ = 0, 
j - o. There are 3 sets of equivalent electrons. Suppose now one of 
the 2 p electrons becomes excited to a 3d orbit so the configuration of 
the atom is now ls*2s*2p3d. The p and d electrons are not equivalent; 
their Vs may be combined in all possible ways to form L and the s' s 
similarly to form £, The p and d electrons determine the entire L, S, 
and J of the excited atom. The possible L 9 s are 

1 = 1 + 2- 3 (F term), 2 (D term), 1 (P term) 

Since there are 2 electrons, S = 1 (triplets) or S - 0 (singlets) and the 
terms are *P, 3 D, l F t or l P f l D t l F. For each term we must add the L 
and S values to get the J values of the individual levels. There results 
l D%, 1 /"’a, ^P s.i.Oi and 3 /* T 4,3,2. 

The arithmetical sum of the lvalues of the individual electrons de- 
fines Ihe “ parity ” of the configuration. If the l-mm is odd, we use the 
superscript (<0 ”. In the pd configuration XI = 1 + 2 = 3 so the levels 
are denoted as *iy\ S /V. i.o; a / # Y,8^ In modern spec- 

troscopic notation Ihe designation of a given level is 

m+D^j OCwhon odd) 

Fimt write the symbol for L according to the notation 5, 1\ I) t etc. 
The multiplicity, equal to (2jS + 1), is written in the upper left-hand 
corner and ihe J-value is added in a subscript in the lower right-hand 
comer. If the term is odd, a superscript 0 is placed in the upper right- 
hand corner. The complete spectroscopic designation of a level involves 
also the (nl) values of the electrons. For example, the ground level of 
carbon is ls 2 2s 2 2p 2 3 P 0 , that of nitrogen is Is 2 2$ 2 2p 3 We denote 

the spectrum of a neutral atom by a I following the chemical symbol; 
II, III, IV, etc., denote successive stages of ionization. Thus O I means 
neutral oxygen, Oil singly ionized oxygen, and O III doubly ionized 
oxygen. 

Quantum mechanical calculations show that the separation of the 
ferms of a given configuration arises from the electrostatic repulsion 
between the individual electrons. The fine structure of a term, e.g., 
the splitting of a term into 3 / j ii, 3 P], and 3 Pa levels arises from the 
magnetic effects of spin-orbit interaction. {See Fig. 5.) 
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A comparison of the term separations with the distances between 
the individual levels composing the term will indicate how close the 
atom comes to LS coupling. If, as in helium, the separation of the 
terms of a given configuration much exceeds the dist ance between levels, 
the LS coupling approximation is a good one. Otherwise, the Is of the 
individual electrons no longer combine strictly with one another to form 



sp- 


3 3 P2 

3P, 

■3p 0 


Frj. o. — O rigin of Terms and Levels 


L nor do the s’s combine to form 5. Instead the /-vector of a given 
electron may interact with its own spin as well as with the /-vectors ut 
other electrons. This is the condition of intermediate coupling. Ihe 
extreme condition is that of jj coupling wherein the Z and s vectors of 
each electron combine to form individual j’s and these m turn combine 
to form a resultant ./. Departures from LS coupling become important 
in the heavier elements and noble gases. Sometimes, as in carbon, a 
single atom displays a transition from LS to jj coupling; the lowest 
level is in good LS coupling, whereas the higher levels show pronounced 
departures. (Sec Fig. 0.) 


8. Alternation Law of Multiplicities 

The value of the spin vector S and hence the multiplicity, 2.S + 1, 
depends on the number of electrons engaged in the production of the 
outer spectrum. Two electrons give singlets and triplets. With 3 elec- 
trons we see that since the s-vectors must be added parallel or anti- 
parallel, S = 3/2 or 1/2. Four electrons will give S = 2, 1, or 0, i.e., 
quintets, triplets, and singlets. Oxygen supplies a useful illustration. 
The 0 I ground level is lt&iftp* *I\, hut the excitation of one of the, 2p 
electrons may yield 2p*3 d, etc., configurations. Wo omit the closed 
18*28* shells which contribute nothing. Four electrons are now involved 
and there occur quintets, triplets, and singlets. Singly ionized oxygen 
contains 3 optical electrons and there occur quartets and doublets, 
whereas doubly ionised oxygen with 2 optical electrons has only triplets 
and singlets* If 3 electrons are removed there will be doublets only as 
the 2p electron is excited. As the number of electrons active in the 
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production of the optical spectrum changes, the multiplicity is alter- 
nately even (quartets, doublets, etc.) and odd (triplets, singlets, etc.). 

The spectra of ions with the same number of outer electrons resemble 
one another in term structure except that with increasing atomic num- 
ber the corresponding spectral lines become shifted to higher and higher 
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Fig, 0. — Defaetures from LS Coupling 

Thu tavd separations of the first excited l P and l P terms in G, Si, Ge, Sn, and Pb, 
vvhusi! configurations are 2pZs % 4 opfis, and GjjTs, respectively, exhibit a 
trajusi lion from fair LS coupling to almost complete jj coupling. Notice that in carbon 
the trip let-singlet separation is much greater than is the splitting of the */ J term, but 
tluit in tlie heavier atoms, 3 /*o and 3 Pi deviate in one direction and *Pt and l P\ in the 
oilier. The horizontal line represents the average energy of the confirmation. En- 
ergies are plotted in wave number unit*. 


frequencies* A series of ions with the same number of outer electrons 
lH Hai d to form an iso-electronic sequence. Thus the 1 s-2s-2p- iso-elec- 
tronic sequence contains C I, N II, O III, F IV, and Ne V. 
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9. The Pauli Exclusion Principle 

Our vector coupling model permits the calculation of terms for non- 
equivalent electrons. Thus a 2p3p configuration would give the terms 
ig i p \j) all d */>. For a p- configuration, however, the only 

observed terms are'S, l l), 'P. The number of allowed terms is restricted 
by the Pauli Exclusion principle. 

' Imagine an atom placed in a magnetic field so strong that the coup- 
ling between the individual spins to form 8 and the individual ! s o 
foil L is broken down. Each l and each « will precess independently 
about the field. Call the projection of l on the field m, and that of a, 
m„ (See Fig. 7.) Pauli’s principle states that no two electrons in the 



j.'m, 7 ,— Projection of l and s Vectors on a Magnetic Hki.u 

Th e direction of the magnetic field is vertical and its intensity is assumed to be so 
g^thaS coupling betaveen the individual t's to form L and the * to form S is 

broken down, 

same atom may have the same values of the 4 quantum numbers n, l, 
m, m. The Is electrons in the ground level of helium have n , 

1 = 0 mi = t), and m. = 1/2 and -1/2 respectively. Hence S = 0 and 
there results a K% level. In complex atoms the number of permitted 
terms involving equivalent electrons is greatly reduced. The I auh ex- 
clusion principle explains the grouping of electrons m shells and hence 

the periodic table. 

10. Parentage of Atomic Terms 

If more than ‘2 electrons participate in the optical spectrum atten- 
tion must be paid to the parentages of the terms. Consider an atom ol 
ionized sulfur. The terms of the 3s*3p 3 ground configuration are 
W - 0, S - 3/2), >D(L = 2, jS = 1/2) W - 1, S - 1/2) Let ua 
add a 4p electron (1 = 1,* — 1/2) and compute the terms of 3s3p 4p 
of S I. We add the l and s vectors of the 4p electron to the L and * 
values of the original terms. 1 here results 
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We denote the parentages as ( *S) ; ’P , (*D)V, etc. Notice there are 
3 distinct 3 P (erms and 2 distinct 3 D's, 'P’s, and 'P’s based on different 
parents and possessing different energies. 

Suppose, however, that the added p elect ron is equivalent to the 
others and a p 4 configuration results. We have an example of what 
Menzel and Goldberg called fractional parentage: the 3 P term of p* is 
based on all the terms of the p 3 configuration, */> is based on i P and ~D, 
and L S is based only on i P, thus 

3 P: pK-t-'S + %*D + *P), l D: p 3 (3*D - 2 P), »S: p 3 (4 3 P). 

The factor 4 enters because there are 4 equivalent p electrons. 

11. Selection Rules for Radiation 

Although all spectral lines represent transitions between distinct 
levels, all possible combinations of levels do not give observed lines. 
Certain selection rules must be obeyed. The most important of these 
rules for dipole radiation are the Laporte parity rule anti the restrictions 
on J, viz., 

(1) The parity must always change. Transitions occur between 
different configurations such that Al = + l. Levels belonging 
to 2p 3 may combine with levels in 2p3d or 2p3s, but not with 
levels in 2p3/ or 2p3p. 

(2) The change in J may be + 1 or 0, except that the transition 
J = 0 to J = 0 never occurs. 

Under the conditions of strict LS coupling: 

(3) L may change to L ± 1 or not at all. 

(4) iS must not change. 

Selection rules (3) and (4) hold reasonably well for the low-lying 
levels of light atoms such as oxygen, but they fail in heavier atoms such 
as iron or titanium, where L and S are no longer “good” quantum num- 
bers. When violations of rules (1) and (2) occur, the radiation is spoken 
of as “forbidden” (See. 13). 

12. Identifications of Spectral Lines; Term Diagrams 

The analysis of the spectrum with assignment of energy levels is 
often difficult. Various clues are employed: the changing appearance 
of the spectrum with temperature is helpful since at low temperatures 
only fines associated with the lower levels are strong. The splitting of 
the lines in a magnetic field (Zeeman effect) enables the kind of term to 
be identified since the Zeeman pattern depends in a known fashion on 
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the L, S, and J values of the terms involved. / ntercombmation lines 
which arise from transitions between terms of different S values serve 
to locate terms of differing multiplicity, e.g., the positions of singlets 
and triplets. 


TERM 2pns 2pnp 2pnd 



Fin. 8. Term Diagram for O III 


The levels arc plotted on a wave number scale. Notice that the 'D, ami '6 
terms of the ground 2/e configuration lie very much lower 1 ban the first excited levels. 
As with the alkalis, although less strikingly, the 3s term lies Iwlow the 3 p and 3d 
terms Ordinary (dipole-radiation) transitions can take place only between terms in 
adjacent configurations. The “forbidden" X5007, X4959, and M303 lines are strong 
in the spectra of the gaseous nebula. 

Analyses have been carried out for the spectra of all important ele- 
ments in their neutral and first, ionized stages, although the highei le\el 
lines of some metallic ions have not been assigned. Few permitted lines 
of elements heavier than silicon and in ionization stages higher than the 
second arc observed in absorption in stellar spectra. 
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The indispensable aid for identification work is Charlotte Moore's 
“ Multiple* Table of Astrophysical Interest."* The lines are grouped 
according to ion and multiple! , with laboratory intensities, excitation 
potentials, and /-values in successive columns. For the more abundant 
elements such, as iron, the table lists the predicted as well as the ob- 
served lines. It also gives the predicted positions of many forbidden 
lines. 

Energy level diagrams often help us visualize excitation mechanisms 
in stars and nebulae. To construct such a diagram we employ a term 
table, e.g,, Miss Moore's “Atomic Energy Levels," which gives for each 
energy level the configuration, the term, the /-value, and the height of 
the level above the ground term expressed in wave number units. 

Fig, 8 gives a portion of such a diagram for O III. The top horizon- 
tal line represents the ionization potential of 64,71 ev. Transitions from 
3d to 3 p and 3s to 3 p represent lines observable in 0 stars where the 
temperature is high enough to excite the 0 111 lines. 

13- Forbidden Lines 

Notice that the ground configuration (2/r) which contains *F, *0, 
and l S terms lies far below the first excited levels of 2p3s or 2p3p. f 
Transitions from l S to 1 D or from 1 1) to Z P in the 2p 2 configuration vio- 
late the Laportc rule, Al = ±1, and are called forbidden lines , The l D 
and l iS levels, which in 0 III lie 2.48 and 5.3 volts respectively above 
the ground level, are called metastable levels. An atom in one of the 
ordinary high levels like 2p3$*P will cascade downwards in a time of 
the order of 10 -!i seconds. If it finds itself in one of the low-lying met- 
nstablc levels, it may remain there for a time of the order of a second 
before it escapes to the lower level with the emission of radiation. 

Menzel, Payne, and Boyce proposed the following terminology for 
the forbidden lines: In a p* or p 4 configuration, Jumps between and 
1 1 ) are called auroral transitions, since the strong X5577 line of the perma- 
nent aurora of the night sky is of this type. The strongest lines in the 
gaseous nebulae arise from l D — 3 P transitions; hence they are called 
nebular transitions. A Iransauraral line denotes one of the type l S — 3 P 
and is usually weak. In a p z configuration, e,g., O II, the auroral, neb- 
ular, and transa u rural transitions arc analogously -P — 2 2>, 2 D — 4 >S, 

* Princeton Observatory Contribution No. 20, 1045. 

t Hund’s rah stales that in the ground con figuration the term of highest multiplic- 
ity will lie lowest* If there are several terms of the same multiplicity, the term with 

highest L value will be lowest. If the shell is less than half-filled, e.g., p or p t r d, 
4% d* or d\ the level of smallest J value vvill be lowest; otherwise the term will be in- 
verted, Thus in 0 III, the 3 / J o level of the ground 2 p % configuration lies lowest, while 
in 0 [ r F j ^ or XU (2p 4 ) the level is lowest and the term is inverted, cf. Fig. 9, 
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Fig. 9. — Transition Schemas for Forbidden Lines 
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tim\ 2 P — 4 $. The lines identified by Edl6n in the solar corona mostly 
represent transitions between levels of the ground terms. (See Fig. 0.) 
The symbol 1 1 is used to denote forbidden lines. 

Although forbidden lines usually appear in emission, 1. S. Bowen lias 
utilized the faint [0 I] X5577, 6300, and X6363 absorption lines which 
appear in the solar spectrum to estimate the abundance of oxygen in 
the sun. One of the coronal lines of iron has been suspected as a diffuse 
absorption feature upon the solar spectrum. 

Relatively few forbidden lines can be produced experimentally. In 
general they can be predicted only after an analysis of the spectrum has 
located the low-lying metastable levels. If the analysis is not sufficiently 
complete to locate the metastable levels, the extrapolation of the en- 
ergy levels in an isoelectronic sequence may be employed. {See Ch. 9, 
Sea 14.) 

Lack of space prevents our discussion here of the topics of X-ray 
spectra and hyperfine structure . The latter refers to the very minute 
splitting of certain spectral lines because of a coupling between the spin 
of the nucleus and the total angular momentum J of the surrounding 
electrons. Arthur Abt finds that hyperfine structure can contribute 
appreciably to the widths of certain lines in the solar spectrum. 

The Zeeman and Paschen-Back effects are important in the analysis 
of spectra. The number and positions of the components of a line de- 
pend in a characteristic way on the L, S, and J values of the upper and 
lower levels. Furthermore, these components show distinctive polari- 
zation and intensity relationships.* Astrophysical applications of the 
Zeeman effect lie in the interpretation of sunspot spectra and those of 
peculiar A stars, (See Ch. 8, Sec. 19.) 

Spectral lines may be broadened or even split by electric as well as 
by magnetic fields. No large-scale electric fields appear to exist in stel- 
lar atmospheres, but rapid motions of charged particles may produce 
intense ephemeral microscopic electric fields near a radiating atom. 
Hydrogen and helium lines are widened by these fields (Ch. 8, Secs. 16 
and 17). 

14. Structure of Diatomic Molecules 

The predominant molecules in stars like the sun are diatomic such 
as OH, CII, and ON. Despite their seemingly simple structure they 
show complicated spectra consisting of extensive bands composed of 
numerous closely packed lines. 

We may think of a molecule AB f e.g., CN, as composed of two ions 

and surrounded by a cloud of electrons and held together by 

* For an account of the physical theory the reader is referred to the tests of White 
and Herzberg. 
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electrostatic forces. The potential energy curve of the system (Fig. 10) 
shows that there exists a distance r n that corresponds to the minimum 
potential energy. At greater distances the potential curve gradually 
rises and approaches the horizontal dotted line which corresponds to 
the dissociation energy of the molecule. At distances smaller than 
the repulsive forces of the two atomic nuclei become increasingly im- 
portant and prevent a close approach oi the two nuclei. 1 he horizontal 
solid lines represent the quantized vibrational energy states of the 
molecule. Notice that they fall closer together with increasing energy. 
Energies above the dotted line represent states wherein the molecule is 
dissociated and the free atoms are flying about. These states are im- 
quantized. 


Fig. 10.— Vibrational Energy Levels of a Diatomic Molecule 

The potential energy curve is indicated by the heavy solid curve. I ho Urin solid 
horizontal lines indicate the vibrational levels and the dotted line the energy corre- 
sponding to dissociation. The abscissa is the distance r between the component 
atoms. The minimum of the potential curve lies at the equilibrium distance r 0 . 
The ordinate is the energy. 



Such a molecule may take up energy in several ways. First, it may 
rotate about an axis perpendicular to the line joining the two atoms. 
Second, the two component atoms may vibrate back and forth along 
the line joining them. Third, the molecule may be excited to definite 
electronic energy states analogous to atomic energy levels. 

The rotational modes (not shown in Fig. 10) involve the smallest 
amounts of energy. Radiations corresponding to transitions from one 
rotational level to another are in the far infrared. The vibrational en- 
ergies are greater and transitions between the corresponding levels pro- 
duce bands in the relatively near infrared. The excitation of electronic 
states requires frequencies falling in the visible and ultraviolet part of 
the spectrum. Each type of energy, rotational, vibrational, and elec- 
tronic is quantized according to definite rules. The total energy ot the 
molecule is: 


E ' — A rotation'll I - A vib rational 1 ^eluclrnnio 


(16) 
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16. Rotational Energies of Diatomic Molecules 

Quantum mechanics shows that in the first approximation the rota- 
tional energy of the molecule is 


Here 


Er - K(K + 1) 8 J\ 7 

(17) 

t m A m B ^ 

1 = c»„ + ■»,) * ■ * 

(18) 


is f ho moment of inertia of the molecule, g is called 
the reduced mass, and the integer K , called the ro- 
tational quantum number, follows the rule 


AK = ± 1 


(19) 


in transitions from one rotational level to another. 
The wave number of the transition between rota- 
tional levels K f and A"" is 


where 


Fia, II, — Pure Ro- 
tation - a l Transitions 
in a Diatomic Mole- 
cule 

Transitions nro 
at ricted to A K = 1 


= “ (Er, - Er») = 2/JA" 


B = 


8**/c 


(m 


( 21 ) 


rc- 


A pure rotation spectrum would consist of a series 
of equidistant lines were it not for an increase in 
the size of the molecule duo to the centrifugal 
force of rotation. This effect leads to a small correction term of the 
form CK 2 (K + 1)* in eqn. (17). Pure rotation bands do not exist if the 
two atoms are identical. 


16. Rotation and Vibration Bands 

If the component atoms are displaced slightly from l heir equilibrium 
separation, the restoring force is proportional to (r — r 0 ). If the dis- 
placements arc large, this is no longer true as the potential energy curve 
ia asymmetrical. Consequently, the energy levels, E viht do not show an 
even spacing. They fall closer and closer together, in accordance with 
the empirical formula. 

Avib — hm (v + l) — hcuXt (v + £)* + etc. (22) 

Here a> (expressed in wave number units) and x E are found from the 
analysis of the band spectrum. If higher terms can be neglected, the 
energy necessary to raise the molecule from the lowest vibrational level 
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to the point of dissociation (heat of dissociation Do) can be shown to 
be related to x c and m by 

m 

Other spectroscopic methods are often capable of giving a better value 
of Da. Sometimes the absorption continuum above the dissociation 
limit (analogous to the ionization continua of atoms) can be observed 
and yields a good value of Da- 

We now consider the character of the spectrum emitted or absorbed 
when a molecule jumps from one rotational and vibrational state to 
another rotation-vibration state. For the t ime being, we shall suppose 
that there is no change in the electronic energy. We may write, with 
the aid of eqns. (17) and (22) : 

5 = P, + P„ = r IK. + K' - Er" - EA = B‘K!{K' + 1) ■ - Ii"K"(K" + 1) + 

tic 

+ h) - x*Mv f + £)* - <*>" + 1) + *wv # + ir (24) 

Here the vibrational energy E? is the energy of the vibration of the 
component atoms about their equilibrium separation when the molecule 
does not rotate. The rotational energy, E n is that added by the rotation 
of the molecule. It usually includes the small energy interaction be- 
tween rotation and vibration and the effect of the expansion of the 
molecule by the centrifugal force. 

The totality of transitions from one vibrational state of the molecule 
v f to another vibrational state v” constitutes a band. A transition from 
a particular v'K* state to another y"iC" state corresponds to a single line 
of the v r v” band. 



Fig. 12. — Vibration Bands for Av = 1, 2, 3 (Schematic) 

If the molecular potential curve (Fig. 10) were a parabola, the mole- 
cule would constitute a harmonic oscillator and the selection rule for 
the transitions would be v* — v tf — 1. To the extent that the potential 
curve approximates a parabola we would expect transitions of the type 
v r = 0 to y" = 1, u* = 1 to v" = 2, etc., to be the strongest. The curve 
is most nearly parabolic at low energies. For the lowest levels, the bands 
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corresponding to Av — 1 arc indeed the most intense, but among the 
higher vibrational levels, transitions in which Ay = 2, 3, etc., can be- 
come important* A pure v ibrational transition is denoted as v"). 
Thus, (1, 0) means a jump from t he vibrational level v — 1 to the vibra- 
tional level v = 0. 
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Fig, 13 ,— R and P Branches in Pure Vibrational Transitions 


Now consider the rotational structure of the pure vibration-rotation 
bands. The moment of inertia of the molecule will depend upon the 
state of vibration. Because of the asymmetry of the potential curve, 
the average separation of the atoms in the molecule and therefore the 
moment of inertia is greater in the higher vibrational level* Hence 
h* > and B r < B*\ Neglecting the small rotational terms of higher 
order, the rotational structure of a particular vibration-rotation band 
will be given by 

e = Un + % = v* + B'K'(K' + 1) - B"K”(K” + 1) (25) 

where is the wave number of the band. For a given change in v, i? r is 
fixed, and since K can change by ±1, there are two branches of lines 
depending on whether 

K r - K tr + 1 (/e-branch), or K f — K" — 1 (P-braneh) (2G) 

Then 


* = + (B f + B")(K + 1) + (B f - B")(K + l) 2 J?-branch 
e - v* - {B' + B")K + (B f - /?")JC- P-branch 
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Since B f — B" is negative, the lines of the /2-branch tend to crowd to- 
gether; those of the P-branch to spread apart. Since the change in K 
cannot be zero, the line corresponding to the band origin does not ap- 
pear. Homonuclear molecules such as Ca or N s show no vibration-rota- 
tion bands. 

Vibration- rotation bands of CO have been observed in the sun. Sim- 
ilar bands of polyatomic molecules, e.g,, CO*, CIU, and N*0 are promi- 
nent in the infrared spectrum of the earth’s atmosphere.* 


v*=o 



17* Electronic Bands 

The bands of greatest interest in stellar spectroscopy are the elec- 
tronic bands in which E n E Vf and E r all change. Since molecular 
electronic excitation potentials are comparable with atomic excitation 

potentials, the energies involved are much 
greater than the vibrational or rotational en- 
ergies. That is, 

v — v e t V? + V T 

= 1 [E e > - Es.+E,, - E v „+Er> - E r ..} {‘ 28 ) 
he 1 

Here determines the position of the entire 
band system, locates the position 

of a particular band in the system, and 
V T + + v e fixes the position of a single 

line in the entire set of bands* Since the po- 
tential curve of an excited level usually dif- 
fers from that of the ground level, / and 
therefore B will be different and B f — B" 
may be positive, negative, or zero. Let 

h— $•+»*= fc+«X ff# +i)[l — *^+4)1“ 

*>" + m - + i)i ( 2Q ) 

denote the position of a band origin. In 
electronic transitions all values of Av are 
permitted. All bands which have a common 
lower or a common upper level arc said to 
form a progression or a series. Bands for 
which the change in v is constant are said to 
form a sequence. 



Fig. 14* — Electronic 
Transitions 

The particular transition 
illustrated herewith takes 
place from the 41 h rota- 
tional state of the lowest 
vibrational level (if" = 0) of 
the lower electronic state to 
the 5th rotational state of 
the vibrational level (p' » 1} 
of the upper electronic state. 
This transition corresponds 
to one molecular line of the 
entire baud system. 


* The relative intensities of the bands, either in absorption or emission, will de- 
pend upon the temperature of the gas. At low temperatures most of the molecules 
are in the lowest vibrational level and the 0 1 band tends to be the strongest. 
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The relative intensities of the bands within a given band system de- 
pend on the potential curves of the molecules in the two electronic 
states and may be estimated with ihe aid of quantum mechanics in ac- 
cordance with the Franck-Condon principle, if the bands are arranged 


k I 


k 


V e +V v 


Band A 

System I __ 

Origin V e +V r + V„ 


Fig. 15. — Schematic Resolution of a Band System into Individual 
Lines and Bands 


in a ( 1 /, v ff ) array, it is found that the locus of the strongest bands is a 
parabola. If r f 0 is nearly equal to r", the strongest bands fall near ihe 
diagonal, Av = 0, Av = — 1, Av — +1, i.e., sequences are strongest. If 
r{ } and r£' differ, the strongest bands belong to the progression, v” — 0, 1 
and v f — 0, 1. 







Fig. 16. — Progressions and Sequences 

Hic hands at the left have a common lower vibrational level and arc said to form 
■i c J progression. The middle sketch depicts a v" progression, while a sequence is 
shown at the right. 


The wave number of a particular line of an electronic band is 

v = v 0 + B'K'(K f + 1) - B ff K"(K" + !) (30) 

As before, a change in K of ±1 is possible, but AK — 0 can also occur 
in some transitions. Hence in addition to the P- and /2-branches, a 
Q-branch sometimes appears. 
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P = v 9 +2B f +&B , -B n )K+{B , -B t, )K^ = R(K) K'=K”+l 
v = + (B f - B fr )R+ (B* - B")K - = Q(K) R* = JT' (31) 

?-f. jr=K"-i 

For the vibration-rotation bands, B' — fl" is always negative and the 
linos tend to crowd together in the R branch. In the electronic transi- 
tions the bands can have differing structures depending on whether 
B r — B fi is positive, zero, or negative. 

If B* — B tr is positive, the lines will crowd together, i.e., form a head, 
in the /^-branch and the individual lines will tend to spread out in the 
violet. We say that the band is degraded toward the violet. If B r = B' 1 
the bands form no head at all, while if B f is less than /i", the head will 
be formed on the violet side of the hand origin and the bands are de- 
graded toward the red. Notice that we may represent the lines of the 
P- and /^-branches by the same formula if we replace K by (m — 1) in the 
P-br&nch and by m in the /£-branch and suppose that the P-braneh 
corresponds to negative m values. That is, 

V = a + bm + cm 2 

where a t h , and c are found from an analysis of the spectrum. If one 
plots m as ordinate and the wave number V as abscissa, he obtains 
what is known as a For trot parabola . Each integral m value projected 
on the v axis gives a line. The analysis of 1 he spectrum by means of the 
Fortrat parabola shows how the band head arises as a consequence of the 
crowding together of the lines toward the vertex of the parabola. Al- 
though the band heads are the most conspicuous features of molecular 
spectra, their theoretical significance is less than that of the band origin, 
v 0f whose position can be found only after an analysis of the spectrum. 

Electronic energy levels are labeled by a scheme somewhat similar 
to that employed for atoms, except that Greek letters are used in place 
of the Roman, viz,, 

2 II A (molecular) 

S P D F (atomic) 

The significant quantities are the projections of the orbital and spin 
angular moments, L and S, upon the line joining the nuclei of the two 
atoms, A and 2. The sum of these projections is il — |A + 2j. As we 
would write for the atomic term for which S — 1, L — 1, and ,/ - 2, 
we write for the molecular term for which S — 1, A = 1, and il = 2, 
In general we use the symbolism 

* s+1 Aii 

The multiplicity is 2*S + 1, the kind of term is A, and the subscript 
denotes the value il may take. Multiplicity is indicated as in atomic 
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I'm, 17. -The Isotopic Bands of Ca&bon 

The X 1737 region of the spectra oT 3 /jf-typo stars is shown. In Hi) J82IM0 the 
('■ C 1 - bands arc present with moderate strength but no isotopic hands arc scon with 
certainty. In ///> 5223 the C l! C ,a hands arc prominent, while in HD IW557, bands 
arising from all thre** molecular species are present with great strengt h. (Courtesy, 
Andrew Me Kcllar, Dominion Aatrophysical Observatory, Victoria, It C.) 
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spectra, e.g., l 2 l II a il etc, A *2 is analogous to a l So state, i.c,, 
the resultant angular and spin momentum of the molecule is zero. The 
parity of a molecular configuration is fixed by whether the sum of the 
/ v alues of the individual electrons is even or odd, and is denoted by the 
letters g and u (gerade and ungerade)* 


16-TJ H-SJ (6533.0 16560 

(3-4) (PO) 




1656 J 3 
(P-3) 


165900 

U‘P) 


16619 I 
(0-1) 


* I (2-1* 


(66553 (leeasol 

C h 4 5 i t 



46-Si 

Fig. IS, — A Portion of the Infrared Solar Spectrum as Observed 

WITH THE I.EAD-SULrmB CELL 


The tracing shows the diffuse XI 6806,5 line of the Brackett series of hydrogen, 
whose computed position is indicated by the vertical broken line, and certain silicon 
lines. The [ ] indicate that the wave lengths were computed for a vacuum. The 
positive (0-1), (1-2), etc., and negative (3-2), (2-4), etc., brandies of the band system 
of atmospheric methane CH^ are indicated. The wave lengths are given for air and 
are indicated on the trace by dots. Most of the other lines on the trace are of atmos- 
pheric origin. (McMath-Hulbert Observatory, b Diversity of Michigan.) 

A few perm i lied band systems of astrophysical interest are: 

2 2 - 2 n, CII; HI - *H, C h N 2 , TiO, ZrO; - 2 II, OH 
Among forbidden electronic bands, the best known is the telluricf band 


* Symbols (+) and (— ) are also used to denote spatial symmetry properties of 
■be molecular electronic wave functions. See G. Herzberg, Molecular Sjtectra and 
Molecular Structure (New York: D. Van Nostrand Co,, Inc., 1950), p. 23$, 

t Telluric lines in t he solar spectrum arc lines which arise from absorption by mole- 
cules in the earth's atmosphere such as 02, Ih-O, etc. They can be identified by their 
marked increase in intensity as the sun gets lower in the sky and by the fact that they 
do not partake of the Doppler shift of solar rotation. 
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of atmospheric oxygen. Even in spile of a low transition probability 
this absorption band is strong because of the long air path. 

18. Isotope Effects in Atomic and Molecular Spectra 

Except for the lightest elements different isotopes may be distin- 
guished only with the aid of hyperfine structure data. For ionized he- 
lium and deuterium one may utilize the fact that the II yd berg constant 
for an atom of atomic weight A is given by 



1 + 1 837/1 


where R 0 = 109737.30 is the Rydberg constant for an atom of infinite 
mass. One sees that the Pickering lines of lie II do not quite coincide 
with the Baimer lines. For hydrogen of atomic weight 2 (deuterium), 
r d = 109707.42 as compared with Rh = 109677.68. The correspond- 
ing wave lengths of the Ha line are: 

X(H«) = 6562.817 X(Dor) = 6561.032 6 X = 1.785A 

Mcnzel searched for deuterium in the solar spectrum, in the chromo- 
sphere, and in several stellar spectra, and concluded that within the 
stars deuterium was less than 10 -5 as abundant as ordinary hydrogen. 
More recently C, de Jager has suggested a ratio of 0.0001* In heavier 
atoms the shifts would be so small that the spectra of the isotopes 
would not be separated from one another by detectable amounts. 

Isotope effects ran be important in band spectra, since molecules 
composed of different isotopes will have different vibration frequencies* 
The binding forces are nearly the same in a C 14 C 12 molecule as in a 
O 12 C 13 molecule, for example, but the masses are different. Since the 
vibration frequency parameter w (cf. cqn. 22 ) depends on the mass in 
the sense that the greater the mass the slower the vibration, the band 
origin or head of CigCtt will be shifted with respect to that of CisCia* 
Furthermore, the moment of inertia will be changed so that B will differ 
for molecules of different isotopes. The positions of corresponding lines 
will differ. 

Diatomic molecules with two identical nuclei show alternating in- 
tensities of the lines in their band systems. The amount of the varia- 
tion depends on the nuclear spin. When the two nuclei are isotopes of 
different mass, the alternation disappears. 

The isotopic bands of carbon appear in the R and N type stars where 
strong CitGis bands are flanked by weaker bands of Ct*Ci 3 and CibCi*. 
Although the O 12 isotope is 90 limes as abundant as the C n isotope on 
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the earth, McKellar finds certain carbon stars in which the ratio is more 
nearly of the order of 3. The (,\a isotope is responsible for some weak 
telluric lines of CO* in the infrared. 

19. Some Polyatomic Molecules of Astro physical Interest 

Polyatomic molecules abound in comets, in the coolest stars, and in 
plan et a ry atm ospheres . 

As with diatomic molecules, there exist electronic states like l 2, l II, 
etc., and the vibrational states arc split into rotational substates. The 
type and complexity of the spectrum depend on the spatial arrange- 
ment of the atoms. Carbon dioxide is & linear symmetrical molecule 
with the three atoms arranged in a straight line, () — C — O. Water is 
neither Linear nor symmetrical; it gives a complicated spectrum with 
overlapping rotational structure. In methane, CIl i, the four hydrogen 
atoms are arranged symmetrically in a tetrahedron with the carbon 
atom at the center. 

The fundamental frequencies of vibration of the CO* molecule ac- 
cording to Ta You Wu are Vi = 1321.7 cm -1 , I?* = 667.9 cm -1 , and 
p-, = 2362.8 cm These correspond to excitations of first one vibra- 
tional mode and then another. In the spectrum of Venus the higher 
overtones, 5i% 0 P 3 + h, and 5ib + v* are observed in appreciable 
strength. Methane has four fundamental frequencies: P L = 2915 cm -1 , 
1*2 — 1520 cm -1 , P 3 = 3020 cm" 1 , and v\ — 1306 cm -1 . Overtones of 
these bands are observed in the earth's atmosphere, but they are par- 
ticularly strong in the spectra of the outer planets. In Neptune har- 
monics as high as IOp* are observed. Since these high harmonics have 
never been observed in the laboratory, the amount of vapor in the light 
path must be considerable. There also appear bands in which the dif- 
ference of two modes of excitation occur, e.g., 5 p 3 — v*, which means 
that the lower state of vibration is excited. Ammonia bands appear in 
the spectra of Jupiter and Saturn although they are missing in the spec- 
tra of Uranus and Neptune where the substance must be frozen out. 
Actual estimates of the amount of material in the line of sight arc 
difficult because the band structures are sensitive to temperature, path- 
length, and density. Eventually, with the aid of appropriate laboratory 
studies, we may be able to interpret the strengths and structures of 
these bands in terms of the temperature and density of the planet's 
atmosphere. 
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CHAPTER 3 


The Gas Laws and the Equations of State, 
Turbulence 

1. The Gaseous Phase of Matter 

The astrophysicist enjoys but few advantages over the chemist or 
physicist; one of them is that most of the objects he studies, ttic stars 
and nebulae, are gaseous throughout. To he sure, the planets appear 
solid enough, comets seem to contain small particles, and the interstellar 
medium contains many small solid grains, but these objects require 
rather special techniques for their study. The spectroscope is the astro- 
physicist's most faithful and useful tool, and the spectroscope is pri- 
marily a means for studying matter in its gaseous condition. 

2. The Equation of State for a Perfect Gas 

The fundamental equation of state for a perfect gas is 

PV = RT ( 1 ) 

where P is the pressure, V is the volume, and T is the temperature in 
absolute degrees (°K). The constant R depends on the mass of gas in- 
volved. As our standard of quantity we usually take otic gram-molecule 
or mole, which amounts to a volume of 22.4 liters at 0°C (273°K) and 
one atmosphere pressure. Then 

PV = (RT (2) 

where (ft = 8,314 X 10 7 ergs/deg/mole if the pressure P is measured in 
dynes/ cm 7 . If P is measured in atmospheres (one atmosphere equals 
1.013 X 10 fi dynes/cm 2 ) and the volume V is expressed in cm 3 , (R is 82.05 
atmospheres/deg/mole. The number of molecules in a mole (Avoga- 
dro’s number) must be established empirically; it is N 0 — 0.025 X HP 
molecules/mole. The Loschmidt number, the number of molecules per 
cm 3 under standard conditions, is 2.087 X 10 1 ®. 

It is sometimes convenient to define the gas constant per atom 
or molecule, instead of per mole. Thus, Boltzmann’s constant is 
& = <R/Nq = 1,38032 X 10~ 16 ergs /deg. The gas law then becomes 

P = NkT 

where N is the number of molecules per unit volume. 
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There is a third useful form of the perfect gas law. if the A r n atoms 
or molecules in a mole, each of mass mi, have a total mass of a, the actual 
density in grams per cm 3 will be p = Nm, and since Nak — (R, 


P 


P ar 



(4) 


where // is the mass of a particle of unit atomic weight. 


3. The Law of Partial Pressures 

An important corollary of the equation of state is Dalton's law of 
partial pressure. If a gas contains a number of non-reacting constitu- 
ents each of which exerts a pressure of its own, the gas pressure is the 
sum of the pressures exerted by each constituent, Each kind of particle 
contributes its own partial pressure, p,- *= nj;7, so that the total gas 


pressure is 


P„ = 2 pi = kTZrn = NkT 


(5) 


For example, a mixture of hydrogen and nitrogen exerting partial pres- 
sures pa and pn will exert a total pressure P '= pit + p,v- 

The high temperatures that exist in the atmospheres of certain stare 
and in the interiors of all of them serve to break down (he molecules 
into their constituent atoms and finally the atoms themselves become 
stripped of their electrons. Let us illustrate by the history of a mass of 
hydrogen gas whose temperature is raised. Under normal conditions of 
temperature and pressure, hydrogen exists in a molecular form, each 
molecule consisting of two hydrogen atoms. If the temperature is 
raised to the order of that of the solar atmosphere, H a becomes disso- 
ciated into separate hydrogen atoms, and whereas formerly two grams 
contributed 6.03 X 10'-’ 3 particles (hydrogen molecules), only one gram 
of the dissociated hydrogen gas now suffices to contribute the same 
number of particles (hydrogen atoms). At still higher temperatures 
the hydrogen atom itself becomes broken down into its constituent 
electron and proton, so that only a half gram of the completely ionized 
hydrogen contains 0,03 X 10” particles (protons plus electrons), each 
as capable of contributing to the pressure as the other. The molecular 
weight of H s is 2, that of atomic hydrogen is 1, and completely ionized 
hydrogen is 1/2. Thus in the perfect, gas law, eqn. (4), m is itself a func- 
tion of the temperature, and also of the pressure, since a high pressure 
lends to jam the electrons back into the atoms again. 

With a view to later applications to stellar interiors, let us show how 
the molecular weight a may be computed when the material is highly 
ionized. Let one gram of the gas contain ton grams of element E, and 
suppose that the stage of ionization is such that each gram of atoms of 
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the kind E provides anN a particles (ions, bare nuclei, and electrons), 
where A r u is Avogadro’s number. In other words, an is the number of 
free particles per I/Nq grams of material of type E. The number of 
particles per gram of the mixture comprising the star is: 

n' = NqZwe<xb 

Hence each cm* contains 

n — pNqLwecck 

particles and the corresponding gas pressure is 

P„ = SnJtT = pNJtTEu> s a B = p&TSwgag (G) 

Comparison with eqn, (4) reveals 

a = — (7) 

M 

Once the chemical composition has been chosen (wg fixed), a { ; (which 
depends on the ionization) will he determined by p and T . 

Strdmgren adopted the relative cosmic abundances of the heavier 
elements as determined by Russell, the so-called Russell mixture, and 
calculated a mean value, & for these constituents as a function of tem- 
perature and electron density. We shall not make too large an error if 
we assume complete ionization throughout most of the stellar interior. 
Then each atom will contribute one nucleus plus Z electrons or Z + 1 
particles in all. The number of atoms per gram of the substance in 
question will be No/A where A is the atomic weight, and each gram will 
contribute (Z + 1)N$/A particles of which ZNq/A will be electrons. 
Hence a g = (Zg + 1)/A for complete ionization as compared with 
an — 1 /At: for the neutral material. For iron, Z — 26, A = 56, and 
a — 27/56 - 0.483; for oxygen Z = 8, A = 10, and a — 9/16 — 0.562, 
For helium, Z = 2, *4 — 4, and a = 0.750, whereas for hydrogen, A — 1, 
Z = l t and a = 2, Quite generally, a is of the order of 0.50 for the 
heavier elements* 

Let each gram of the stellar material contain X grams of hydrogen, 
Y grams of helium, and therefore (1 — X — Y) grams of heavier con- 
stituents as oxygen, nitrogen, iron, etc* Then, 

= 1 1 

" 2X + 0.75F + «(1 - X - Y) ~ 0.5 + 1.5X + \Y W 

since a is approximately 1/2, The electron density in the stellar in- 
terior will be 

N e — pNoL{Zft/A)WE 

= pN 0 [X + hY + J(1 - X - Y)} - £pAr 0 (l + X) (9) 
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Stromgren computed useful tables of <*(p, T). For a completely ionized 
Russell mixture he finds a = 0.54, but in view of the great preponder- 
ance of oxygen it is probably better to use & = 0.56. Later It. 15. Mar- 
shak, P. M, Morse, and H. York discussed the equation of state for the 
Russell mixture at high temperatures and pressures and took into ac- 
count certain quantum mechanical refinements. More recently, G. Kel- 
ler and R. E, Meyerott greatly improved the theory of ionisation of gas 
mixtures in stellar interiors. 


4. The Adiabatic Gas Law 

Our gas law, eqn. (!}, represents a relation between three variables, 
P } y t and 7\ If we keep the temperature constant, and vary the pres- 
sure or volume, we obtain Boyle’s law. On the other hand, if the vol- 
ume is maintained constant and the temperature is changed, the pressure 
will be proportional to the temperature, and we have Charles’s law. If 
both P and T are changed, one cannot, in general, say anything about 
\\ One special type of change merits our attention. Suppose a mass 
of gas is allowed to expand or contract and no heat is permitted to enter 
or leave it during the change. Such a change is called an adiabatic 
process and may be of importance in those regions of a star where the 
chief transport of energy is by convection currents rather than by radia- 
tion. 

In a mass of a gas undergoing an adiabatic change, the pressure and 

volume are related by , . 

PV y = constant (10) 

where 7 = c p /c v . Here c p denotes the specific heat of a gas under con- 
ditions of constant pressure and c v is the specific heat when the volume 
is kept constant. Now 7 is always larger than 1, but approaches unity 
for complex atoms. It depends on the number of degrees of freedom of 
the atom or molecule, i.e,, the minimum number of separate data we 
must have to describe the motion, c.g., (1) a point mass has three de- 
grees of freedom, (2) a rigidly connected rotator has two degrees of 
rotation and three degrees of translation,* A complicated molecule 
may possess modes of vibration as well as rotation, l 4 or a monatomic 
gas 7 = 5/3. Furthermore, the specific heats, c P and c 0 , will depend 
upon modes in which the energy may be stored internally within the 
gas, by dissociation of molecules, and by ionization of atoms, for ex- 
ample. A gas which is undergoing ionization at the temperature and 
density in question may have an effective 7 different from that of a 
monatomic gas which is either wholly neutral or wholly ionized, ihis 

* The motion of a dumbbell whose miter of gravity is fixed can be represented as 
the resultant of motion about two axes. 


Sec. 5 1 GAS LAWS AM) EQUATIONS OF STATE 55 

fact is of considerable interest in connection with the origin of the solar 
granules. 

6. The Law of Distribution of Velocities 

If we could look at the individual molecules of a gas we would witness 
a hurly-burly of rapidly rushing particles, running hither and yon, col- 
liding with one another and with the walls of the container. The 
impact of these particles with the walls and upon one another produces 
the pressure of the gas. Were we able to tag one of these molecules and 
follow il through the vicissitudes of its wanderings we would find it mov- 
ing now fast, now slow, first in one direction and then, after a collision, 
in quite another. Or, if we took a couple of snapshots of the gas and 
measured the magnitude and direction of the motion of the molecules, 
we would find them to be moving in random directions and with differ- 
ent speeds, A few would be going with speeds considerably greater than 
the average, while others would be scarcely moving at all, but the major- 
ity would have speeds differing from the average by less than a factor 
of two. 



Fig. 1. — Maxwellian Distribution of Velocities in the ^Direction 

We plot the Dumber of argon atoms /cm* with ^velocities between v and v + dv 
for X.T.P. (273°K and 760 mm or one atmosphere pressure). 

The exact law of the distribution of velocities follows from the kinetic 
theory of gases or statistical mechanics. The result may be stated 
briefly. Denote the three components of velocity y, by y J? v yy and v*. 
The Maxwell law of distribution of velocity states that the number of 


m 
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molecules moving in the x-direction with velocities between v z and 


v * + dtf, is 


dN(v x ) = - N - r e dv z 
a\ i r 


(ii) 


where a, the most probable speed, is given by 

£M« a = kT (12) 

and N is the number of molecules/cm 3 . M is the mass of the molecule, 
'['hat. is, the velocities of the molecules in any specified direction follow 
a curve of the Gaussian error type, whose dispersion is determined by 
the most likely speed of the molecule which in turn depends on the 
temperature. 



The velocity distribution for jtrgon atoms at 293°K is compared with that for 
5750°K. Ordinates are N(p)/N. The most probably average, and root mean square 
velocities are denoted by of f v t and it, respectively. 


The number of molecules with velocities simultaneously in the range 
v* to v r + dv T} v y to v y + dv Vi and u M to v 3 + dv t is the product of three 


factors of the type of eqn. (11) 


N 

dN{vjt>fi 7 ) =* - 3 • 3/ j e~ eh, dv v dv s 

(13) 

where 


y 2 » v* + + i£ 

(14) 


Often wo are less interested in the actual velocities in the x, y , z direc- 
tions than m the total speeds of the molecules themselves. Maxwell’s 
law for speeds rather than velocities is: 
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Nf(v) do - N(v) dv = 4 tN do (15) 

which gives the numbers of atoms N(v) with velocities between v and 
v -f dv per unit volume. A plot of N(v) against v shows a skewshaped 
curve which rises rapidly from the origin to a maximum and then fails 
off less abruptly on the high energy side. The shape of the curve de- 
pends on the temperature. For low temperatures, the curve is steep 
and narrow, hut as the temperature rises the curves flatten out in ac- 
cordance with the fact that the molecules have a greater range of 
velocities. 

We find that few atoms have speeds greatly exceeding the mean. 
If we compute the relative numbers of atoms with speeds a, 2a, 3 a, 4a, 
ba from cqn. (15), viz., 

N(a) a 2 

we obtain the following results: 


Velocity 

N(v)/N{a) 

la 

1,0000 

2a 

0.199 

3 a 

0.0030 

4a 

0.000005 

da 

0.0000000009 


Al the larger velocities, the exponential factor rapidly overpowers t he 
v* factor. 

At a given temperature, throe kinds of speeds will interest us: 

(1) a: the most probable speed corresponds to the maximum of 
the N(v) curve; it measures the dispersion of the molecular 
velocities along a fixed direction, c.g., x, 

(2) The average speed in the usual sense is 

s - ^ J N(e)vdv = (16) 

(3) The root mean square speed, u , given by 

\rmd = %kT (17) 

is the “average velocity of the molecules” computed in elemen- 
tary physics texts. In our calculations we shall be primarily 
interested in a or u ; v has few practical applications. 

As an example, let us compute the values of a, v, and u for nitrogen 
molecules at T — 0°C = 273°K. The mass of the nitrogen molecule is 
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28 X 1.66 X 10 24 grams since the molecular weight of nitrogen is 28 
and 1.66 X ID" 24 grams is the mass of an atom of unit atomic weight 
Then a is computed from eqn. (12), vi x. : 


a = 

Similarly, 


2 X L380 X I0- 1 * 

2S X 1.66 X 10 




X 273T ,i 

I = 4.02 X 10* cm/sec 


v = 2 B . Vf = 1.1284a = 4.54 X 10* cm /sec 
it = V? 2 - a = 1.2248a = 4.93 X 10’ cm/sec 


Let us compare the root mean square speeds of an argon atom at 
room temperature (2Q°C), at the temperature of the solar atmosphere 
(5750°K), and at the temperature of the center of Sirius (20,000,000°K). 
The atomic weight of argon is 39.94, whence 


;M-r 73 X 1.380 X 10 l,; X 2H3 ~| 1 ' 2 
" " \ M ~ l 39.94 X 1.660 X 10“ 2J J 


4,277 X 10’ 1 cm sec 


A l t ho temperature of the solar atmosphere, mi application of the above 
formula with T = 5750°K instead of 293°K gives 


u — 18.95 X 10 5 cm sec 


while at 20,000,000° K t we find it = 1.12 X 10 7 cm sec. Notice (hat 
the mean velocity increases as the square root of the temperature. 


6* Thermal Broadening of Spectral Lines 

The broadening of a spectral line, as a consequence of (he kinetic 
motion of the radiating atoms, provides a useful illustration of Max- 
well's law for the distribution of velocities. Let us suppose that each 
individual atom radiates monochromaticslly.* That is f an atom at rest 
radiates a sharp line of frequency vq (or wave length X 0 ). If it is moving 
toward the observer with a velocity v X} the observed frequency and wave 
length of (he emitted radiation will be changed by an amount given by 


_ AX _ v x 
p X c 


( 18 ) 


in accordance with Doppler’s principle. Here c denotes the velocity of 
light. The number of atoms moving at any time with a velocity v x 
toward the observer follows from Maxwell’s velocity law, eqn. (11). If 


* Wc suppose ut eaji neglect all other effects that would make the atoms radiate 
split or fuzzy lines, e,g., density effects, disturbances produced by electric and mag- 
netic fields acting upon the atom, and the phenomenon of "natural breadth” de- 
scribed in Chapter 5. If there were no large-scale motions of {he gas, the forbidden 
lines in the spectra of the gaseous nebulae would provide a good example. 
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the intensity distribution within the spectral line is proportional to the 
number of atoms radiating at a frequency v, then 


since 


l(v) <h — — 7 = e J 

Vtt 



* and <foj. 

Cr 


c d(Av) 

p 


c dv 
v 


(19) 

( 20 ) 


In wave length units the expression is similarly, 


7(X) dk = 


eh - 
XaVir € 


cH\ 

<r*Xg rfX 


( 21 ) 


Here h denotes the total intensity of the line, which is related to the 
central intensity by 



( 22 ) 


Notice that the line has a roughly bell-shaped profile; the lop is 
rounded, and the intensity thereafter falls off abruptly with wave length. 
If we record such a line upon a photographic plate of high contrast, we 
are likely to get a broadened tine of rather definite width. We define 
the half-width of the line as the width at which I has fallen to one half 
its maximum value. The wave length at which / = |7, is given by 

e rtfrr = J (23) 

Thus the total half- width of the line is 

t>K = 2 6\ = 2(X - X») = 2 log, 2 (24) 

whence 

5X„ = 7.1G X 10- 7 xV7> (25) 

where n is the molecular weight, T is the temperature in absolute de- 
grees, and X is measured in angstrom units. 

Example: What is the half-width of the X 4801 line of hydrogen in a 
gaseous nebula at a temperature of 10,000° K? Assume that the line is 
widened only by the Doppler effect. 

iX 0 = 7.16 X 10- 7 X 48(51 X = 0.35A 

bor the [O III] lines at X4960 and X3007, since a = 1(5.0, we find that 
iX = 0.087A. 
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7, The Distribution Law Under Diverse Conditions 

The Maxwellian distribution law of velocities is one of the most per- 
sistent phenomena of nature. Under diverse conditions, the atoms, ions, 
or molecules assume a Maxwellian distribution appropriate to some 
temperature 1\ which we may call the gas kinetic temperature. For 
example, experiments by Langmuir and Tanks showed that the electrons 
in a gas discharge followed a Maxwellian distribution veiy closely. Even 
under such extreme conditions as those obtaining in a gaseous nebula 
the electrons maintain a Maxwellian distribution! 

Processes tending to destroy a Maxwellian distribution compete with 
processes tending to restore it. In a planetary nebula an electron is 
freed from an atom by photoelectric ejection, wanders about and is 
finally recaptured. In the course of its life as a free particle it may col- 
lide with an oxygen atom, say, and give up its energy in an inelastic col- 
lision to excite the atom to a nearby energy level. Such collisional 
excitations tend to destroy the Maxwellian distribution, but encounters 
with other electrons and ions tend to restore it. Electron-electron and 
electron-ion encounters are enormously more frequent than any other 
type of process. Hence deviations from the Maxwell distribution law 
are negligible. Each type of particle will set up a velocity distribution 
and since the different particles tend to interact with one another, the 
velocity distribution will be appropriate to some unique kinetic tem- 
perature T. 

8, Breakdown of the Perfect Gas Law 

The perfect gas law assumes point molecules that exert no forces 
upon one another except at actual times of collisions- If the gas is com- 
pressed to the point where the intermolecular distances become com- 
parable with the dimensions of the molecules themselves, short range 
attractive van der Waals forces and the finite sizes of the gas molecules 
conspire to limit the accuracy of the perfect gas law. Below the so- 
called critical point the gas will liquefy if the pressure is increased. On 
the other hand, as the temperature is raised and the pressure decreased, 
all gases tend to become “perfect." In the atmospheres and throughout 
the interiors of most stars, the density is sufficiently low or the tempera- 
ture sufficiently high for the perfect gas law to be nearly exact. 

Nevertheless, the interactions between the charged particles of an 
ionized gas produce some deviations from the perfect gas law. R. E. Wil- 
liamson finds that the correction bP/P will amount to about 0.43 per 
cent for the sun, and only 2.1 per cent for the dense star a 2 Eli C whose 
mass is 0.20 that of the sun. The standard model is assumed. 

In the interiors of some stars the density becomes so high that devi- 
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aliens from the perfect gas law do occur. They are not of the type ex- 
pressible by the van der Waals 1 equation, but require a whole new 
equation of state. 

Consider what happens as the pressure upon a block of material is 
increased. Even at experimentally attainable pressures, common sub- 
stances often show remarkable properties. We mention Bridgman's hot 
ice, solid water at a temperature above 10Q°C. Nevertheless, the high- 
est pressures we can produce are small compared with the pressures at 
the interior of the earth, to say nothing of those within the giant planets. 

If the pressure upon a cold body is increased, ultimately the “incom- 
pressible" atoms themselves are jammed so tightly together that 
electrons will become detached. We call this phenomenon pressure 
ionization. If the density is increased sufficiently, all the electrons will 
he detached from their respective atoms. The detached electrons are 
free in the sense that the conduction electrons In a metal are free. That 
is, they do not belong to particular atoms. They follow, however, a 
distribution law which is quite different from the classical Maxwellian 
law. Under these circumstances, the electrons will exert a larger pres- 
sure than will an equivalent number of nuclei. The material possesses 
quite different properties than it does under ordinary conditions, and 
we say that it is degenerate. Degeneracy can set in even at a high tem- 
perature if the pressure is sufficiently great. 

9* Equation of State for a Degenerate Gas 

In order to explain the phenomenon of degeneracy in a gas we must 
introduce the concept of “phase space." At any instant a particle in a 
fluid may be characterized by three space coordinates, usually denoted 
33 ffii 72 » and q$ (e.g., y, z) and three velocity, or rather momentum 
coordinates, pi, p 2 , and All six of these numbers are needed to 
specif} 1, the position and momentum of each particle at any one time. 
If we know the forces acting upon the particles, classical mechanics as- 
serts that theoretically it should be possible to tell what they wifi be 
doing at any later time. To indicate the state uf a given particle, we 
could employ three separate graphs, one for each pair of momentum and 
space coordinates, or we could adopt a single point in a 6-dimensional 
space called a “ phase space." The latter point of view is the more use- 
ful; we imagine this 6-dimensional space divided up into small boxes of 
volume h\ If the particles have spin, e.g,* electrons, the generalized 
Pauli principle states that two and only two particles may be found in 
cadi cell of dimensions h z . Under conditions exist ing in stellar interiors, 
degeneracy is important only for electrons. 

1 o understand how the Pauli principle puts a limit on the density 
which matter can attain at a given temperature, let us compare two 
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dissimilar volumes A and B wherein the same total amount of energy is 
available. In Fig. 3 each box is divided into cells of volume h z . In the 
large box A there is little chance of more than one electron residing in 
each cell. The electrons then have a Maxwellian distribution. If the 
gas is compressed to a small volume B and the energy supplied by the 
work of compression taken away, space becomes precious and electrons 



o 

• 


• 

*o 

0 

*o 

0 * 

o* 

o# 

• o 

*0 

*o 

o * 

0* 


Fia. 3 ,— Approach to Degeneracy with Increasing Density 

The box A, to the left, represents a condition under which classical theory can lie 
applied. In box B, on the right, the density is so high that degeneracy has set in. 
Killed circles indicate electrons with spins open circles indicate electrons with 

spins —14- 

are forced into the higher cells of momentum space. Under conditions 
of complete degeneracy, every cell of available phase space is filled and 
no more energy can be extracted from the gas since particles in the higher 
cells cannot go to the already occupied cells of lower energy. To com- 
press the gas further additional energy must be supplied. 

Buch a gas has peculiar properties; one particle cannot move to an- 
other cell unless the particle already in that cell moves elsewhere. Hence 
the individual particles of the gas behave as though they were geared 
together. 

In a first rough approach to the problem, consider a completely de- 
generate gas which occupies a physical volume of 1 cm 3 , wherein every 
cell of phase space is filled up to a certain value of the momentum po 
which corresponds to an energy en. The particles would be distributed 
uniformly in momentum from 0 to a maximum momentum pn, and in 
Cartesian coordinates the distribution law would have the form, 

2 

N{v) dv £ dv ti dv, - “ dv T dv u dv t = ^ dp s dp v dp t (2(>) 


since 2 A 3 particles can be crammed into a unit volume of phase space. 
Thus N(v) = 5.20 X !0~ 3 per unit velocity interval for all velocities 
less than Co where p<\ ~ mv u. Here m denotes the mass of the electron. 

Suppose we have an electron gas at 0°C = 273°K and one atmosphere 
pressure. The number of particles/cm 3 is the Loschnudt number, 
2.69 X UP. If the electrons follow Maxwell's law, eqn. (13), 


N(v) dv x dv a dv t = 



e -mfmT ( { Vx ^ ( j Vs 


( 27 ) 


Sec. 9] 


03 


GAS LAWS AND EQUATIONS OF STATE 

the number per unit velocity interval will be 0.00645 at the origin as 
compared with 0.0052 from eqn. (26). This means that in the range of 
small velocities, Maxwell's law requires more electrons per cm 3 than the 
Pauli principle permits; hence deviations from the classical expression 
must occur. Degeneracy of an electron gas can set in even at room tem- 
perature. 1 " An increase in temperature or a decrease in pressure may 
remove degeneracy. The temperature is so high in the solar interior 
that the electrons follow the classical Maxwellian distribution, but in 
the much denser companion to Sirius, the electron gas is degenerate. 

The exact statistical mechanical treatment shows that eqn. (20) does 
not hold up to the maximum velocity iv The distribution has rounded 
edges in accordance with the Fermi- Dirac law, 


N dv x dv u dv 9 


2 m z dvs dux dv? 

ft» ^ j 


where the characterist ic energy, 

{ZNYt* h* 

^ \ S?r / 2m 


(28) 


(29) 


is determined by the electron concentration and not by the temperature. 
When \rmr is much less than <£, the exponent is negative and N(v) fol- 
lows eqn. (2<>) . When hmv 1 is greater than 0 ? the exponent changes sign 
and increases rapidly as v increases. Since l he exponential factor then 
is much greater than unity, the latter can be neglected and the curve 
resembles a Maxwellian distribution. The greater the electron density 
.V, the larger will be 0 and the more pronounced the degeneracy. 

Lei us now compute v Qi the upper limit to the velocity of the particles 
in a completely degenerate gas. The volume of phase space dr embrac- 
ing momenta between p and p + dp , where 


P 1 = pi + pl + pi 

is the volume of a shell of radius p and thickness dp, multiplied by the 
volume V in physical space, viz., 


dr — AirYp- dp 

The total number of possible states is obtained by multiplying by the 
factor 2/A s since A 3 is the volume of each cell which contains two elec- 


* The “free 1 ' electrons in a metal arts free in the sense that they arts not attached 
to any atom but may wander throughout the struct ure. Their possible energy states 
are restricted stney those of lower energy are all filled. Hence the electrons are 
squeezed into states of higher energy than would \m appropriate for the temperature 
in question and a Maxwellian distribution. In particular they cannot share their 
energies with the metallic ions in the lattice. 
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irons. Without loss of generality V may be taken as 1. Hence the 
number of electrons with momenta between p and p + dp is 

N'(p) dp < (30) 


The equality sign obtains for a completely degenerate gas. Let be 
the total number of electrons in the unit volume under conditions of 
complete degeneracy. Their momenta must be less than the maximum 
value po given by 

*.-*£,*-&* (3ij 

Now the pressure of a gas is the rate of momentum transfer across 
a surface of unit area. For simplicity, consider a unit area perpendicu- 
lar to the ^-direction, The number of electrons of momentum p t crossing 
this area per second will be N c (p x )v& Each carries a momentum p * and 
since the gas is isotropic, one third can be thought of as moving in the 
rc-direction. Hence the total pressure, obtained by integrating over all 
momenta, will be 


Pr = ( 32 ) 

provided the electronic velocities are so low we can neglect the relativity 
effects. Eliminating p 0 in terms of iV r , by eqn. (31), we obtain: 


P . 


1 

2i) 




(33) 


Notice that the final formula involves the number of electrons per cm 3 
ami the pressure, but not the temperature. The explanation is that 
when a gas is completely degenerate, the temperature, which is really 
only a measure of the energies of the electrons, tells how many of them 
can be crowded into a given volume, i.e., it determines N e or the density 
all by itself. If the gas is degenerate, all cells of phase space are filled 
and additional energy has to be supplied before more electrons can be 
crammed into the given volume. We emphasize again that in a volume 
containing ions and electrons it is only the electrons that are degenerate. 
The ions continue to obey something resembling the perfect gas law, 
but their contribution to the total pressure is so small it may be neg- 
lected. 

We can write eqn. (33) in the form 



(34) 


Src. 10] 
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_L /3V /a 

20 \w) 


9.013 X 10 1 * 


(3o) 


in e.g.s. units. Here m is the electronic mass, Afa the mass of the pro- 
ton, and ii is the average mass (in atomic weight units) per free electron 
of the completely ionized gas. In dealing with a degenerate gas we are 
interested in l lie mean weight per free electron since the role played by 
the heavy atoms can be ignored. When completely ionized, neon gives 
ten electrons and a nucleus, i.e., II particles in all. Hence completely 
ionized neon will have a molecular weight of 20.18 11 = 1,83. The 
average mass per electron, however, is p! = 20.18/10 — 2.02. For hy- 
drogen, the molecular weight, p } is 1/2, but #*' = 1. Helium, of atomic 
weight 4, supplies two electrons: hence g = 4/3, but p! = 2. The dis- 
tinction between p and p is particularly important for the light atoms. 

It is necessary to know under what conditions to use the degenerate 
gas law, eqn. (34), rather than the perfect gas law, eqn. (4). We may 
regard the gas as degenerate if the gas pressure computed from the de- 
generate gas law is greater than that given by the perfect gits law, i.e., if 


which amounts to 


9.91 X U) 1 * 



> 



pm 




ptmj'w 


> 2.43 X 10- 8 


(36) 


(37) 


if we apply this criterion to hydrogen, assuming that it is completely 
ionized, the electron gas will be degenerate above the following critical 


densities: 

Temperature 

Density gm/cm* 


10,000°K 

0.07 


100,000 

2.2 


1,000,000 

09. 


10,000,000 

2170. 


In metals where the density is of the order of 8 or 10 gm cm* and the 
temperature is about 20°C, the electrons are strongly degenerate. 


10. Relativistic Degeneracy 

At very high densities, the electrons must possess such high veloci- 
ties that the relativistic change of mass with velocity must be taken 
into account. Under these circumstances eqn. (33) is no longer valid 
and a new expression must be found. Chandrasekhar* has indicated 


9 An Introduction to the Study of Stellar Structure (Chicago: University of Chicago 
Press, 1939), p. 359. 
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the correct procedure and has shown that the pressure and density may 
lie ex i tressed by means of the parametric equations: 


where 


A = 


/' = A fix) and P = Hr* 


(38) 


x = po/mc, /(*) = x(2x* - 3)(s* + !)»« + 3 sinh" 1 x (39) 


■wm v" 

3A S 


= 5.998 X UP; I) = 


S rmVu'M* 
3ft* 


= 9.807 X 10 V (40) 


The parametric expressions (38) together represent the equation of 
state over the entire range of degeneracy. The electron density, 
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and the density of the material in gm cm 3 are related hv 

p - N e p'Mo - Bx 3 


(42) 


When the density is very large, x is large, and the electrons must 
move with such high velocities that the relativistic effects become im- 
portant. Then 


/ \*n i /3\U3 

**>^ tol - a (d£v) p "i© Ac ^ (43) 


or, in terms of the density, 



where 
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which is the equation of state for relativistic degeneracy. Whenever 
the pressure computed by the relativistic degenerate gas law is greater 
than the pleasure computed from the perfect gas law, we must use the 
relativistic equation. Notice that for small values of x t i.e., relatively 
low densities, we recover the eqn. (34). Thus cqns. (34) and (44) rep- 
resent asymptotic forms for eqn. (38). 

The temperature and density domains where the various equations 
of state are to be applied are illustrated in Fig. 4. The curve labeled 
degeneracy criterion locus divides the T r p diagram into two areas in 
one of which the electrons obey the perfect gas law, and in the other of 
which the degenerate gas law obtains. The equation of state for the 
latter region is Chandrasekhar’s parametric expression which reduces 
to eqn. (34) for p « 2 X 10*, and to eqn. (44) for p » 2 X 10°. The 


See, III 
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form of the gas law in the region between the domain of pure degeneracy 
and perfect gas becomes complicated and in applications to stellar in- 
teriors rather involved calculations are required. The degenerate gas 
laws are of considerable importance in connection with the while dwarf 
stars. 



Fki. 4. — The Domains or the Gas Law 

The solid curvi!, called the degeneracy criterion locus?, divides the logp — log T 
diagram into two regions in one of which the perfect gas Jaw holds, while in the ether 
the degenerate gas law must be applied. The latter has two asymptotic forms corre- 
sponding t« relativistic and non relativist ie degeneracy. In the neighborhood of the 
degeneracy criterion locus, the gas laws become extremely complicated. Fortunately, 
in most applications we are concerned with material that behaves either as a perfect 
gas or as a degenerate gas. The electrons become degenerate while the heavy parli- 
dcs still follow the classical dist ri button. (Adapted from a diagram by Gordon Wares, 
.4 ttrophysical J ourn al t Uni v orsi i y o f Cl j i cago Press , 1 00, 1 50, 1 11 44. ) 


11. Turbulence 

In astrophysics as in other branches of physics we are frequently 
concerned with large-scale mass motions of gases. Sometimes, orderly 
stream motion (hydrodynamics! flow) may occur. For example, we 
might expect orderly convection currents to exist in the core of a rap- 
idly spinning star. On the oilier hand, in the core of a static or slowly 
rotating star, chaotic, whirlpool-like motions of the gases are likely to 
carry the energy, since large-scale streams would tend to break down 
into turbulent eddies. 
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Turbulence refers to a state of a gas when it is impractical to define 
its mass motion point by point and minute by minute. For example, 
one might observe the contortions of cumulus clouds in the earth's at- 
mosphere on a windy day. We would apply a statistical description to 
the motions of the clouds and not concern ourselves with the vicissi- 
tudes of the individual whirls and filaments. 

In order to understand the phenomenon of turbulence we must ex- 
amine the nature of fluid motion. A viscous or slowly moving gas is 
usually characterized by laminar flow, wherein the particles tend to 
move in continuous, parallel streamlines devoid of eddies and whirl- 
pools. If the speed of the flow increases or the size of the container in 
which the fluid is confined be increased, the streamlines tend to become 
undulatory until finally, eddies and whirlpools appear as the streamlines 
begin to roll in upon one another. The pattern of motion under such 
circumstances is called turbulent flow. 

Reynolds gave a criterion for finding when a streamline or laminar 
flow would become replaced by turbulent motion. The stage at which 
turbulence sets in depends on the dimensions of the container, the vis- 
cosity ant! rate of motion of the fluid, viz., 

~ > 10 > ( 46 ) 

nfp 

where v is the mean velocity of the fluid stream, fj is the viscosity, p is 
the density, and D is the linear size of the stream. In vortex motion, 
1) may be identified with the diameter of the vortex, whereas for other 
kinds of motion it is of the order of the size of the container. The tur- 
bulent viscosity is of the order of a million times greater than the 
laminar viscosity. The ratio, v — 77/p, is the kinematical viscosity. If 
the vessel is large, the velocity at which turbulence sets in may become 
small. Thus turbulence will be set up in an ocean at smaller fluid veloc- 
ities than in a lake. In a stellar interior, large-scale gas motion would 
tend to be turbulent. The exact point at which turbulence sets in de- 
pends on the factors perturbing the gas. A steep thermal gradient would 
have a marked effect. 

The older discussions of turbulence introduced the concept of a tur- 
bulence element as follows: Consider two points in a fluid in turbulent 
flow. If the points lie close together, the motions will be closely corre- 
lated, hut as we choose them farther and farther apart, we finally find 
a distance where there is no correlation. Following the definition of 
Prandtl, we call this critical distance the size of the turbulence element. 
That is, the turbulence elements are fluid masses in common motion, 
and different elements may be distinguished from one another. Small 
eddies tend to be wiped out by viscosity. 
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The motion of a turbulent fluid is so confused that it is scarcely pos- 
sible to give it a phenomenological description. Prandtl proposed a 
rough analogy with the kinetic theory of gases, wherein turbulent ele- 
ments play the role of molecules. The mean free path of an eddy or 
turbulent elemonl , /, is of the same order of size as the turbulence ele- 
ment itself, but there seems a certain arbitrariness in choosing this 
quantity, There is one important difference between molecular and 
turbulent motion. After the turbulent element lias moved a distance 
equal to Us mean free path, it merges with its surroundings and loses its 
identity. In the core of a star where energy is transported by large- 
scale mass motion, ascending turbulent elements dissolve and give up 
their energy to the surroundings, and as a consequence of cooling, con- 
tract. Each rising whirlpool is replaced by an equally large, cooler 1 , sinking 
mass element, and the net effect is an outward flow of thermal energy. 

The description of turbulent elements by their mean sizes is inade- 
quate, In fluid motion, whirls of many different sizes will occur. We 
may regard this as a consequence of the fact that a gas is a mechanical 
system of numerous degrees of freedom; hence it is capable of a large 
number of different types of motion. Laminar motion is a special case; 
more likely all different possible modes will occur at once. It would 
seem that a fruitful line of attack would be to investigate the probability 
with which the various kinds of motion would occur at any one time. 
To each eddy we may assign a linear dimension, l , and a corresponding 

wave number, k = 

A quantity of fundamental interest is the energy pF(fc) dk stored in 
each unit volume in eddies between wave numbers k and k + dk . F(k) 
is said to define the spectrum of turbulence. Its analytic form has been 
studied by Kolmogoroff, Heisenberg, Chandrasekhar, and others. 

Much as the energy emitted by an incandescent solid, for example, 
can be analyzed in terms of a continuous spectrum, so can the instan- 
taneous velocity distribution in a turbulent medium for related quanti- 
ties such as density and pressure) be analyzed in terms of the turbulence 
spectrum. In the radiation spectrum we are not interested in the phases 
of the emitted light waves; we are primarily concerned with the inten- 
sity as a function of frequency. Analogously in turbulence, we are not 
concerned with the details of motions in the individual whirls, but 
rather with the distribution of energy among them. 

Now turbulence must be maintained by some external cause, a steep 
temperature gradient, mechanical stirring, etc. Otherwise the turbu- 
lence will simply decay, lienee we must distinguish between the steady 
state where energy is continuously being supplied, and the case where 
turbulence is decaying. 
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The sizes of the largest eddies ~ / », say, will depend on the particular 
mechanism which supplies the energy. The character of the spectrum 
in this domain will depend on the mechanism involved and may differ 
from one problem to the next. Among the smaller eddies, for which 
k y > A*d, we may expect to find some kind of a general law. 

The physical nature of a steady state where energy is supplied from 
an external source is this: The energy goes mostly into the largest eddies 
at a rate of say c ergs 'cm 5 /see. It is then passed down through a hier- 
archy of eddies and finally dissipated by viscosity in the smallest eddies 
where the motion is laminar. The condition of constant flow of energy 
from the larger to the smaller whirlpools determines the character of 
the equilibrium spectrum whose exact form has been discussed by Ivol- 
mogoroff, Heisenberg, Chandrasekhar, and others. 

The significant fact is that, except for the largest eddies, the distribu- 
tion does not depend on the source of turbulence but only on the rate of 
energy supply and the viscosity. 

A problem of some astrophysical interest is the decay of turbulence 
when the source of energy is cul off. First the larger eddies will adjust 
themselves to the disappearance of the energy supply. For some time, 
the distribution F(k) among the lower eddies will remain as though 
nothing had happened. During this stage the general character of the 
spectrum remains unchanged; that is, the form of the spectrum remains 
the same although the scale changes. Gradually the energy from the 
larger eddies is used up and the smaller whirls gradually die away. 

The total turbulence spectrum, F(k) f can be calculated if the mech- 
anism and rate of energy supply as well as the viscosity are known. The 
distribution function shows a peak corresponding lo an eddy of some 
length, say l 0t but we must remember that energy is lost as heat only 
from eddies of much smaller linear size. 

Turbulence appears to have important astrophysical applications 
not only lo stellar interiors but also to the solar granules, to the atmos- 
pheres of giant stars, to the shells of close binaries, to gaseous nebulae, 
and to the interstellar medium. 

The chaotic appearance of extensive emission nebulosities photo- 
graphed, for example, with the 48-inch Palom&r Schmidt strongly sug- 
gests turbulence. Since we receive radiation from a considerable range 
in depth it is difficult to interpret the velocities or intensity variations. 
From an analysis of the intensity fluctuations, the existence of a tur- 
bulence spectrum with a sharp maximum seems compatible with the 
observations. The large eddies presumably contain a sufficient store of 
energy to maintain a flow of energy down the hierarchy of eddies to the 
smaller ones. S. von Hoemer has discussed the evidence for turbulence 
in the Orton Nebula. 
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Turbulence in the atmosphere of the sun appears not only in the 
granules In it presumably also in the motions of prominences, where the 
combined factors of magnetic fields, radiation pressure, mass motion, 
and turbulence conspire to make an unusually complicated astro physi- 
cal problem, 

PROBLEMS 

1. A mixture of gas in the following proportions II, O.bO; He, 30; 
C, 0.02; N, 0.02; and O, 0.00 is completely ionized. Calculate the 
molecular weight. 

2. Derive eqn. (1.5) from eqn. (13). 

3. Compute « and u for oxygen at T — 203°K, 6700° K, and 1,000,- 
000° K. 

4. What is the total Doppler half-width of the sodium “D" lines at 
5890 and 5890 A at T = 57Q0°K? 

5. Assume that each iron atom in a block of the metal contributes 
one “free” election. To what temperature must the block be raised in 
order to remove the degeneracy? 

6. At what density would a mass of completely ionized helium be- 
come degenerate at a temperature of eight million degrees? 
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CHAPTER 4 


Excitation, Ionization, and Dissociation 

Astrophysics is largely concerned with the properties of matter at 
temperatures ranging from 1500 or 2000 degrees to several million de- 
grees. In the first approximation, interest is centered in steady-state 
conditions. In the treatment of variable stars, etc., the practice fre- 
quently has been to consider ihe changes in terms of a scries of separate 
stages, each of which can be treated as a steady state. 

At the outset it is important to understand that a steady slate does 
not imply thermal equilibrium. Consider radiation passing through a 
stratum of matter, c.g., the atmosphere of a star. The stale may be a 
steady one, i.e., not change with time but it is certainly not an equilib- 
rium one. The flow of energy from one side of the layer to the other 
implies a temperature gradient and under equilibrium conditions a tem- 
perature difference cannot exist. Nevertheless, the rates of certain 
atomic processes may be nearly the same as in thermal equilibrium and 
in the first reconnaissance of the problem, various relationships derived 
for strict thermodynamic equilibrium will prove useful. 

1. Thermodynamic Equilibrium 

Let us picture the state of affairs in a gas in thermal equilibrium. 
Imagine a mass inclosed in a hypothetical box whose walls are main- 
tained at a temperature 7’ of the order of 5 or 10 thousand degrees. 
The atoms in the box move rapidly about, strike one another in more or 
less violent collisions, absorb and re-emit energy, and lose and recapture 
electrons. A condition obtains wherein each process is exactly balanced 
by its inverse. Every collision in which an electron gives np energy to 
an atom to excite it to a higher energy level is balanced by an encounter 
in which an excited atom unloads its excitation energy upon a passing 
electron (superelastic collision). Every ionization from a particular 
level is balanced by a recapture upon the same level. 

\Yc can express these ideas quantitatively by saying that quite gen- 
erally the number of absorptions from n to ft" is equal to the number of 
transitions in which the atoms jump from ft" to n with the emission of 
radiation. The number of collisional excitations from n to n" is equal 
to the number of inverse superelastic collisions, wherein atoms cascade 
from ft" to ft, and a passing particle carries off (he excess energy. The 
number of ionizations from level n is equal to the number of recaptures 
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on the same level n. An assemblage of particles in which every process 
is balanced by its inverse, he., one in which detailed balancing occurs, is 
said to be in strict thermodynamic equilibrium. 

Thermodynamics, which deals with macroscopic properties of matter, 
gives us much information about material in thermal equilibrium, al- 
though pure thermodynamics is of relatively restricted use t o the as- 
tronomer. An intrinsically easier and more powerful technique is that 
of statistical mechanics, which makes use of the fact that atoms possess 
known energy states. The application of the formal procedures of sta- 
tistical mechanics requires the existence of a thermal equilibrium and 
assumes that atoms or molecules interact with one another. It does 
not, however, require any knowledge of the details of how energy passes 
from one atom to another. 

Statistical mechanics enables us to derive important relationships 
such as the Maxwell law of velocities, Planck's law (Chapter 5), the 
Boltzmann law, and the ionization and dissociation equations. 


2. Boltzmann’s Law 


ihc fundamental relationship is Boltzmann’s law which states that 
under conditions of thermal equilibrium the relative numbers of atoms 
in the two levels A and B is given by 


^11 = $J* e -XABf*r 

Na g a 


{1} 


where xab = Bn — Ea is the energy difference between the two levels 
A and B t qr is the statistical weight, 2*//j + 1, for the upper level, 
g A = 2J a + 1, that of the lower level,* and T is the absolute tem- 
perature. 


We shall not attempt to prove this formula but shall adopt it on a 
postulation a 1 basis. If x is expressed in volts, the Boltzmann formula 
can be written as 


log 
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Sometimes we wish to employ the ratio of the number of atoms in a 
level r to the total number of atoms in all levels, viz., A r = XN ft where 
A> is the number in level r. From eqn. (1) we may express the total 
number of atoms in terms of the number in the first level, viz., 


* 1 he statistical weight of a level expresses the relative likelihood of an atom being 
found there, other things being equal. Tl two states have the same excitation poten- 
tial, under equilibrium conditions their relative populations will be in proportion to 
their statistical weights. The statistical weight, 2 J -j- 1, equals the number of 
Zeeman states into which a level of inner quantum number J is resolved by a mag- 
netic field. 


fw. 2| 


K X CITATION, IONIZATION, AND DISSOCIATION 


N = — Iff, -+- +■••}= — B(T) (3) 

9 1 9 1 

The number in the ground level is 


while for level i, 


Nt = — N 
' B(T) 
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(5) 


This is llit' more general form of the Boltzmann equation. Here N 
refers to the total number of atoms and A r , to the number in the ith 
excited level. The quantity, B(T) t is called the part if ion function. It 
tells the way in which the atoms are distributed among the different 
excited levels. The population of highly excited levels is affected by 
Hie perturbations of nearby particles. If p* denotes the probability that 
the atom is undisturbed in the excited state, i, the partition function 
becomes 5(7) = Z g#*’*** 

where Pi approaches zero as the ionization limit is approached. The 
convergence of B(T) is thus assured. If the perturbations are produced 
mainly by ions (as appeal's to be true for the sun and hotter stars) it 
turns out that* 

In pi — —1.33 X 


where n is the principal quantum number of the ith level, Z is charge 
on the atom core of the perturbed particle, and P c is the electron pressure. 

As an example, let us compare the relative populations of the ground 
and n = 2 levels for hydrogen for T = 6000°K, 8000°K, 1O,0QO°K, 
15,000°K, and 20,00G°K. The statistical weight of the ground level of 
hydrogen is 2, that of level n is 2 n\ The excitation potential of the 
second level is 10.15 ev. 


log ^ = - ^ x 10.15 + log 4 = 


Temperature 

5040 

T 

AT, 

Ab 

6,000°K 

0.840 

0.0000000 1 

8,000 

0.030 

0.00000 Hf 

10,000 

0.501 

0.000031 

15,000 

0.330 

0.00155 

20,000 

0,252 

0.0110 


51,100 

T 


0.00 


Notice the rapid increase 
in the relative number of 
atoms in the second level 
with the increase of tem- 
perature. 


See, for example, ihe discussion bv Claas, Utrecht Ohs. Researches 12, 14, 1951. 
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3. Deviations from Thermodynamic Equilibrium 

The Boltzmann law was derived for thermodynamic equilibrium and 
is strictly applicable only when these conditions are fulfilled. Many 
interesting problems arise from the deviations of stellar atmospheres 
and gaseous nebulae from such an equilibrium. 

Consider the state of a stellar atmosphere. On one side are the hot, 
emitting layers of the star, on the other is the void of empty space. 
Although possibly in a steady state it cannot be in thermodynamic 
equilibrium. Just below the layers which we can see, conditions do ap- 
proach those of thermodynamic equilibrium at some local temperature 
T and the Boltzmann formula and its corollaries can be employed. 
Proceeding toward the surface, the assumption of thermodynamic equi- 
librium begins to break down and it is in this region that the dark-line 
spectra of the stars are formed. In our first approximation we apply 
Boltzmann’s formula and the ionization equation and compare our pre- 
dictions with the observations, We find that insofar as the distribution 
of atoms among various energy states and stages of ionizations is con- 
cerned, the simple assumption of thermodynamic equilibrium will be 
very helpful. The principal task of this chapter will be to show how, 
with the aid of results derived from statistical mechanics and the con- 
cept of thermodynamic equilibrium, we can derive a qualitatively correct, 
interpretation of the spectra of the stars. 

The gaseous nebulae provide us with an example wherein thermody- 
namics and statistical mechanics are of little help. If we attempt to 
apply them we find ourselves confronted with a host of inconsistencies 
and contradictions, fo interpret the spectra of gaseous nebulae another 
means of attack must be devised; we must base it on some hypothesis of 
the physical processes involved, i.e., on detailed mechanisms. We have 
much evidence to show that the bright lines of hydrogen and helium in 
the gaseous nebulae are produced by photoionization followed by re- 
combinations, while the forbidden lines are produced by collisions which 
raise atoms to nearby metastable levels from which they return to the 
ground level with the radiation of a quantum of energy. Under such 
conditions we have two types of relationships that must be ful fit It'd for 
a steady state: (a) equations of statistical equilibrium which insure that 
the population of a given level remains the same, and (b) the equation 
of energy conservation which states that all energy absorbed in a vol- 
ume element must equal all energy emitted. Even under conditions 
deviating widely from thermodynamic equilibrium certain processes 
will go on as though equilibrium still existed. The Boltzmann equation 
will no longer be applicable and the radiation field may deviate far from 
that appropriate to an enclosure, but the velocity distribution of the 
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electrons and tons in an ionized pis will still be Maxwellian appropriate 
to some temperature T (cl Ch. 3, See, 7), 

In problems of stellar atmospheres more and more emphasis is being 
laid on deviations from thermodynamic equilibrium, and more and more 
detailed mechanisms are being invoked. The solar chromosphere and 
corona show many properties that cannot be explained by any appeal 
to thermodynamic equilibrium. With these limitations in mind, let us 
return to what can be learned from t he equilibrium theory. 

4. The Ionization Equation 

At any given temperature and density it is important to know not 
only the relative numbers of atoms in various excited levels but also the 
relative numbers of neutral and ionized atoms. In thermal equilibrium, 
atoms will lose electrons at a rate dependent upon the temperature and 
the ionization potential of the atom. At a given temperature, calcium 
atoms (ionization potential = 6,09 ev) will lose electrons at a greater 
rate than will hydrogen atoms whose ionization potential is 13.54 ev. 
On the other hand, the rate at which ions can recapture electrons will 
depend on the electron density (or electron pressure since P c = Ay-7 1 ), 

Saha derived the ionization formula by thermodynamical considera- 
tions and in 1022 pointed out its importance for astrophysical problems. 
We shall follow here, however, a simpler derivation due to MenzeL 

MenzePs method is to apply the Boltzmann formula to continuous 
as well as discrete levels with proper weights chosen for the continuum. 
In the Bohr model, discrete states were represented by elliptical orbits 
and continuous states by hyperbolic orbits. From this point of view, 
the distinction between neutral and ionized atoms is somewhat artificial. 
That is, we ean think of the ionized atom as a neutral atom with the 
electron in an hyperbolic orbit. Accordingly } the Boltzmann formula 
should bo capable of representing ionization as well as excitation con- 
ditions. 

Since the ionization energy, x* must be supplied to liberate an elec- 
tron, the total energies of the free electrons will he 


E = xo + + v* + vf) 

= Xi> + 2^ (pi + pi + pl) (6) 

Before we can apply the Boltzmann formula to the continuum wo 
must assign “weights” to the continuous energy levels. We saw that 
the statistical weights for the' discrete levels were 2./ + l (or for the 
confluent levels of the hydrogen atom, 2a-). In order to keep the sys- 
tem of weighting consistent with that adopted for the discrete levels, it 
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Ionization Potentials and Pabtotion Function Data for Some Atoms 
and Ions of Astro physical Interest* 

3p, + i.of 


Ionization Potential 


lo jr- 




Element 

Sym 

ho] 

I 

11 

HI 

IV 

V 


3 =3 1 

3=2 

8 = 3 

Hydrogen 

H 

13.54 





0.00 




Helium 

He 

24,48 

54.17 




0.60 

0,00 



Lithium 

I.i 

5.37 

76,31 




-0.13 




Beryllium 

Bo 

9.23 

1S.I3 




0.56 




Boron. ........ 

B 


25.02 

37.77 



-0.4S 




Carbon 

C 

11.20 

24.28 

47.07 

64,22 


0.10 

—0.48 

0.60 

0.00 

Nitrogen. ...... 

N 

14.49 

29,49 

47,24 

77.09 

97.47 

0,62 

0.13 

-0,48 

0.60 

Oxygen ...... 

0 

13.56 

35.00 

54.71 

77. OS 

113.38 

—0.05 

0.65 

0.13 

—0.48 

LI no lino 

F 

17.35 

34.84 

62.39 

87.0 

114.0 

0.48 

— 0.05 

0.05 

0.13 

Neon . . * 

No 

2L47 

10.91 

04 ± 1 

97 

120 

1.06 

0.48 

—0,05 

0.65 

Sodium 

Nn 

5.12 

47.10 




-0.10 

1.08 



Magnesium. . . 

Mg 

7.01 

14.97 

79.9 



0.52 

-0,01 



Aluminum. . . 

A1 

5.90 

18.75 

28.33 



-0.50 

-0.60 



Silicon 


s.n 

16.27 

33.32 

44.95 

100 

0.06 

—0.48 

0.00 

0.00 

Phosphorus 

P 

10.9 

19.57 

36.03 

51.15 

64.74 

0.64 

0.13 

—0,48 

0.6O 

Sulfur 

S 

10.31 

23.3 

34.9 

47,1 


0.01 

0.05 

0,13 


Chlorine 

Cl 

12.9 

23,70 

39.7 



0.47 

-0.05 



Argon 

A 

15.09 

27.5 

40.8 

01 


1.04 

0.48 

—0.05 


1*010831 uni 

K 

4. 32 

31.7 

46 



-0.44 

i.ns 

0.48 


Calcium ......... 

Ca 

6.09 

11.82 

51.00 



0.44 

—0.25 

1.08 


Scandium 

Se 

r>.7 

12.S 

24.66 



0.5:3 

-0,27 



Titanium . 

Ti 

o.si 

I3.G 

28,0 

43.00 


0.50 

—0,13 

—0.02 


Vanadium 

V 

0.71 

14A 




0,22 

0.08 



Chromium 

Cr 

0-74 

16.6 




0.12 

0.55 



Manganese 

Mn 

7,40 

15.6 




0,36 

0.23 



Iron 

Fe 

7.80 

15,16 

30.48 



0.40 

0.30 



Cobalt 

Co 

7.84 

17. t 








Nickel . 

Xi 

7.0 1 

18.4 




U. fcii 
-0.12 




Copper 

Cu 

7.69 

20.18 




-0.15 




Zinc. , . . 

Zn 

9.35 

I7.R9 




0.60 




Rubidium. . . 

m> 

4.16 





—0,52 




St ron tiutn ... 

Sr 

5.07 

10.9S ; 




0.32 

-0.30 



Yttrium 

Y 

0.5 

12.3 




n.:is 

-0.11 



Zirconium . 

Zr 

0.92 

13.97 




0.37 

-0.04 



Barium 

Bn 

5,19 

9.96 




0.30 

-0.57 



Europium. . . , 

Eu 

5.04 

11.21 









7 uontr, .\o. SO, 1 945 for more complete data. 

, For some dements. is not a good approximation to the partition function 

» , s ' ^ffi.o/po.o is repl need by log 2/it/IL, computed for T= 6450°K 

t r - o8 dynes from the data by W. J. Class, Utrecht Ohs. Researches 12, 50, 1951. Aim 

Ba forT= 'UoLiO'K ^ 2B ' JHx for M *' SL Ca ' S<?1 Ti - V - Gr * F». Ni. Sr. Y. Zr. and 


may be shown that for free electrons numbering dN E with momenta be- 
tween pi and pi + dp h ete, f and space coordinates between gi and 
f l i + d?i, etc., we must adopt weights as follows: 
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where is the weight of the ground level of the ionized atom, the 
factor, 2, arises from the two possible orientations of electron spin, and 
dpi ■ * ■ dq* factor is the volume of phase space expressed in to 3 units. 
If we now put eqns. (fi) and (7) into eqn. (i), we get 


dN z 

Nox 


2g\ e~» /tr 

gn h* 


e -*/2m*T dpi . . . ( j qz 


( 8 ) 


N ol is the number of neutral atoms in the ground level and gni is the 
statistical weight of the ground level. We shall now choose a volume 
Vo of such a size that it includes only one ionized atom in its lowest 
level, and N c electrons of which dN t have momenta between p\ and 
pi + dpi, etc., and coordinates between q\ and q\ + dq\, etc. If we make 
use of the relation 



and integrate dN c with respect to the momenta and over the volume 
Vo then 


Jin 

N OL 


2g\ e~ xc/kT 
gtn A 3 


Iff- 


€ ImkT dpi f/p 3 dp 


Iff 


c/q, dqi dq% 


= 2(2^iy j r ^ F 

A* (jti \ 


(9) 


Since Vo is determined by the condition, N[V 0 = 1, and since N 0 \ = 
goiNa/Boy N I = N\g\/B\(T), where N 0 and JVi are respectively the total 
number of neutral and ionized atoms/cm 3 , and N\ is the number of ionized 
atoms/cm 3 in the ground level, the ionization formula becomes 


M = (2 wmk 7QW 2 B,(T) 
No h* Bo(T) 


( 10 ) 


We may easily show that this type of equation holds for ionization 
stages higher than the first. Actually under any given conditions 
only two stages of ionization prevail at any one time, say the gth and 
(g + l)st. Thus we can write. 


NirtN* _ <2Trmkiy*2B^m ^ 

N v A 3 B q (T) e liA; 

where N tl is the number of atoms in the gth stage of ionization, N g +i is 
the number in the {q + i)st stage of ionization, and x# is the energy 
necessary to ionize the atom from the gth stage of ionization to the 
(q + l)st stage. 


so 
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ior many problems, the electron pressure is a convenient parameter 
to employ in place of the electron density. Substituting P c — N t kT 
in erjn. (10) we obtain 


NiPc = (2Tw )*»(frr)»«2B,(D _ WtI . 
No A* B„( T) 6 


(12) 


For purposes of numerical calculation, the logarithmic form is particu- 
larly useful, viz., 


i r> 

loe w, p - 


^ 1 + 2.5 log T - 0,48 + log 2B l (T)/B 0 (T) (13) 


where / is the ionization potential in volts, P c is the electron pressure 
in dynes/cm% N i is the number of ionized atoms/cm 3 , No is the number 
of neutral atoms cm 3 , Bi(7) is the partition function of the ionized 
atoms, and B C (T) is the partition function of the neutral atoms. The 
B s can be calculated with the aid of a term table for Ihc atom or ion in 
question as a function of the temperature. (Sec Table 1.) 

Examples: If the temperature of the solar atmosphere is S700°K and 
the electron pressure is 30 dynes, what proportion of aluminum is neu- 
tral? The first ionization potential of aluminum is 5.96 ev, and 
Bo (T) = 0.32. I,et $ denote 5040/T. Then, 


01 = 5.27, 2.5 log T = 9.39, log I\ = 1,48 

Hence log Ni/N* - 1.68, whence Ni/No = 47.7 or N*/(Ni + No) = 
1/48.7 = 0.0205, i.e., 2*1 per cent of all atoms are neutral and the rest 
arc ionized. Since the second ionization potential of aluminum is 
1S.73 ev a negligible fraction of aluminum atoms have lost a second 
electron. 

\\ hat fraction of calcium atoms are in the singly ionized condition 
in the atmosphere of Sirius if T = 10,000° and P v = 200 dynes? For 
calcium, / = 6.09 ev and log2B l (T)/B 9 (T) = 0.44. 

01 = 3.07 

2.5 log 7 = 10.00 log N \f No — 4.59, i.e., there is practically 
log P c — 2.30 no neutral calcium 

\V e suspect that the calcium may be doubly ionized. Hence we should 
apply the ionization formula again. The second ionization potential is 
11.82 ev, log 2B y (T)/B»(T) - -0.28, 01 - 5.95* 

log Nt/Ny = 1.02 or Nt/Ny = 10.5 

whence Ny/(Ny + Nt) = 0.087, or 9 per cent remain singly ionized and 
the remainder are doubly ionized. 
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The strong Mg II doublet at X4481 arises from transitions from 
the 3 -1) term to the 4 £ F term, (calculate for P c ^ 100 dynes and 
T = 7200° K the fraction of magnesium atoms capable of absorbing 
X4481. 

The excitation potential of the lower 3-D term of the transition is 
8.83 ev, and the statistical weight of this term is, since J = 3/2 and 
5 2, 6 + 4 = 10* The statistical weight of the ground 2 Sy/t term is 2. 
By Boltzmann’s formula, the fraction of Mg II atoms in the term is 
given by 

log N(3W)/N(3 2 S) - —8.830 + log 5 - -5.47 at 7 = 7200°K (0 = 0.7) 

For magnesium the first ionization potential is 7.01 ev, the second is 
14.97 ev. For Mg I, log2JBt/fio =+0.52, whence we find log Ni/No = 
2,35, so we conclude that 99,0 per cent of the Mg is at least once ionized. 

Is double ionization important? Here log 2 B^/By =—0,01 and we 
find log*¥o N i = —3*28. Of all magnesium atoms, the total fraction in 
(he excited 3 L T> level and therefore capable of absorbing X I 481, will be 


xwm 

¥( total) 


0.996 X 1(H-« T - 3.4 X 10"* 


5. Combined Boltzmann and Ionization Equations 

The lines of (he permanent gases observed in the hotter stars and in 
the solar chromosphere arise from high levels much closer to the ioniza- 
tion limit than to the ground level. It is often useful to combine the 
Boltzmann and ionization equations in such a way as to refer the num- 
ber of atoms, Nu rn in the rth level of the neutral atom, say, to l lie total 
number Ny of the ionized atoms. If we divide eqn. (12) hy the Boltz- 
mann eqn. (5) we obtain 

_ (2t mWD™ 2MB (m 

N 0 , r h 3 g u . r 

which relates the number of atoms in the rth level to the tot al number 
of singly ionized atoms. Here we denote the ionization potential by I 
and the excitation potential of the rth level simply by Xr* We may 
generalize this expression for any stage of ionization. Since the numer- 
ical value of (/ — Xr) in much less than / or Xr for the permanent gases, 
the Boltzmann correction is much smaller than it would be if we tried 
to relate the number in level r with the number in the ground level. 

Example: In the atmosphere of 10 Lacertae, it is found from the in- 
tensities of the Balmer lines that the number of hydrogen atoms in the 


-S2 
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second level is antilog (15.80). With T = 29,600°K and log 1\ = 2.80, 
we shall compute the number of hydrogen ions, ff tm We write oqn. (14) 
iti the form: 


lo S A 7^ = - 0 - xd + 2.5 log T - 0.48 + log ~p- ~ log l\ 

With / = 13.54 ev, xi = 10.15 ev, g« = 8, and B, = 1, we find 
log = (5.72, and log N\ = 22.52 

• V 11,0 

Ail application of the ionization equation will show that very few hy- 
drogen atoms are neutral. 



Fig. L — Schematic Energy Leveies 

1 btT ionization potential is f . The excitation potential of level r is * r . The number 
of atoms per cm 8 in the ground level of the neutral atom is denoted m N Ath the mun- 
H*r of atoms in level r is N n, r , ami the number of ionized atoms is ;Yi. 


6. Tests of the Ionization Theory 

At Mount Wilson Observatory, A. S. King carried out qualitative 
laboratory tests of the ionization theory. Alkaline earth metals such 
as Ca or Mg have ionization potentials so low that even at temperatures 
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attainable in an electric furnace an appreciable fraction of their atoms 
can be ionized. King found that the intensity ratio of X3933 of ionized 
calcium to X422(> of neutral calcium increased as the temperature in- 
creased, in harmony with theory. In another experiment the tempera- 
ture was kepi constant and small amounts of caesium (the most readily 
ionized of all the elements) were added. The ionization of caesium 
raised the electron pressure and decreased the ionization and hence the 
intensity of X3933. King was unable to measure the electron pressure 
in these experiments; hence a quantitative check on this theory could 
not be made. 

Astrophysics! illustrations of the ionization phenomena are numer- 
ous. The sunspots, which are refrigerated areas about 1200° K cooler 
than the surrounding bright surface of the sun (photosphere), provide a 
good illustration. The alkalis and alkaline earths become almost com- 
pletely ionized in the region of the photosphere while their neutral lines 
are greatly strengthened in the cooler spot in accordance with the ioniza- 
tion theory. 

7- The Spectral Sequence 

The ionization theory's outstanding achievement is its interpretation 
of Hie spectral sequence as a temperature sequence. Proceeding from 
the cooler to the hotter stars, the lines of the neut ral elements gradually 
weaken and become replaced by the lines of ionized elements. Calcium 
provides a good illustration. In the coolest stars, calcium is mostly 
neutral and the resonance X4227 line attains great strength (Fig. 6). 
In slightly hotter stars ionization begins to be appreciable, X4227 weak- 
ens, and the resonance // and K lines of ionized calcium strengthen until 
in class 0 they dominate the spectrum* At still higher temperatures cal- 
cium becomes doubly ionized and the // and K lines fade away. When 
we deal with lines that arise from excited levels, i.e., subordinate lines, 
we must apply both the ionization and Boltzmann formulae. With 
rising temperature the subordinate lines grow in intensity as the number 
of atoms capable of absorbing them increases, but then weaken as the 
alums become ionized. Figs. 2 and 3 illustrate the predicted and ob- 
served behavior of subordinate iron and magnesium lines along the main 
sequence. 

The behavior of the hydrogen lines is an excellent example. Since 
the Bakner series arises from transitions from the second to higher 
levels, a hydrogen atom must first be excited to the second level before it 
can absorb a Balmer line. Referring to our illustrative calculations in 
See. 2, we notice that at the lower temperatures the number of hydrogen 
atoms in the second level is negligible, but that it increases rapidly with 
rising temperature. In harmony with this result, the hydrogen lines 
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steadily increase in strength from .1/ through A', G y and F to A where 
these lines attain their maximum strength. Thereafter, with rising tem- 
perature, the intensity of the Buhner lines decreases us ionization makes 
serious inroads on the number of neutral hydrogen atoms. The Buhner 
lines are still present in the O stars, however, even though about one atom 
in a hundred thousand remains neutral. 



Fia. 3 . — Observed Variations of Tune Intensities Along the Main 

Sequence 

The logarithm of the observed intensities, expressed as equivalent widths (see 
Chapter 8), is plotted against the temperature. Accurate data for cool dwarf stars 
are not available* Compare with Fig. 2 of Chapter 4. 

hi stars hotter than AO, the metals become multiply-ionized and their 
resonance lines fall in the unobservable ultraviolet. The subordinate 
lines involve very high tevcU and are very weak. No atom heavier than 
silicon is observed in absorption beyond the second stage of ionization. 

In the B stars, the helium lines, together with those of hydrogen, be- 
come the most conspicuous features of 1 he spectrum. The 0 stars are so 
hot that hydrogen is nearly all ionized and even helium is doubly ionized. 
The light elements (), N, C, and Xe are prominent in various stages of 
ionization. 

Among the 0 and B stars, bright lines often appear. Some stars show 
both bright and dark lines. Generally, the bright lines have been at- 
tributed to shells surrounding the star. The very coolest stars also oc- 
casionally show bright lines, especially the long period variables in class Af, 

In his original application of the ionization theory to the spectral se- 
quence, Saha attempted to derive a temperature scale for the stars. He 
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calculated at what point the lines of a given ion would appear or disap- 
pear and compared his predictions with the observations. 1'nfortu- 
nalely, the method of appearances and disappearances of lines is un- 
trustworthy. !l depends on the resolving power of the spectrograph 
employed, blends, abundances, etc., and also assumes that the atmos- 
pheric layers participating in the formation of lines are the same for all 

5040/T ->■ 
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Fig* 4. — -The Variations of the Ralmer Lines Along the Main 

Sequence 

The solid curve expresses the fraction of all hydrogen atoms in the second level and 
therefore capable of absorbing the Balmer lines. The dotted curve gives the logarithm 
of the observed intensity. The vertical scale of the observed curve is adjusted by a 
factor of 5/2, since theory shows the intensities of strong hydrogen lines to vary 
roughly as N*te, X'o correction has been applied for the changing opacity of the 
atmosphere; such a correction would bring the observed and computed curves more 
nearly into agreement. 

atoms in all stars. Furthermore, Saha assumed too high a pressure* 
Fowler and Milne calculated the temperatures at which selected lines 
of certain atoms and ions should reach a maximum, on the assumption 
that the intensity of a line depended on the number of atoms capable of 
absorbing it* By a comparison of the predicted positions of the maxima 
with the observed maxima for stars whose temperatures had been deter- 
mined from their colors, an estimate of the electron pressure could 
be obtained. In this way, Fowler and Milne found a mean electron pres- 
sure of the order of a hundred dynes. If we can assume that the electron 
pressure remains about the same for different stars, we can calculate the 
temperatures of other stars from the ionization equilibrium* For ex- 
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ample, if we can find the rat ios N 1 1/X I II, O II O 1 1 1, He I /He II, etc., 
from the line intensities, we can compute what temperature must exist 
for the.se ratios to obtain. Actually the electron pressure does change; 
it is larger in the hotter stars where the greater ionization supplies greater 
numbers of electrons. When the electron pressure can be determined for 
different stars, as is sometimes possible, and when the numbers of atoms 
in the radiating layers can he found, the ionization equilibrium provides 
one definition of the temperature of a stellar atmosphere. 

8. Spectral Differences Between Giants and Dwarfs 

The electron pressure, as well as the temperature, affects the ioniza- 
tion. The temperatures being equal, the star whose atmosphere has a 
lower density will exhibit a higher ionization, Le., an earlier spectral class. 



Fig. 5. — The Variation of the Profile of X588N (Sodium) Along 
the Main Sequence 

The intensity rI each point in the line is expressed in units of the continuum* Note 
the decrease of intensity from e Eridam (T » 4700 a K), through the sun (aTOO^K) to 
Sirius (lO/KKTK), because of the increasing ionization wit h rising temperature. The 
profile in Sirius is schematic, so adjusted as to give the correct equivalent width. 
The profile for the sun is taken from the Mmnaert Atlas, whereas the e Eridani profile 
is taken from a Mount Wilson coud6 plate. 


When we differentiate stars according to the densities prevailing in their 
atmospheres we are really separating them according to their luminosi- 
ties, since the giant and suporgiant stars have much lower densities than 
dwarfs of the same temperature or spectral class. For example, a giant 
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star of the same temperature as our dwarf sun would have an earlier spec- 
tral type, say FH, since the ionisation would be greater in ihe more 
tenuous atmosphere of (ho larger star. Usually we compare stars of 
the same spectral class. Hence giants tend to be cooler than dwarfs 
of the same spectral class. While the compensation of decreased tem- 
perature and electron pressure suffices to give two similar looking spectra, 
lines of certain ions will not keep in step. 

I o illustrate, let us compare a giant and a dwarf of the same mean 
ionization. For the giant we take 5040/7' = 0 = 0.97, and log P e = 
0.71, while for the dwarf we choose 6 = 0.88 and log P c = 1.57. With 
these combinations of electron density and temperature, iron (7.83 ev 
ionization potential, I.P.) will have about the same ionization in the 
two stars. On the other hand, strontium (I.P. = 5.07 ev) will be more 
strongly ionized in the giant than in the dwarf, the decrease in pressure 
more than compensating for the decrease in temperature. In fact, there 
will he about twice as many Sr II ions per gram of strontium in the giant 
as in the dwarf. Hence we would expect that- by comparing the Sr II, 
\4215 line, with nearby iron lines we could differentiate between giants, 
which have low gas and electron pressures, and dwarfs which have 
high electron and gas pressures in their atmospheres. Observation con- 
firms our expectations. 

Neutral calcium, A4227, provides another illustration. If we compare 
an M2 dwarf and giant we find that they have about the same tempera- 
ture, 3150°K, Elements such as iron are neutral in both stars. For the 
dwarf we assume P t = 2,5 dynes and for the giant we assume P e = 
0.1 dynes. The ionization potential of calcium is 6.09 ev and we find 
that in the dwarf 95 per cent of the calcium is neutral, while in the giant 
only 43 per cent is neutral. In stars of this spectral class, we would 
expect neutral calcium to be stronger in the dwarfs than in the giants, 
an effect again substantiated by the observations. 

We could give additional examples of luminosity or "absolute magni- 
tude criteria but these suffice to illustrate the role of ionization theory. 

W e cannot discuss the problem quantitatively because we do not yet 
know how the transparency and density of the atmosphere and the num- 
ber of absorbing atoms affect the width and blackness of the lines. Dif- 
tcrent thicknesses of the radiating layers, differential pressure effects, 
large-scale motions in stellar atmospheres, etc., all complicate the prob- 
lem. In practice, all luminosity criteria must, be calibrated empirically. 

It is clear that a detailed application of the ionization theory requires 
a knowledge of two things— the electron pressure and the number of 
atoms acting in the layers producing the lines. If the continuous absorp- 
tivity is low we may see to great depths in the star; if it is high we may 
see only the thinnest portions of the outer layers. Although both line 
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and continuous spectrum are produced in the same layers, for many protn 
lems it is legitimate to think of the dark-line spectrum as originating in 
a layer which produces line absorption only, whereas a pure continuous 
spectrum is supplied by the photosphere. Thus the “number of atoms 
above the photosphere” will depend on the absorptivity of the outer 
layers, a quantity which will depend on the electron pressure and tem- 
perature. By some means we must estimate the electron pressure. 
For some of the hotter stars, we can obtain this quantity from the hy- 
drogen line intensities and the continuum at the Balmer limit. For 
cooler stars it must he estimated in some other way. We shall return 
to this problem in Chapter S. Fig. 2 shows the effects of changing 
opacity and electron pressure upon the lines of the metals. 

9. The Relation Between Gas Pressure and Electron Pressure 

For theoretical work on stellar atmospheres we shall need to know the 
relation between the gas pressure and the electron pressure. In the very 
hottest stars all the atoms arc ionized and every atom supplies at least 
one electron. Since hydrogen is overwhelmingly the most abundant con- 
stituent of the atmosphere and since it supplies one electron per atom, 
the electron pressure is simply half the gas pressure. On the other hand, 
in a star such as the sun, the bulk of the gas pressure is supplied by hy- 
drogen, whereas the electron pressure comes solely from the ionization 
of the metals. Hence the gas pressure is related to the electron pressure 
in a complicated way which depends on the assumed abundance of the 
various elements. 

We calculate the gas pressure P e as a function of the electron pressure 
and the temperature T as follows: I.et An denote the number of atoms 
of all kinds per cm 3 , whereas A c denotes the number of electrons per cm 3 . 
Further, let us sort the N e atoms into groups according to their ionization 
potentials, such that A, denotes the number of atoms of first ionization 
potential xh and xj denotes the fraction that have been once ionized. 
We shall wee that we can neglect the second ionizations because of the 
overwhelming predominance of hydrogen. Thus, 

A* » Ni + A* + • ■ • = ZN t 
A c = NiXi + AVa + * ■ ■ = ZNjXj 
and 

1\ - NkT = ( Nn + N r )kT, P, = NJcT 

Then 

P a _ N n + N e _ 1 + N c /N 0 

jp e ' Nz N c /N„ t ' ; 

Our problem then becomes one of calculating A e /A<i as a function of 
the temperature and electron pressure. We must adopt the relative 
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abundances of the various elements, group (hem according to their 
ionization potentials, and compute the degree of ionization as a function 
of the electron pressure and temperature. On t he basis of the abundance 
determinations by Goldberg and Menzel for the sun and by Unsold for 
t Scorpii, we adopt the groups shown in Table 2. Oxygen, nitrogen, 

TABLE 2 


Ionization Groups of Elements 


Atom 

Group 

Ionization 

Potential 

No. of 
Atoms 

Helium 

1 

24.5 

200 

Hydrogen 

2 

13.54 

1000 

Fe, Si, Mg t Xi 

a 

7.0 

0.-13 

Al, Ca, Na 

4 

5.8 

0.0 11 


and carbon have ionization potentials near that of hydrogen but their 
abundances are so very much less, we can neglect their contributions to 
the total number of electrons. They contribute about three atoms per 
thousand hydrogen atoms, 

I 1 or each group and a given temperature and electron pressure, we 
calculate the percentage ionization Xj and add the Njx/s together to get 
the total number of electrons N c . The ratio NJN a is thus known and 
we can compute P a P c at once. We shall illustrate the procedure as fol- 
lows: 

The total mass in atomic mass units per thousand hydrogen atoms is 
18o6. The corresponding total number of atoms is 1200 (if we neglect 
C, X, and 0). Hence the mean molecular weight of the un-ionized 
material is a.i = 1.54. From the adopted abundances and eqn. (15) 
there results: 

N c _ 0.01 lr, + 0.431a:, + 1000a-.. + 200 a 

N, ~ 1200 < 16 ) 

At 0 = 5010/r = 0.4, log P t = 2, we find a:, = 0.040, (lie), x, = 
1.000 (H) by an application of the ionization equation (12). We can 
neglect the contribution of the metals which are completely ionized. 
Then N c = 1000 + 8 and NJN 0 = 0.835 and P„/P c = 2.2. 

I- or 0 = 0.8, log P c = 2, .r 2 = 0.00010 so that the ionization of hydro- 
gen contributes 0,16 electron. For the iron group, x 3 = 0.835 and 
®* = 10 (complete ionization of Al, Ca, Xa). Hence the ionization 
equation gives N t = 0.011 + 0.36 + 0.16 = 0.53 so logP„/P e = 3.36, 
and log P„ = 5.36. It is emphasized that the relation between gas and 
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TABLE 3 


Thu Relation Between Pressure am* Kliktron Pressure as a 
Function of Temperature 


e - 

big l\ 


0.4 

0.5 

0.0 

0.7 

0.8 

1*0 

1.2 

1*4 

log Pe = — 1 

-0.70 

— O.fHi 

— 0.(30 

-0.(31 

0.00 

2.30 

2.68 

2,02 

0 

0.30 

0.34 

0.3(3 

0.07 

1.89 

3.47 

4.31 

(.70 

i 

1.33 

1.35 

1.47 

2.43 

3,78 

-1.78 

5*03 

6.52 

2 

2*34 

2.38 

2.99 

4.30 

5.30 

6.48 

7.50 


3 

3.35 

3.64 

4.88 

6.15 

6.89 





electron pressure depends on our choice of the chemical composition of 
the stellar atmosphere. As long as the hydrogen/metal ratio is about a 
thousand, and the relative abundances of the metals are kept about the 
same, the above table relating electron and gas pressure should remain 
sufficiently accurate* It is often useful to employ the I\(P r T) relation- 
ship in the graphic form. (See Oh. 7, Sec. 14*) 


10* Dissociation Equilibrium of Chemical Compounds 

While the ionization theory gives a rational explanation of the spectral 
sequence for the hotter stars, it is satisfying that a closely analogous 
treatment of the formation and dissociation of molecules explains, quali- 
tatively at least , the spectra of the cooler stars. 

Suppose 2 atoms, *4 and B, combine to form the diatomic molecule 
AB according to the reversible reaction: 

A + B^AB ( 17 ) 


The numbers of relevant atoms A and B and molecules AB are related 
by an expression similar to the ionization equation: 


n(A)n(B) 
n(A B) 


K'(A B) 


( 18 ) 


where K'(j4Z?) sometimes is called the dissociation “constant.” It de- 
pends on the temperature and dissociation potential of the molecule* 
The expression eqn. (18) may be rewritten in a form analogous to the 
ionization equation; 


PaPb = Ga(Jh 

Pab 9ah L J 


(1 -e~ s )er^ = K(AB) 


( 19 ) 


in terms of the partial pressures. Pa, pn, Pam - Here g.\ t Qab represent 
the statistical weights of the ground levels of atoms A and B and the 
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molecule AB, and M is the "reduced" mass M = - MaM„ 

' M a + M„ 


There 


are two additional factors in K(A B) that did nol appear in (he right-hand 
side of oqn, (11). These involve the moment of inertia /, and I he funda- 
mental vibrational frequency t> of the molecule. Here S = - They 

occur because of additional modes of motion of the molecule— modes 
which the atom did not have. 

Kor molecules of astrophysical interest it turns out very nearly that 
(1 — ■ e -s ) = Se~ 0isa (20) 


and if we express the frequency of vibration in wave-number units 
cm \ as w, we have hv/k = lA3w. Further, if r„ is the equilibrium 
separation of the atomic nuclei A and B, I = MrJ. If the pressures and 
A are measured in dynes, M in atomic mass units, r 0 in angstrom units, 
and 1 ) in volts (ev), log K may be written as 


log A- = 


5040 

T 


D + ~ log T - 


0.286w 

T 


— 2 log ru + log w -f log ( ^SJ- 

Q ah 


+ \ log M 
+ G.24 


( 21 ) 


which is essentially the expression given by II. N. Russell. As an ex- 
ample, consider CH for which ^ = 3, r„ = 1.12A, w = 2802 cm” 1 , 

M - 12/13 (atomic mass units) and I) = 3.47 ev, approximately. If 
1 ie pat tial pressures of 0 and II in the solar atmosphere are 4 and 8 X 10* 
dynes, respectively, and if T 5700° K, we find log A -- 8.72, whence 
the partial pressure of CH = 61.1 X 10 _s dynes. 

lhe most, detailed treatment of equilibria of chemical compounds in 
stel ar atmosphere was that by II. X. Russell. He postulated a series of 
model stellar atmospheres similar in composition to that of the sun but 
differing in temperature and pressure. Then he investigated the relative 
proportions of the various kinds of atoms and undissociated molecules. 

Xou the total number of atoms of any given kind, e.g., carbon will 
equal the number of free atoms plus the number tied up in molecules, via. : 


n'(C) - n(C) -I- 2n(C s ) + it(CN) + n(CO) -f etc. (22) 
Nitrogen atoms will satisfy a relation of the form 

n'(N) = n(N) + 2n(N s ) + n(CN) + etc. (23) 

and analogous expressions may be written for O, H, Ti, etc. From his 
analysis ol the solar spectrum, Russell had derived the relative abun- 
dances of the various elements, i.e, n'(C), n'(N), etc. The quantities on 
Uie right-hand side of eqns. (22) and (23) are to be computed 


93 


Sit. 10] EXCITATION, IONIZATION, AND DISSOCIATION 

Since the partial pressure is p = nk7\ one can write a series of simul- 
taneous quadratic equations of the form: 

„'(C) - p{Q { 1 + 1$§ + } < 24 > 

in which the p*s and K f s arc known. The solution of these .simultaneous 
equations will give the quantities, p(C) 3 p(N), p(IT), etc. The problem 



z* 2.0 i. 8 1.6 1,4 1,2 1.0 0.8 


Ficl 7. — The Abunhaiicmb of Molecules and Atoms in* Giant Oxyuen 
Stars or Spectral Classes K-M 

The ordinates arc logarithms of the numbers of atoms or molecules per unit area* 
the abscissae are the values of 0 = 5040/T. (Courtesy, H. X. Russell, Astrvphysical 
Journal, University of Chisago Press, 79, 317, 1934.) 
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is somewhat simplified by the fact that hydrogen is so overwhelmingly 
abundant and the other elements fall into groups that have little mutual 
influence and may usually be handled separately. Ionization may de- 
plete the numbers of metals available for molecular formation, 

Russell took into account the variation of the electron pressure among 


logs 



Ful 8. The Abundances ov Molecules and Atoms in Dvvaaf Oxygen 
Stars of Spectral Classes A' M 

79 3 t7 lt I934) IL % ^irophysiad Jmtrnal, University of Chicago Press, 
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the giant and dwarf stars, the variation in the thickness of the atmos- 
pheric layers responsible for the formation of absorption lines, and intro- 
duced other refinements. He made separate calculations for giant and 
dwarf stars of the same composition as the sun. Although the actual 
abundance of hydrogen is now known to be greater than Russell sup- 
posed* and the molecular constants he used have been superseded by 
more accurate values, the general qualitative picture he has given seems 
to be correct. 

Toward lower temperatures, the quantity of a given element in the 
atomic form remains nearly constant until it. begins to be tied up in com- 
pounds. When combination occurs, the curve for the main compound 
rises and overtakes the curve of the element. Thus, in giants, atomic 
carbon is nearly constant until T = 4200; then it falls off rapidly and CO 
rises to take its place. That is, essentially all of the carbon becomes 
oxidized to CO, relatively little becomes COa, and but small amounts 
form CN and OIL Towards (he lower temperatures, the amounts of 
Ca, CH, and CN rise for a time, reach a maximum, and then fall off as 
more and more of the carbon becomes tied up in CO. In giants, CN 
is the most abundant of these latter three compounds and would be more 
so were X not locked up primarily in Ns, 

In the giants ionized titanium predominates to temperatures as low as 
T = 3900°K, neutral titanium rises slowly and then becomes depleted to 
form titanium oxide, the molecule observed to contribute the strongest 
molecular bands. The most abundant molecule in (he stars is certainly 
Hi, but there is no hope of observing it in any stellar spectrum as the 
excitation potential of the observable lines is too great. 

At the lowest temperatures the hydroxyl radical Oil and water vapor 
1I 2 0 become very important. The bands of 01 i (X3064) and NH (X3240) 
should be very strong in the ult ra violet region of the spect ra of 1 he coolest 
stars. Unfortunately, the cool stars have not been studied in sufficient- 
detail with sufficiently high dispersion in this region. 

In the dwarf stars, the atmospheric opacity is greater; hence the total 
number of molecules is less and the resultant bands should be weaker. 
The maximum abundance of TiO is reached at a higher temperature in 
the dwarfs than in the giants; the 1 number of molecules then flattens off 
and remains constant as the temperature is lowered. At temperatures in 
the range 3000° K to 3600°K, TiO bauds should be stronger in dwarfs than 
in giants of t he same temperature, but as we go to lower temperatures, 
the intensities of the titanium oxide bands in the dwarfs remains about 
the same whereas the giant bands increase to a much greater maximum 
intensity. This result explains why no dwarfs are found later (i.e., with 
more intense bunds) than Afo, although the giants seem to run to 4/9. 

The curves give a striking confirmation of Richardson's observation 
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that C 2 and TiO bands have the same intensity In sunspots, whereas the 
two bands are not observed simultaneously in any other stellar spectrum. 

In the dwarfs, because of the greater pressure, the maximum of the 
carbon compounds comes at a higher temperature. As predicted, 
the observed bands of GHand CX attain maxima and then weaken in the 
cooler stars, and the C* bands are weak in the sun. Converting tempera- 
tures to spectral classes, Russell finds the following predicted band max- 
ima: 


Molecule 

I Hvarfs 

Giant* 

Temp. 

Class 

Temp. 

Class 

C'j max. . . , 

4800 

Kl 

1300 

Gl 

CH max, 

4050 

K2 

4350 

G 7 

CN max . 

1380 

KA 

4000 

K 1 

TiO (- CH max.) 

3820 

KB 

3500 

m 

TiO (= CN max.) 

3880 

KB 

3350 

Kl 

TiO max. . . 

3150 

M3? 

2500 

M10 


Miss Payne found the CM maximum at KO and Lindhlad found that 
of CN at Go to K 5 in giant stars. For dwarfs, Lindhlad found a fiat 
ma ximum at AO for cyanogen but part of this flatness may arise from 
blends. The predicted spectral classes where the titanium oxide bands 
should equal those of CO and OH are in fair agreement with observation. 

The cyanogen bands are important criteria for distinguishing between 
giants and dwarfs. If we compare the abundances of CN in giants and 
dwarfs at the same spectral class, we find that there are five to six times 
as many CN molecules in a G-K giant as in a dwarf. On the other hand, 
the predicted differences for CII are much smaller so that the G band, 
which arises primarily from this molecule, varies little with absolute 
magnitude. Both of these predictions arc in harmony with the observa- 
tions, {See Ch. 8, Sec. 20.) 

11, Branching of the Spectral Sequence 

An important problem is the branching of the spectral sequence in 
the later types. Classes R and N branch off between G and AT; class S 
branches off between K and M. In the later K stars, the TiO bands ap- 
pear and steadily increase in intensity with diminishing temperature 
through class M. Other stars, however, which also merge into the spec- 
tral sequence near class K show Zr() bands or the bands of the carbon 
compounds. 

The stars with zirconium oxide bands are called 5 stars, those with 
carbon bands R and N stars. Many years ago R. 11. Curtiss suggested 
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that the splitting of the spectral sequence was due to differences in the 
chemical composition. The ordinary M stars represent objects in which 
oxygen exceeds carbon in abundance, lienee the oxides, TiO, CO, Oil, 


leg S 



Fia. 0 . — The Abundances op Molecules and Atoms in Giant Carbon 

Stabs 

hi these atmospheres the abundances of carbon and oxygen are interchanged jls 
compared with the normal or "oxygen” sequence. Notice the predominance of 
CH, and CN, while 0 is almost wholly tied up in CO. {Courtesy, H. X. Russell, 
A atrophy Heal Journal, University of Chicago Press, 79, 317, 1934.) 

etc., play important roles. In the carbon stars, on the other hand, most 
of the oxygen gets tied up in the unobservable CO and the important 
bands are those due to carbon and its compounds. 

To calculate the properties of the atmospheres of R and N stars, Rus- 
sell interchanged the assumed abundances of carbon and oxygen. To- 
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ward the lower temperatures, CH, ON, and C* successively predominate. 
At temperatures below 2500° K, cyanogen reaches a maximum while C 3 
continues to increase. Observations show the carbon bands to gain in 
the coolest stars while the cyanogen bands remain stationary and CH be- 
comes relatively weaker. Titanium oxide, water vapor, carbon dioxide, 
and the OH radical form negligible contributions to the atmosphere. 
The predicted amount of the carbon compounds in the atmosphere is 
greater than the amount of titanium oxide in the M stars by a factor of 
a hundred or a thousand. 

Carbon bands involving the C ia isotope appear in the spectra of the N 
stars and the component lines mingle with those of molecules of Gtt to 
produce a very effective blocking of the radiation from the lower layers 
of the star. In view of t he great importance of carbon in the energy gen- 
eration mechanism, McKellaris determination of the relative abundance 
of these isotopes in the R and N stars is of great interest. 

Dwarf carbon stars have not been discovered and it is probable that 
none exist. 

In the cooler stars, trlatomic or more complicated molecules and even 
solids or liquids (carbides and nitrides) may form and add to the com- 
plexity of the chemical equilibrium, 

Russell's treatment of the role of molecules in stellar atmospheres was 
highly successful. Comparison with the observations, however, can be 
made only on a semi quantitative basis, since we cannot predict the inten- 
sity of a band in terms of the number of molecules acting to produce it. 

1 wo improvements could now be made. More recent determinations of 
the dissociation constants, etc., would permit somewhat less rough esti- 
mates of the equilibria of the different compounds. Since hydrogen ap- 
peal's to be much more plentiful than Russell assumed, the det ails of the 
curves will lie modified. But it is unlikely that these refinements will 
change appreciably the general qualitative picture that Russell has given. 
On the observational side, improved photometric measures of band inten- 
sities would be helpful, although the difficulties are formidable. 

It is important that the excitation, ionization, and dissociation equa- 
tions can account for all of the essential features of the spectral sequence 
from the very hottest stars to the coolest. Except for the /?, AT, and 
possibly *S stars, the general features of most stellar spectra can be ex- 
plained on the hypothesis that the stars have the same composition as 
the sun and differ only in temperature and atmospheric pressure. For 
the R and N stars, however, we must assume a surplus of carbon over 
oxygen. 

We have made comparisons on the basis of the assumption that the 
intensity of a spectral line depends on the number of atoms capable of 
absorbing it. The quantitative relations between the number of atoms 
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and the intensity of a spectral line will be developed in Chapter 8 and 
we shall see that this relation will involve the temperature, turbulence 
(if any), pressure, etc., in a not too simple way. Nevertheless, the 
simple discussion in terms of ionization, excitation, and dissociation must 
remain as the first approximation in any discussion of stellar spectra. 


PROBLEMS 

1 . What fraction of aluminum atoms will be able to absorb the 
resonance line, 3 -P 3/2 — 4 *jS]/ 2 , at T — 5700°K, P c — 20 dynes? 

2. Calculate the fraction of all oxygen atoms capable of absorbing 
X4649, 3 s 4 P W2 — 3p 4 of 0 II. The excitation potential of the lower 
level is 22.90 ev. The ground term of 0 II is 4 $ 3 / 3 . Assume T = 25,000° K 
and log P c — 2.80. 

3. The number of Nil atoms per gram in the 3p l P level of a certain 
star is 7 X 10 12 , If is 0.29, (I - X r) = 9.17 cv, 7 - 20,000°K, 
and log P e = 2.80, calculate the number of atoms in the ground level 
of N III. 


4. If the ionization of iron is the same in a dwarf and a giant K0 star 
of temporal ures 4900° K and 4230° K, respectively, what will be the 
electron pressure in the giant if that in the dwarf is ID dynes? 


5. Show that the relative numbers of atoms in the nth energy state 
in the gth stage of ionization are related to the number in the n'th en- 
ergy level in the r/th stage of ionization by 


N ntl 

N n , q , 


r2(2wmkT)*tn 

L AW C „ 


-■ |f - f- ~ XtiQiit'x 

(fn'Q* 


(25) 


where X n qt denotes the total energy separation of the two levels. 


6. Show that for hydrogen, the combined Boltzmann and ionization 
equation is 


JV 


n 


H , — nipkR&fn'kT 

7 m (2icmk)w 


( 20 ) 


where N, is the number of ions, N n is the number of atoms in level n, 
and A r c is the number of electrons/cm*. R is the Rydberg constant. 

7. If the partial pressure of hydrogen in the sun is 8 X 10 4 dynes/cm 2 
while that of oxygen is 30 dynes/cm 2 , what will be the relative amounts 
of OH in the photosphere (5700°K) and in a sunspot (4500°K), assum- 
ing the densities of hydrogen and oxygen to remain unchanged from 
photosphere to sunspot? Take D — 4.35 ev, w = 3735.21 cm“ l , 
r 0 - 0.9706 A, and QaQz/$ab — 3. 
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CHAPTER 5 


The Emission and Absorption of Radiation 

1* Fundamental Definitions 

The most important astrophysieal property of atoms is that they 
absorb and emit radiation. The wave lengths of the emitted radiations 
tell the kind of atoms or ions present in the source. Previous chapters 
have given a qualitative interpretation of the spectra of the stars and 
nebulae. To make further progress we must consider the quantity as 
well as the kind of radiation, and for this purpose it will he necessary to 
define carefully such concepts as intensity, flux, and energy density. 

(a) Specific Intensity 

In a volume of space through which radiation is passing let us 
consider a surface $ which may or may not coincide with an actual 
physical surface emitting radiation. 

We fix our attention on an element 
of area dA , centered at a point 0, 
and on the radiation passing per 
unit time through this element and 
confined within the truncated cone 
defined by dA anti the elementary 
solid angle eta, (See Fig. 1.) If the 
amount of this radiation in the fre- 
quency range v to v + dv be denoted 
by dE ¥l the specific intensity of the 
radiation /„ in the interval dv at v is 
defined by 

dE 9 = h cos $ dA dv tta (1) 

where 8 is the angle between the axis 
of the cone and the outward normal 
ON . In general, /„ will depend both 
on the position of 0 in space, x t y t 
z , and on the direction of the pencil of rays OW specified by the co- 
latitude 8 and the azimuthal angle Hence h = /*(x, y , z y 8 } <j>). At 
any point, the specific intensit}* of the radiation in the direction 8, is 
defined as the amount of energy which flows per second in unit solid 

10L 


N w 



Fig. l. — D efinition of Specific 
Intensity 
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angle in unit frequency interval through a unit area placed perpendicular 
1*> the direction 6, <p. In particular the amount of energy flowing per 
second per cm 2 and in the frequency interval dv in the cone dm will be 

/,.{0, tj>) lit' lid}. 

Thus, to obtain u quantify in energy units, we must multiply I, by 
dA dl (Ivilu where dt is the element of lime. Since the element of solid 
angle is 

do) = sm O d6 dip 

the mean value of the intensity averaged over all angles will he 

J ’ = J { -( 6 > *) du = j 1,(0' <f>) sin 0 dO d<p (2) 

We are sometimes interested in the total amount of radiation as inte- 
grated over all frequencies, viz., 


-£ 


I,dv 


(3) 


(b) Radiation Flux 

A quantity that, is often confused with the intensity is the flux of the 
radiation. To get the total amount of radiation passing through eaeh 
cm 2 of the surface, we integrate dE over all solid angles. Thus the flux 
5 is defined by 

5 = J" / cos 0 do) = ^ J 1(0 , p) cos 0 sin 6 dO dip = *F (4) 

I he contribution of the backward flowing radiation occurs with a nega- 
tive sign (because of the cosine factor). Hence it Ls customary lo speak 
of an outward and an inward flux, viz. 


in 


The net flux is 


r* $ f 'h r 

1 I cos 0 sin 0 (10 d<p; 
Jo 

= — | j I cos 0 sin 0 fid dtp 
J*/'2 0 


^ 'Joul “ 


(5) 

( 6 ) 

For isotropic radiation I is independent of angle; hence eqn. (4) van- 
ishes and F is 0, which means there is no preferential direction of radia- 
tion flow. The outward flux of radiation from a surface that emits 
uniformly in all directions is 

cos 9 sin 0 do = wl (7) 

Here / is identical with the / [ ’ introduced in eqn. (4). 


(7) 
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The following illustrations may clarify the physical distinction be- 
tween flux and specific intensity, if we neglect the limb darkening in 
the sun, the specific intensity of the solar radiation within the solid 
angle defined by the solar disk is constant as long as the observer is 
close enough to the sun to see it as a disk. At half the present distance 
of the sun. its surface brightness and hence the specific intensity ol its 
radiation would remain the same, but its angular area in l lie skx and the 
total amount of radiation received from it by each cm ! , i.e., the flux, 
would be quadrupled. By similar arguments it follows that an extended 
nebula will have the same surface brightness as long as the eye per- 
ceives it as an area. 

On the other hand, for an emitter so distant as to appear only as a 
point, the quantity that counts is the energy actually reaching the ob- 
server, i.c., the flux. Thus the apparent brightness of a star, or nebula 
so distant as to be stellar in appearance, varies as the inverse square of 
the distance. Along any ray in empty space the specific intensity / is 
constant, whereas the flux, under such circumstances, falls off according 
to the inverse square law. 

Xo optical system of lenses or mirrors can increase the specific in- 
tensity of the radiation from any object, even though the total amount 
of energy reaching the receiver may be greatly augmented. If a lens is 
used to concentrate Hie sun’s rays, the solid angle from which radiation 
of a given specific intensity is received, is enlarged, i.e., the flux passing 
through the focus is increased. 

In most astrophysical problems amenable to quantitative treatment, 
I does not depend on <p but only on 0. The pronounced limb darkening 
of the sun is an illustration in point. As Fig. 2 shows, this darkening is 
a consequence of the dependence of the specific intensity upon 0. The 
intensity is greatest along the outward normal and gradually lulls off 
as 0 increases. 

As an illustration of some of those principles, consider the calibration of a 
surface brightness described as equivalent to sixty to nth -magnitude stars [>or 
square degree. The apparent photovisual magnitude of the sun is -20.84; its 
angular diameter is 32', lienee its surface brightness in visual magnitudes pci 

square minute of arc is -2(3.84 + 2.5logTr(10) ! 19.58. Measurements of 

the radiation received from the sun (Chapter 6) show that this corres]>onris to an 
emission rate of 6.25 X 10 l “ ergs/cm’/sec ( = antilog 10.7%) by the solar surface. 
Sixty tenth-magnitude stars per square degree correspond to one sixtieth of a 
single tenth-magnitude star per square minute of arc or one star of 14.45 mag- 
nitude. Hence the surface brightness will be given by 

logS = (-19.58 - 14.45) X 0.4 4- 10.796 =-2.8lfi 

or , . 

S = 0.153 X 10 -i ergs/cmVsec 
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is the surface brightness in r.g.s. units eoirespovutiog to 60 tenth-magnitude stars 
[ier square degree. 



(c) Energy Density 

The energy density of the radiation, u, is the amount of radiant en- 
ergy per cubic centimeter which at any given instant happens to be 
passing through spare at the point considered, ft is related to the 
specific intensity I by the expression, 



(8) 


For example, consider an enclosure with heated walls. Radiation 
will be flying about from one wall to the other and we can speak of the 
energy density as the amount of energy in ergs/cm 3 in the enclosure. 
An elementary volume will be exposed to radiation from all directions 
and the amount passing in each second is obtained by summing over all 
angles, viz., 4*7, i.e., it. is simply the constant specific intensity multi- 
plied by the number of solid radians in a sphere. The velocity with 
which the radiation travels is c; hence the amount of energy residing in 
a volume at any one time will be 4jr//c times the volume of the element. 
1 hus the energy density of isotropic radiation is related to the intensity 


( 9 ) 
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Since the directly observed quantities are intensities or fluxes, it 
seems better to use / or I' rather than n in theoretical discussions ol 
stellar atmospheres or gaseous nebulae. As for stellar interiors where 
no direct observations can be made, there are some advantages in using 
u rather than 1. 


2. Black Body Radiation 

Often we arc concerned, not with the total radiation but with the 
emission in certain frequencies. The precise character of the relation 
between emitted intensity and frequency is known for a perfect radiator 
or black body. If the radiation is in equilibrium with its surroundings, 
as for example in an enclosure whose walls arc maintained at a fixed 
temperature T, each cm" of the surface will emit just as much radiation 
as it absorbs in every wave length, and the condition of a “black” body 
is fulfilled. Then the intensity is given as a function of frequency and 
temperature by Planck’s law, 


2hv 3 
c- e" 


BAT) = _ j 


( 10 ) 


where h = 0.112 X IQ -37 erg sec (Planck’s constant), c is 3 X lb 10 cm sec 
(velocity of light), and t; is 1.382 X (Boltzmann constant). The 
derivation of Planck’s law, which we omit here, may be found in a 
number of physics texts.* An important feature of its derivation is the 
postulate (hat atoms radiate pulses or quanta wherein energy and fre- 
quency are related by E = hv. 

This relationship was subsequently applied by Bohr in bis theory of 
t iie hydrogen atom. We plot B r (T) for different temperatures in Fig. 3. 
Notice how the energy distribution changes as the temperature increases, 
the frequency of maximum energy shifts violet ward and the total amount 
of energy radiated rises rapidly. The energy density of the radiation 
in the frequency range v to v + dv in ergs cm 3 is obtained by multiply- 
ing the intensity by 4ir/c, thus, 

u(r, T)dv = ^ ! dv ( 11 ) 

We find the total energy density by integrating over all frequencies f 

u{T) =J u(v, 7’) dv = aT* (12) 

* K.g. r |\ K Ricbtniyer and E. H. K canard, Introduction to Modem Physics 
(New York: McGraw-Hill Book Co., lac., 1 fJ42) , p. H)7. 

t Riehtmyer and Kenuard, op. cit, f p. 204 
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where the radiation constant a — 7.569 X 10“ 16 ergs/cm Vdeg 4 . That 
is, the energy density of the black body radiation depends on the fourth 
power of the temperature. This h the Stefan-Boltzmann law for the 
energy density of the total radiation. It also may be derived by ther- 
modynamics. Let us compute the rate of emission of energy E by a 



Fig. 3, — The Energy Distribution from a Black Body 

The ordinates are expressed in terms of ergs [K*r unit frequency. The dotted lines 
indicate the limits reached by photographic plates ordinarily employed in astronomi- 
cal work. Beyond X2 , .N30 the earth's atmosphere is opaque. 

surface that radiates as a black body. If / does not depend on angle 
for all outward-flowing radiation, the outward flux by eqn. (7) is ;T = 
irl = wli. Since u — 4i tB/c by eqn, (9), the amount of energy crossing 
each cmVsec is cu/4 or 

E = uT* (13) 

where <r = 5*6724 X 10 _JV ergs / cm s / deg 4 / sec . 

Example: What is the amount of energy radiated per square centi- 
meter by a star whose surface temperature is 5700°K? From E = aT 4 t 
we get 
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E = 5.672 X 10 ' :, (5700) 4 = 5.99 X 10 1fl crgs/cm 2 /^ 
or about 6 kilowatts/ cm*. 

We often speak of the black sphere temperature of interstellar space* 
This is the temperature that would be assumed by a perfect black body , 
or hypothetical black bulb thermometer that absorbed and emitted 
equally well in all frequencies, ll is measured by the energy density u 
of the radiation field. A black sphere of radius r will intercept aiul absorb 
Trrhtc ergs/sec, and will emit WVF 4 ergs 'see. Since the absorbed and 

emitted energies must be equal, » = j T* = aT\ which defines the 

effective temperature of interstellar space. It- does not necessarily cor- 
respond to the temperature of any real particle. 

From the known distribution and luminosities of the stars, Eddington 
estimated the energy density at a typical point in interstellar space to 
be u = 7,7 X 10 -13 ergs/cm*. From u = aT* we find T — 3.18°K. 

It is sometimes convenient to express Planck’s law in wave length 
rather than in frequency units. Since v = c/\, 


and 

«** (14) 

The wave lengtli at which the intensity of the emitted radiation is a 
maximum is found by differentiating h with respect to X and setting the 
derivative equal to zero. This calculation gives the Wien Displacement 
Law 

X nin x T = 0.289715 ( lo ) 

As an example, let us compute the wave length at which the radiation 
intensity is a maximum for a star the temperature of which is 5000° K. 
From eqn. (15), we find X m « to be 5.794 X 10“* cm or X5794. We em- 
phasize that X„„ ix is the wave length of maximum intensity when / is 
plotted on a wave length scale. If we plot the intensity I on a frequency 
scale, so that I, represents the amount of energy per unit frequency inter- 
val at v, the wave lengtli corresponding to the frequency at which /, is a 
maximum will he very different from Xn lflx . 

The fundamental law of radiation is the Planck law which gives the 
rate of emission of energy in ergs/cm'/sec from a surface which radiates 
like a black body at a temperature T. If we determine the distribution 
of energy in the spectrum of the sun or a star, we can get an estimate of 
its temperature from a comparison of the observed energy curve with the 
Planckian curve. Examples of this procedure will be found in Chapter 6. 
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The Stefan-Holtzmaim law cqn. (13) expivsKra the tufa! rate of energy 
(■mission in terms of the temperature but says nothing about the quality, 
i,e., the frequency or wave length distribution of the radiation. As we 
have seen, one can derive this law from Planck’s law by integrating over 
all frequencies, but it can also bo derived by thermodynamic reasoning. 
Astrophysical applications of the Stefan law can be made to the sun and 
a few other stars whose dimensions and total radiation output are known. 
For example, Abbot has measured the total amount of energy radiated 
l>^ ili'' sun. Since the solar surface area is known, the energy output per 
square centimeter can be found and the temperature computed. 

Wien’s displacement law tells us how the color of the radiation 
changes. As the temperature is increased, the wave length at which the 
maximum output of energy occurs decreases, and the light becomes pro- 
gressively bluer in quality. 

In astronomical applications, certain asymptotic forms of Planck’s 
law are often useful. If X or T are so small that kc/XkT » 1 (as in the 
ulti aviolet), the exp (Ac/XAT) term will be much larger than unity and 
we can write 

(16) 


the so-called Wien approximation to Planck's law. In the red and infra- 
red spectral regions of hot. stars, XT becomes large and ch/XkT is much 
less than 1. The Planck law reduces to 


h = 2kcTX~* ( 17 ) 

This is the Rayleigh-Jeans formula. 


3. The Coefficients of Absorption and Emission 

The flow of energy through the atmosphere of a star and the formation 
of absorption lines in stellar spectra or of emission lines in the spectra of 
gaseous nebulae all involve the interaction of matter with radiation- 
absorption followed by subsequent re-emission. Consequently it is im- 
portant to have a clear understanding of what is meant by such terms as 
emissivity, absorption coefficient, etc* 

Consider a small volume element dv of density p in a heated gas. 
I he total amount of energy emitted by this elementary volume over all 
directions in t he range v to v + dv will be 

dE p = jpp dv dv 

where jV, t he mas# emission coefficient of the material, is the total amount 
of energy emitted per second (per unit frequency interval) per gram of 
the radiating substance in all directions. 
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The absorption coefficient can be defined in the following manner. 
Consider radiation of intensity I° y falling perpendicularly upon a slab 
of thickness (See Fig. 4.) Some of the impinging energy will be ab- 
sorbed and some will pass on through the layer. At any point within 



h- % 



optical thickness 


Fig. 4. — The Extinction of a Beam in a Slab of Material 


the slab, the loss of energy will be proportional to the density of the mate- 
rial and to the intensity of the radiation. That is, in a distance dx, 
the intensity of the beam will be cut down by an amount, 


dip — —kplpp dx 


(18) 


where kp is defined as the mass absorption coefficient for radiation of 
frequency v. For strongly absorbing substances k will be large; for 
nearly transparent substances k will be small. We divide cqn. (18) 
by Ip and integrate to obtain: 

In L = — k\px + const, whence 1 = /Se - *** 

where I® is the intensity of the incident beam. This means that when a 
beam of light passes through a slab of material the intensity falls off ex- 
ponentially at a rate that depends upon the thickness of the slab, on the 
density, and on the mass absorption coefficient. 

In general k „ will depend on p and x . Hence 

/, = nr rr (is) 



where the quantity 


( 20 ) 
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is called the optical depth or thickness of the slab. The larger the value 
of r„, Ihe greater will be the extinction in the slab. (See Fig. 4.) 


Opt icul Thickness 
of the SI ah 

Ratio of Emergent to 
Incident Intensity 

0.1 

0.905 

0.5 

0.606 

i.O 

0.368 

2,0 

0.135 

3.0 

0.050 

5.0 

0.007 


Am an example, in a filter of optical thickness 0.69.1 half the incident 
intensity will be lost, while for one of unit optica! thickness, / will be cut 
down to 1/2.718, or 0.308 of its original value. 

The radiation of the sun is a second example. That emitted from the 
surface reaches us with undiminished specific intensity, whereas that 
emitted in deeper layers is cut down to e ~ r of its original value where r 
is the optical depth of the layer. 

Sometimes we are concerned with the absorption by small solid par- 
ticles such as the grains in interstellar space or in a comet. A small mass 
m exposed to radiation will absorb an amount 


k,m dv 


fw. 


<f > ) dw = k p mJ w dv 


( 21 ) 


of radiation between v and v + dv. The total radiation absorbed follows 
from an integration overall frequencies, viz., 




4rm / kj , dv 


4. Kirchhoff’s Law 

Kirehhoff showed that if matter is in thermal equilibrium with its sur- 
roundings, an important relation exists between the coefficients of emis- 
sion and absorption; the ratio jV k, depends 011 the temperature only and 
not on the color, shape, or composition of the body, i.e., 

£ = 4 ( 22 ) 

where is the intensity of black body radiation as given by Planck's 
law. Kirchhoff’s law expresses quantitatively the well-known fact that 
good absorbers are also good emitters, and that a heated substance emits 
more strongly at those frequencies where the absorption coefficient is high 
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than at frequencies where the absorption is low. In this connection we 
may recall the third law of spectrum analysis. 

This relationship can be applied only for thermal emission* It is not 
valid, for example, for the scattering of sunlight by air molecules where 
the particles are not in thermal equilibrium with the radiation (ailing 
upon them, nor does it apply lo the scattering of sunlight by free elec- 
trons in the corona. On the other hand, it appears to be valid for proc- 
esses concerned with the continuous spectra of the stars and for the 
formation of certain absorption lines. (See Chapters 7 and 8.) 


5. Radiation Pressure 

That radiation exerts a force upon a surface intercepting it is pre- 
dicted by Maxwell's electromagnetic theory of light, as well as by 
the quantum theory which asserts that with each quantum of energy, 

E = fiv> there is associated a momentum, — # in the same direction as 

the beam. 

The radiation pressure can be computed as the net rate of transfer of 
momentum through a unit area of arbitrary orientation al the point 
considered. A similar definition holds for the gas pressure, except that 
in this more familiar example the momentum is carried by the gas mole- 
cules themselves. 

The amount of radiation passing per second through our arbitrarily 
chosen unit area at an angle & with the normal and in the solid angle do> 
will be / cos B The corresponding amount of momentum transported 
is / cos B do)/c. Since the ray strikes the surface at an angle 0 , the com- 
ponent of momentum normal to the surface will be ^ vosB. 

Hence the total force will bo 

P, t = * J I cos- e do, (23) 

Under the special circumstance where a beam of intensity / falls per- 
pendicularly upon a totally absorbing surface, eos0 — 1, and P® = I/c 
but I c in this example is simply the radiation density itself! 

When the radiation is isotropic, 


Ph 


4 tcI 
3r 


it 

3 


(24) 


i.e., the radiation pressure is numerically equal to one third the radiation 
density. If the radiation is compared with a gas, wo may imagine the 
light quanta divided into three groups traveling in three mutually per- 
pendicular directions. Thus at any one time, one t hird of the photons or 
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light quanta may be thought of as exerting a pressure in a given direo- 
tion. 

As an example, let us calculate the radiation pressure at a point in 
the solar atmosphere where the energy density corresponds to a tempera- 
ture of 5700°K. From cqns, (12) and (24) we find 

Pr - 7,509 X 10- 15 X £(5700) 4 = 2,06 dynes/can 1 

as compared with a gas pressure (cf. Chapter 7) of about 80,000 dynes/ 
cm® I At the center of the sun, the temperature is about sixteen million 
degrees. At this point the radiation pressure is 1.00 X 10 14 dynes/cm 2 
as compared with a total pressure of 3.2 X 10 17 dynes /cm®. Thus the 
radiation pressure is still only a small fraction of the total pressure, in 
a sufficiently luminous star, radiation pressure may contribute an appre- 
ciable fraction of the total pressure. 

6- The Mechanical Force Exerted by Radiation 

We must be careful to distinguish between the radiation pressure 
as just described and the net mechanical force exerted by radiation upon 
a mass of material, 

A vane in quiet air is bombarded by molecules on both sides, but it 
remains motionless because the force on each side is the same. If there 
is a gust of wind there will be a net mean motion of the air molecules. 
The resultant mechanical force upon tin* vane will cause it to turn. 



Fig. 5,— Tub Oblique Passage of a Hay Through a Slab 

Let a thin plane slab of thickness dx be illuminated by radiation of 
intensity /,{0), The amount of energy falling upon the alab/cm 2 /sec 
in the elementary cone do) at an angle Q with the normal will be /„cos0 
do> dp. Since the path length of this ray through the slab is dx sec 0, the 
amount of energy absorbed 'em 2 /sec will be 

de, = l v cos 0 k ¥ p sec 0 dx dp d& 
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As this radiat ion is absorbed 7 its momentum is conveyed to the material. 

, . * J t ... cos 0 de ¥ 

The thrust supplied by dc v normal to each unit area of the slab is “ 

The resultant mechanical force exerted by radiation of frequency be- 
tween p and v + dp acting upon each cm 2 is obtained by integrating 

cos 0 de* QveT a || G f the incoming radiation, 

cos 0 de? = 



k\p dx dp 
c 


I L 


cos 0 do) 


Thus 


dx dv 
c 


rF ¥ 


(25) 


where irP\ is the" net flux in ergs cm-/W unit frequency interval. 

The total mechanical force/cm® will be obtained finally by an inte- 
gration over all frequencies,* Thus the total amount of momentum 
abstracted from the radiation field by the slab will be 


. 7 rF 

dp — kp — dx 


per cm 2 , where (26) 

k = ^ J* k j*\ dv 

and wF is the total flux. 

As an example, let us compute the mechanical force /« exerted by 
radiation upon a unit volume of gas in the atmosphere of Sirius. With 
T ~ 10,00G°K, wF = vT\ and k — 27 (sec Chapter 7) we get 


S* = 27 P X 


5,75 X 10"* X 10 ls 
3 X KP 


= 5.17 X 10"p dynes 


as compared with a force of gravity upon the same volume element of 
f a = 2 X 10 4 p dynes. In the atmosphere of 10 Lacertae, k — 3,0, 
T = 29,600°K, and we find fit — 4,4 X 10*p dynes, as c ompared with 
a force of gravity of 2.8 X 10 4 p dynes. 


7. The Classical Picture of Radiation 

We now seek quantitative information on the abaorptivities and emis- 
si vi lies of the atoms and molecules. For example, how may we obtain 
k r for the lt D rf lines of sodium? Within the scope of this book it will not 
be possible to give a complete discussion of this problem, but we shall 
cover the developments essential to a quantitative interpretation of 
stellar and nebular spectra, 

* The k employed here must be corrected for the effects of negative absorption, 
(Sec See, 1 1,) 
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With the aid of the classical theory of the absorption and emission 
of radiation it is possible to develop, with relative ease, certain expres- 
sions that can he transformed easily into the eorreei relationships, thus 
avoiding the complexities of the rigorous cjuttiitum mechanical treatment. 

Nearly a century ago, Maxwell, from a thorough analysis of electrical 
and magnetic phenomena, showed that a system of electrical charges in 
motion would produce electric and magnetic waves in space* The veloc- 
ity of these waves, 299,776 km /sec, which was computed from electrical 
data alone, is precisely the velocity of light— a fundamental constant of 
nature. I hat is, waves of light are waves, not a material substance, 
but waves of electric and magnetic fields. 

Light is but one form of electromagnetic radiation — akin to radio 
waves, heat radiation, X rays, and 7 rays. These radiations differ 
chiefly by their wave lengthy and exhibit similar phenomena of diffrac- 
tion and polarization, A coarse wire grating produces interference with 
radio microwaves, a diffraction grating produces a spectrum with visible 
light, whi I e c rys t a) s are 1 used t o exa mine X- ray spec t ra . 

Electromagnetic waves can he polarized, proving that the displace- 
ments occur perpendicular to the direction of propagation. In Fig. G 
we imagine that the wave comes perpendicularly out of the plane of the 
Paper, The direction of vibration is then in the plane of the paper. 
Although the direction of vibration of ordinary light changes in a ran- 
dom fashion many times a second, it always remains in a plane perpen- 
dicular to the direction of propagation, if a piece of polaroid be placed 
in the beam, all vibrations save those in a single direction will be extin- 
guished. 



un polarized polarized 

Fir;. 0 , — Un POLARIZED and 
Plane Polarized Light Vi- 
brations 



Fin. 7. — The Electromagnetic Wave 
(Adapted from a diagram in Sky and Telescope t 
August, 1945, p. S.) 



The transverse displacements consist of variations in the magnitude 
of electric and magnetic fields that arc directed perpendicular to one 
another and to the direction of propagation of the light wave. (See 
Fig. 7,} The flux of the radiation, i.c,, the amount of energy traveling 
in the beam, is proportional to E - + H 2 t viz,, 

S = £ [£* + H*\ 


(27) 
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Classical electromagnetic theory relates the radiation of energy with 
the motions of the system of charge. Let us suppose that a stationary 
charge of e is placed at the point A and a charge -c executes simple 
harmonic motion along the z axis with an amplitude z ti . If z 0 is much 
smaller than the wave length of the emitted light, an observer at 0 at 



a distance large compared with z 0 will receive an almost pure sine wave. 
As the charge moves up and down along the z axis, it emits radiation 
which has a maximum intensity in the xy plane and is zero along the 
2 direction. 



Fig, 8. — The Radiation from a Dipole 

The electric charge — e vibrates around A along the direction %■ The electric 
vector E of the wave emitted is observed in 0. If the amplitude of vibrations of the 
electric charge is negligibly small, the vibration of E is represented by the sine 
curve (a). For an amplitude which is not very small in comparison to the wave 
length X, a distortion occurs and the vibration of E can be decomposed into two 
vibrations with frequencies v and 2v (curve b), corresponding to electric dipole and 
electric quadrupote radiations, (Courtesy, 8. Mrozovveki, Review Modem Physics 16, 
164, 1SI44, Fig. 5.) 

Now the distance of the charge —r from 0 varies as it executes its 
oscillations. The time interval between the maximum and minimum of 
the electric vector E will be smaller in the half of the cycle when the 
charge moves towards the observer than in the other half of the cycle. 
Hence there will be deviations from the pure sine pattern. It is found 
that the emitted wave can be represented as the sum of the two vibra- 

^ ons J E — da sin 2 Trvf + a* sin 4 ml (28) 
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The ratio a„ a< t is proportional to fco \). There are in fact also higher 
order terms but these fall off very rapidly in amplitude. We call the 
second term the electric quadrupolc component of the radiation. 

If is made smaller and smaller but the vibrating charge — v larger 
in such a way that the product, 


P* = ZoZ (29) 

remains finite, in the limit the vibrating system will radiate a pure sine 
wave or pure dipole radiation* 

Now consider a system where a charge +2 q is placed at the origin 
and 2 charges —q vibrate in opposite phases on either side* The dipole 
radiation from such a system will be zero and only quadrupolc emission 



a b 

Fig. 9, — (a) The Electric Quadripole; (h) The Magnetic Dipole 

will appear. The intensity of the emitted radiation is zero along the 
z axis and also in the xtj plane and will attain a maximum value at some 
intermediate angle* In general, if two charges oscillate along a line as 
in an antenna, the system emits as though it contained a dipole radiat- 
ing a pure sine wave of frequency p, and a quadrupolc radiating at twice 
this frequency. When both are present and the amplitude of motion is 
much smaller than the wave length of the emitted radiation, the quad- 
rupole component is much smaller than the dipole component. 

Suppose now that instead of oscillating along a straight line the 
charges move in a closed curved path as in a loop antenna. Such a 
closed circuit has the properties of a magnetic dipole and if the charges 
surge first one way and then another, the magnetic dipole will change 
sign and the system will radiate magnetic dipole radiation. 

The concepts of electric dipole, electric quadrapole, and magnetic 
dipole radiation are useful for the treatment of the radiation of energy 
hy atoms, Unless the electric dipole component of the radiation is 
missing, the others are of no importance. 

On the classical theory of atoms radiating continuously, the energy 
emitted was simply proportional to the square of the amplitude of the 
emitted light wave. On the other hand, the quantum theory requires 


Sec* 8] THE EMISSION AND ABSORPTION OF RADIATION 117 

that atoms radiate energy in discrete pulses or quanta in which energy 
and frequency are related by 

E - hr 

where h is Planck's constant and the frequency c of the emitted quan- 
tum determines its energy. 

8, The Classical Dipole 

The simplest classical model of a radiating atom is a dipole wherein 
a charge e is bound by an elastic restoring force, and is subject to a 
damping or dissipative force proportional to the velocity. 

When such an atom is placed in a light beam, the atomic electron 
will try to follow l Sic rapidly varying electric field and will bob up and 
down with the frequency of the light wave. If this frequency lies near 
the resonance or natural frequency of the atom, l lie oscillation of the 
charge may attain considerable amplitude. (In fact, the amplitude is 
limited only by l he rate of dissipation of energy*) 

We shall suppose that the electric field of the incident light wave has 
a sinusoidal variation that cun be represented by 

E - (30) 

where the E vector is directed along the z axis. That is: E — E z . 

Let ?/i denote the mass of the electron, t: its charge, and K the har- 
monic restoring force constant. There Ls also a damping force gz* which 
we assume to be proportional to the velocity. At any instant, the dis- 
turbing force acting upon the charge is eE t , The equation of motion is 
therefore 

mz" m -gz' - Kz + zE^ (31) 

mass times dissipative restoring external 

acceleration Force force force 

If g/m = y t K/m = eqn* (31) reduces to 

z" + 7 z' + wgz = (32) 

To solve this equation we assume a particular solution, 

z = ztf** 1 (33) 

where z$ may be a complex number* The transient solution is of no 

interest here as it represents momentary effects when radiation first 
strikes the atom. When eqn* (33) is put in eqn. (32) and use is made 
of the relations 


w = 2irr and — 2^0 


( 31 ) 
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Ki — v* + iy ~ 
Jtt 


(35) 


The complex form of 2 k merely means that the displacement z of the 
charged particle is not in phase with the incident wave, although it vi- 
brates with the same frequency v. 

Willi the aid of certain formulae from classical electricity and mag- 
netism we shall now obtain expressions for the index of refraction and 
the absorption coefficient of the gas. 

In any medium the velocity of light is 


c c__ 

n ~ Vt 


m 


where n is the index of refraction which may be complex, and e is the 
dielectric constant. In free space e — 1. 

The concept of a dielectric constant is usually introduced in connec- 
tion with Coulomb's law. If two charges qi and q 2 are separated by a 
distance r in a medium, the electrostatic force between them will be 


r 

tr 2 

If r/i and are measured in e.s.u. and r in cm, F will be in dynes. 

Now e is related to the polarizability of the medium. Imagine a non- 
conducting slab placed between the plates of a condenser. The field 
between the plates tends to distort the atoms in such a way that the 
negative charges arc pulled towards the positive plate and the positive 
charges towards the negative plate. An actual flow of electricity cannot 
take place in the medium; what happens is that the charges bound in 
the atoms are displaced from their normal positions. Although the 
material as a whole must remain neutral, the surfaces of the slab will 
become charged. The surface of the nonconducting slab near the posi- 
tive condenser plate acquires an excess of negative charge while the 
other surface acquires a positive charge. These induced surface charges 
cancel some of l lie lines of force that originate on the condenser plate 
with the result that the field within the slab is weakened. 

Under normal circumstances, the negative charges in an atom are 
symmetrically distributed about the nucleus, but if the atom is placed 
in an electric field, the electrons tend to be pushed one way and the pos- 
itively charged nucleus the other. For small distortions the amount of 
this shift is proportional to the field. Let r denote the distance between 
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the center of gravity of the positive charge and that of the negative 
charge. If two opposite charges, -\-q and — q t are separated by u dis- 
tance r, they are said to constitute a dipole ot moment- 

p = qr (37) 


Since p depends on live electric field we can write 

p — aE 

where the constant of proportionality, or, is called the susceptibility of 
the medium. It is shown in textbooks on electricity and magnetism 

eE = E + 4i rNp = £(I + AirNa), t — i + AicNot, (38) 


where N is the number of electrons/cm 3 . Since z is the net shift between 
the two charges comprising the dipole, p = aE : = and from eqns. (30) 
and (35) we get 

_ e 2 

tz 4ti -hn 






vi — v 2 + iy 


From eqns. (38) and (39) the dielectric constant is 


t 


1 + — 

* 


AT * 

Ttn 

4 | - V 


(40) 


The physical significance of the complex dielectric constant is that the 
medium not tally refracts light but also absorbs it. The complete index 
of refraction may be represented by 

n* — * — (n — u) 2 (41) 


We shall now demonstrate that n represents the ordinary index of re- 
fraction of the gas and k represents the absorptivity. For gases, n is of 
the order of unity, so we can expand cqn. (40) by the binomial theorem 
and neglect all terms beyond the second, 


n — in 


1 + 



A - 



(42) 


* Set', for example, L. Page and X, I, Adams, Principles of Electricity (New York: 
D, Van Nostrand Co., Inc. f 1931), p. I f. 
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We may mince this formula to real and imaginary parts by multiplying 
the second term on the right by iis complex conjugate. Then 


ti ■ “ 1 H - 


Nv- 


Nv- 

2rm 


Vn ~ v - 


2wfti 


M - -V + (£)V 

xM 


(43) 


— r’) 2 + v 


Of 


For many astrophysiral applications we are interested in the behavior of 
the ordinary index of refraction n and the imaginary component k near 
the resonance frequency vo. When v ^ we may put 

vl — V* ~ 2v(n — V } 

and we obtain the following adequately accurate expressions, 


n - I + 

4 trip 


Vt\ — v 


{^o — v)* + 


ii] 


K = 


Nr* 
8t rtnv 


2 IT 


(v 0 — v)* + 


(il 


(44) 


(45) 


The dependence of n — 1 and k upon v near the resonance frequency 
is shown in Fig, 10. Notice that at v 0 , n — 1 changes sign while k 
reaches a maximum. This behavior of n in the neighborhood of a res- 
onance frequency is referred to as anomalous dispersion. 

We shall now show how « is related to the absorption coefficient, A', 
as defined in eqn, (18), Suppose a light beam of electric field E } and 
initial intensity h and amplitude En falls normally upon a slab of ab- 
sorbing material. Let x denote the direction in which the beam is mov- 
ing. Then E is a function of both .r and L From electromagnetic the- 
ory E satisfies 

n-R k rt“ r. 

(46) 


d-E 

dx- 


1 d-£ 
v' ! dC~ 


whore v is tlio phase velocity of tight. The woltil ion is 

E = £ 0 e*"'C'"9 (47) 

which is the equation of the wave, Since the velocity v is given by 


c 

V = z 
n 
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where n = n — in we have 


E - BiT v V 




(48) 


which means that the amplitude <iics away according to exp (— okx/c), 
and since the intensity varies as the square of the amplitude we have 


7 = - I#-** = he~ k ' J (49) 


where k' is here defined as the absorption coefficient per unit volume. 


— A A 



Fio. 10 , — The Variation of (m — 1} and k with Frequency Near 

Resonance 


The curves are computed for sodium atoms absorbing at the X5889 (Di) line. 
Notice the anomalous behavior of the index of refraction near resonance, Thp ordi- 
nates are arbitrary. 


9. The Classical Atomic Absorption Coefficient 

From cqns, (45) and (49) we may now write down an expression for 
the absorption coefficient per unit volume, k\ via?,, 

y _ ^ X \ f-iO'l 

K - c ~ 2mc 2x (p - v 0 y + ( 7 /4t) s 1 ; 

where N is the number of electrons per unit volume with a natural fre- 
quency Vq. 
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Now the quantum theory employs the same formula with a somewhat 
modified meaning of y and with N replaced by N 0 f. Here No is the 
number of atoms/ cm 3 capable of absorbing the frequency and / is 
called the oscillator strength or number of dispersion electrons of frequency 
v n per atom. For example, for the first few members of the Balmer 
scries \ he / values are 

Ha - 0.6408, H0 = 0.1193, Hy = 0.0447, and IU = 0,0221 

according to the data of Menzel and Pekeris. Notice how / progressively 
decreases with increasing series number.* 

From eqn. (50) we may compute the total amount of energy absorbed 
by the atom in a unit volume if 1 ¥ does not vary appreciably with fre- 
quency near If a y is the absorption coefficient per atom at frequency 
i>, then K = iVo(v The total amount of isotropic radiation absorbed in a 
unit solid angle /sec in a range ch will be AWi- dp. The total amount of 
energy absorbed per second over all solid angles per cm 3 per second will be 

4WJVo 1 atvdv — 4?r/J/ 

Jo 

We can write with sufficient accuracy 


f.,./,..- r- 

Jo me J « 


iil 


( v 1 = ™ (ul) 

(p — + (7 4tt)- me 


If there arc / oscillators per atom of frequency then 


/ 


— Tp 4 

ach - ~f f k* = ~' Nof 
mc Ji me J 


m 


Since an atom emits at the same frequencies as it absorbs, our formula 
for & tells us the frequency- in tensity character of a spectral line emitted 
by a classical oscillator. 

The qualitative difference between natural broadening as expressed 
in eqn. (50) and Doppler broadening (Sec, fi of Ch. 3) will be apparent 
from the character of the formulae. At distances (p q — v ) from the line 
center much larger than (7/4ir), the absorption coefficient in a naturally 
broadened line falls off as (n — v)~ 2 while that of an intrinsically narrow 
line broadened only by the thermal motions of the radiating atoms falls 
off as exp [— C(v — vq) 2 ]. 

Ttie shape of the line absorption coefficient for natural broadening 
depends on the value of the classical damping constant 7. The electro- 


* For the strongest doublets of alkali atoms / may be dose to I, c.g., for the two 
“D" lines of sodium, the sum of the / values h 0,98. 
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magnetic theory gives the rate at which the dipole emits energy and 
hence the speed with which the oscillations of a dipole of init ial amplitude 
ro die down. This decay takes place exponentially and the rate of the 
decay will determine 7* 

According to classical theory an accelerated electron of change v 
will radiate energy at the rate* 

dW 2 e*(Q* f53) 

dt ~ 3 c 3 C 


where z tf is the acceleration. Although z” is a vector, the scalar (z ,f ) 2 
is always positive unless z ff — 0. Hence, whatever the direction of the 
acceleration the moving charge will lose energy. One may show (rf. 
Prob. 6) that the mean rate of radiation by the classical oscillator is 

dW_^ lfaV _ _ SttW m 

dt 3 c 3 ~ 3mr 3 ^ ; 


where W is the energy , zo is the amplitude of displacement, and P — vzr>- 
'Therefore the energy of the oscillator will die away according to 


where 


W = Woe yl 

8irVc- 
7 “ 3mc ! 


(55) 


is the classical damping constant. We may write y = l/T, where T = 
4.50X* is called the mean lifetime of the radiating system, ll is the time 
required for the energy of the oscillating dipole to fall to 1 c of its maxi- 
mum value. This is the 7 in the equation 


z ff + yz* + wj>z = 0 


which is obtained from eqn, (32) when the external force is zero. The 
solution is 

z = Z&T cos <j>t + const. 


From eqn. (54) we may compute the law of scattering for particles 
whose radii a are much smaller than the wave length of the incident 
light, X, Such particles can be regarded as containing a multitude of 
oscillating electric dipoles all of which are in phase. Let P denote the 
electric moment per dipole. Then the total electric moment of a particle 
is proportional to ite volume, i.e. , the scattering or dissipation of energy 


* Sec, for example, F. K. Rkshtmyer and K. H. Kennard, Introduction to Modem 
Physics (New York: McGraw-Hill Book Co., Inc., 1942), p. 73. 
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will be proportional to the (volume) 2 or n. fl . Then the scattering t-oefFi- 
cient S is proportional to 


a 


or fu 



As im example consider absorption by the D lines of sodium. Since X ss 
5. $93 X 10 5 cm it follows from eqn. (55) that: 

0.2224 r m4 w in” i 
7 = = 6.403 X 10- sec 1 


Now calculate the absorption coefficient per gram of sodium atoms at a distance 
of 2A from the center of X5SS9(/>,). I tore Doppler broadening is not important. 
From eqn. (50), noting that 


N = 

and 

we find tli at 


23 X 1.660 X 10' 11 = 2 '° t9 X 10a&t ° mS/gmnl 
frfl - v) = 1.729 x 1G U sec" 1 
k = 3.764 X K) 4 / 


The / value for the Dt line is 2/3, however, so that the absorption coefficient/ 
gram of neutral sodium is k — 2,51 X JO 1 for the D\ line. 

We may use this result to make a rough estimate of the amount of neutral 
sodium above the photosphere of the sun. At a distance of 2A from the center 
of X58S9, the depression of the line below the continuum is about I per cent. 
If we make the naive assumption that the light of the continuous spectrum is 
simply extinguished by the sodium atoms, the actual amount of material may 
lie estimated with the aid of eqn. (19), 

~ = ^ 1 — kph « 0.99, or hph = 0.01 

■to 

Here ph is the amount of neutral sodium above the photosphere, i.e., 
ph = 4 X 10 7 grams/cm 2 

Even if we allow for the fact that at a temperature 5700° and P E — 20 dynes, 
99.92 per cent of all sodium is ionised, the total amount of this metal above the 
photosphere of the sun would be of the order of 0.5 miUigrams/cm a . 


10. Rayleigh and Thomson Scattering 

We derived eqn. (43) from a consideration of the scattering of light. 
An electromagnetic wave of frequency falling upon a charged particle 
sets it in motion with the same frequency. The vibrating particles then 
act as a new source of waves of the same frequency *o. The energy of 
these new waves is supplied at the expense of the incident wave. We 
say that the incident wave is scattered . 
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Scattering at frequencies considerably different from resonance fre- 
quencies is often important. Two limiting examples are of particular 
interest: 

(a) The frequency of the light is much lower than the resonance 
frequency, i.e., v « vn as in the scattering of sunlight by air 
molecules. 

(b) The frequency of the incident light is much greater than the 
resonance frequency, e.g., the scattering of X rays by the outer 
bound electrons of an atom or scattering by free electrons. 


If we put eqn. (55) in cqu, (43), we find for (v — ^o) 7 

4?iw Sxitfe 4 1 


k* - 


3m 2 c 4 


KM 

When ^o» then the scattering coefficient per cm 1 is 

_ SirNe* v* __ rSTrNeX] 1 
3mV X 4 


( 56 ) 


(57) 


This is the Rayleigh scattering formula. When vq « v, eqn. (56) gives 


k' 


SdVe 4 
3m V 


- 0.6655 X 10“ 2 W 


(Thomson formula) (58) 


which is the formula for scattering by free electrons. Note that electron 
scattering is independent of wave length, all colors being treated impar- 
tially, whereas with Rayleigh scattering there is a strong color de- 
pendence. 


11. The Quantum Theory of Radiation 

The quantum picture of the emission and absorption of energy differs 
markedly from the classical picture. Instead of escaping as continuous 
emission from an accelerated charge, the energy springs from the atom 
in a discrete packet or quantum when the atom jumps from one energy 
level to another. 

Emission of energy fakes place when an atom passes from a level of 
higher energy to one of lower energy; absorption, when there is a transi- 
tion from a lower level to a higher one. The quantitative discussion of 
the emission and absorption of energy may be approached most suitably 
by means of l he Einstein probability coefficients. Suppose an atom is 
initially in the excited state n. Unless the transition is forbidden, there 
is a finite probability, A (n, n*) dt that in the time eft, the atom will spon- 
taneously (i.e., without any external influence) jump from level n to 
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level n* with the emission of energy, hv = W n — W n >. In other words, 
the Einstein coefficient A (n, n f ) expresses the probability that, in a unit 
time, the atom will undergo the spontaneous downward transition from 
n to n f with the emission of energy. The total number of downward 
(nrn') transitions in a time dl will be, N^A{n } n*) di , where N n is the 
number of atoms in level n. 

For example, if 10 8 atoms are maintained in level n by collisions, by 
absorption of radiation, by recapture from the continuum, etc,, and if 
the A value for the n-n* transition is I0 5 , the number of quantum emis- 
sions per second will be 10 s X 10 e = 10 14 . That is, if the only permitted 
downward transition is n-n\ a particular atom will remain in level n 
only IQ" 6 sec. We say that the level has a lifetime of 10 jfi sec. 

In actual practice, the A values are of the order of 10 s or 10° sec -1 ; 
for the first member of the principal series and in the higher members 
they may be as little as 10*. For intercombination lines, the A values 
may be even smaller. 

If the atom is exposed to radiation, two additional phenomena occur* 
For the moment, let us suppose the radiation to be isotropic and Planck- 
ian or “black body” in character* If we wish, we can think of the proc- 
esses as taking place in an enclosure at some temperature T. The atoms 
will absorb energy* Transitions from a level n to a higher level n ff will 
take place at a rate proportional to the number 
in the level n, N nt and to the intensity I r n of 
the radiation of frequency v(n t n tr ) } viz., 

N*B(n } 

where is given by Planck’s law, eqn. (10), 
and B(n t n ") is the Einstein coefficient of absorp- 
tion. The second effect of the radiation upon 
the atom is not so obvious — we refer to the in- 
duced emissions (more correctly called negative 
absorptions), If an atom is in an excited level 
n and radiation of frequency v{n, n *) corre- 
sponding to the permitted n-n f transition falls 
upon it, the likelihood of its cascading to level n f 
with the emission of y(n, »') is increased by an amount dependent upon 
the intensity of the incident light. 

Hence we define a coefficient of negative absorption (induced emis- 
sion), Bin, ri) } such that the number of induced emissions of atoms from 
level n to n* per unit time will be B(n, n , )J r N nm The total number of 
atoms leaving n for n* in a time dt will be 

(spontaneous plus induced emismon) = Af«[vl(n, n') +if(n, n r )I r ]di (59) 


— j n* 

8{n t n^)I v « 

* — J n 

AJryq + EMn.n'JI^ 

— * — n f 

Fig. I L— Transition's 
from a Level n 

Abac rption, spoi \ tan o- 
ous emission, and induct'd 
emission arc indicated* 
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We shall avoid confusion if we call the induced emissions negative ab- 
sorptions, since the induced radiation is pul back in the beam in the 
same direction as the incident radiation. It is not emitted in a random 
direction as are the spontaneously emitted quanta. 

Under conditions of thermal equilibrium, the relative population of 
the two levels n and n* is given by the Boltzmann formula 


NjL = V* e -Xnn!*r (GO) 

If * ffn 1 

where X**' = — Bv is the energy difference between the two levels 

n and n\ and g n and g n * are the statistical weights of the two levels, 
2/ 2 J* + I, where J and ./' are the respective inner quantum num- 

bers of level n and n\ 

By the principle of detailed balancing, the number of downward 
transitions from level n to n* must equal the number of upward transi- 
tions from n f to n, viz*, 

N n [A (n, n f ) + B(n f n ')!,] = A\S(n'n)h (01) 

Let us henceforth write v(nn r ) as v nn > or v and B(nn f ) as B nn ^ etc. If we 
now use eqn* (60) and recall that under conditions of thermal equilib- 
rium is given by the Planck formula eqn. (10) we have 


ljn* 


A nn * 


2 Ay* 
c* 


IK 


_ 


f/n B nn t 
{ fn 1 fK* n 


e W*r _ i 


(62) 


In order for A nn . to be independent of the temperature, t.e., a constant 
of the atom only, we must have 


and 




17- , _ U ite 

- I nfl* " *> 

(Jn* & 


(63) 

(64) 


We emphasize that the Einstein coefficients are atomic constants, which 
may be determined for a given transition by experiment or by quantum 
mechanical calculation. If one coefficient is known, the others may be 
found from eqns, (63) and (64). Although we have considered condi- 
tions of thermal equilibrium in order to derive the relations between 
these atomic constants, it is important to realize that the same relations, 
eqns. (63) and (64), will hold under all conditions.* 


* Many authors derive the relations for energy density and linnet: obtain a differ- 
ent form for eqn. (04). Sec Prob. 10. 
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12* The Absorption Coefficient According to Quantum Theory 


By quantum mechanics Weisskopf and Wigner derived the rigorous 
formulae for the shape of the line absorption coefficient. The expression 
is identical with the classical formula if we replace y by a new constant 
r and A 7 by Nf, viz,, 


k f 



r 

4*r(v — va) 2 + 



m 


where the value of T must be computed on the basis of the following 
considerations. Consider an atom in a level ft. It can go to a certain 
lower level n\ The rate at which the atoms in the upper level descend 
to the lower states is proportional to the sum of the A values of the cor- 
responding transitions, thus 

dNJdt = - N n ?A nn * = - NnTn (66) 

r B = 2 A nn . (67) 

By integration wc obtain 

N n = (68) 

where N* denotes the number of atoms in level n at i = 0. Now T n is 
simply the reciprocal of the mean lifetime T nj of an atom in the level 
n, i.e., 

T n = l/T n (69) 

We have been neglecting the fact that the lower levels themselves may 
have finite lifetimes. A more exact treat merit of the problem shows that 
while cqn. (69) is valid for the resonance line, the absorption coefficients 
for subordinate lines require a damping constant given by 

IV - l/n + 1/T n , - T n + IV ( 70 ) 

or the sum of the reciprocal lifetimes of the upper and lower levels. 
Hence as soon as the A*s are known, we can calculate the lifetime for 
pure radiation damping. 

At high temperatures, the radiation density becomes large and the 
atoms in a level n may escape in considerable numbers by negative ab- 
sorptions, excitations to higher levels, and by ionization as well as by 
spontaneous emission. Hence these additional processes will play a role 
in fixing T n and we must write: 

r* - Z Ann* + E B**,/(>w) + E ( 71 ) 


where the first term refers to spontaneous transitions to lower levels, 
the second to negative absorptions to lower levels, and the third to 
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ordinary absorption processes. With the aid of eqns. (10), (63), (75), 
and (61), we find 

r. = — |e — X 1 - r + X*-'MS' /kT - l)-‘ } ( 72 ) 

me [ J 

13, The Interpretation of Natural Line Broadening 

It is evident that the process of line broadening must occur in two 
different ways in the two theories. 

Classical broadening occurs because a bound electron can oscillate in 
frequencies on either side of resonance, much as a radio set will pick up 
a program even if it is not tuned precisely to the output frequency of 
the broadcasting station. 




Fig. 12, — The Relation Between Level Breadth a no Line Profile 
fob a Resonance Line 

The transitions from three "mibstates” of the bimdeuud upper level, denoted by a t 
6, and C, are correlated with three frequencies vvt and v P in the resonance line. 

There is another way of looking at classical broadening. A radiating 
atom emits a damped wave which gradually dies out, or a wave of fixed 
frequency v for a short-time interval. If this wave is subjected to a 
Fourier analysis, it is found that it is not monochromatic but consists 
of a narrow range of frequencies whose intensity distribution is given 
by an expression similar to eqn. (50). That is, if the wave trains from 
a classical oscillator are analyzed by a spectrograph of infinite resolving 
power, each spectrum line gives a broadened profile. 
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Although, in the quantum picture, each emitted quantum has a pre- 
rise energy E and frequency f, the atomic energy levels themselves are 
slightly fuzzy. According to the Heisenberg uncertainty principle, if an 
atom has a lifetimes At, in a certain level, the level will have an energy 
breadth AE, such t hat f l . 


The lifetime of the ground level is very long; hence A E is very small and 
the level is quite sharp. An excited level for which A — 10 s has a 
At = l/A = 10~ a which is small. Hence AE will be relatively large. 
Since the transition may take place from any part of the broadened 
level, the observed spectral line will be slightly widened (see Fig. 12). 
Unlike lit les e m i t te 1 1 1 >y c 1 assi e al osc i 1 1 ators , w h ose ha l f-b read t h s as meas- 
ured on a wave lengt h scale are always the same, the natural breadth 
of a real spectral line will depend on F, Lines of high transition prob- 
ability will be intrinsically broader than those of low transition proba- 
bility, # _ 6 

{v -V) X 10 e — * 



Fro, 13. — Effect of the Damping Constant upon a Line Absorption 

Coefficient 


14, The Relation Between the Einstein Coefficients and Oscillator 
Strengths 


The relation between the fs and the Einstein A*s or ZJ's is useful for 
some problems. The energy absorbed per cm* per second by atoms in 


level n* is 


(73) 
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and this must equal the energy absorbed as computed in terms of the 
conventional absorption coefficient, viz., 

N n *a v 4irI r Av “ AwIyN n * ~ fn'n (^4) 


where we have averaged the absorption coefficient, a>,, over the spectral 
line of effective width Af. Hence 


and 


1 ^ 87rW f 

AnRi ~ g n me* U 


u lE 

” 7W Jn,n hv 

- 3 2*f y - 3 (^ + 1 ) , 

- -i j n .«y c - 6 (2J + i) J-vr. 


(75) 

(76) 


The relation between the quantum mechanical and classical damping 
constants F« and y e will be used in later discussions. We can write 


r„ = £ .4„„. = 3 L (77) 

n* y n 

Although we shall deal almost exclusively with oscillator strengths 
as defined above, an emission oscillator strength is sometimes used, viz., 

Ar--fr (78) 

Qn 

which is given for completeness. Unless otherwise explicitly specified, 
whenever / values are mentioned we refer to the ordinary (absorption) 
oscillator strength /, 


16. The Thomas-Kuhn Sum Rule 

The oscillator strengths for an atom obey a very important relation- 
ship called the Thomas- Kuhn sum rule. If we sum / over all possible 
transitions between all possible configurations, wc should obtain the 
number of electrons in the atom, viz., 


2/« n't') = N (79) 

where N is the number of electrons in the atom or ion. In iron for ex- 
ample, the exact sura of / values over all X-ray and optical transitions 
will be 20, 

If the electrons in the inner shell are so tightly bound that we need 
not consider interactions between them and the outer (valence) elec- 
trons, we can write 


2/(nJ; n'l f ) — r 


(80) 
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where r is the number of valence electrons and the summation is carried 
out over all levels to which transitions can take place* Expressing our 
results in terms of the absorption oscillator strengths, 

Z/-V- - Z ^/n-„ + f\ dK = r (81) 

y* Jt i 

The first term written on the left represents the absorptions from the 
level n and the summation is carried out over all levels with n" > n. 
The second term represents the emissions and the summation is carried 
out over all levels with n f < a, while the third term represents the 
bound-free absorptions in which the electron is lost from the atom. We 
shall explain the use of oqn. (SI) with an application to the subordinate 
lines of helium. Care must be exercised in the choice of the value of r, 
e.g,, for helium, r is 2 for the principal series since there are two Is elec- 
trons in the ground level and either of these may jump during a transi- 
tion to a higher level. Since only one of these electrons will exist in a 
higher level at any one time, the / values of subordinate lines should 
sum to unity as for hydrogen. 

If the / values for single multiplets are given and it is required to 
find the appropriate / for the whole set of transitions between the two 
configurations involved, we do not simply form the sum of the f s. 
Rather, we calculate the sum of the products of the weights of each term 
and the / value of each multiplet arising from it and then divide by the 
weight of the whole configuration. Consider a line of the Balmer series. 
It is composed of 2 2 S — n-P f and 2-P — n 2 S, 2 2 P — n-D doublets. The 
weight of *S term is 2, that of % P term is 6, Hence 

f 2n - + 6/(2,i;n,0) + 6/(2, !; ft, 2)] 

= -^ZW(2,J;n,0 (82) 

02 U' 

To illustrate some of these formulae, let us consider lie f whose / 
values have been computed by Goldberg, Reference to the l ie I term 
diagram (Fig, 4 of Ch, 2) will be helpful here. 

The/ value for the 2 3 P — 4 3 D multiplet giving the unresolved X4471 
line is 0,129; we are to compute the A value. The statistical weights of 
the *P and *D terms are 9 and 15 respectively. Employing eqn. (76), 
we get A = 2.59 X 10 7 . 

The damping constant for the line is calculated as follows: Atoms 
may escape from -!(*/.)) to 2 ( 3 P) and 3(*P) and from the lower 2(*P) 
level to 2( 3 jS) with the emission of X10830 (see term diagram). Calcula- 
tion shows a negligible number of transitions to 3( 3 P). Hence 


r 4471 = A (4 T D-2 3 P) +A (2*P-2*S) - (2.59+ 1,03) X 10 7 = 3.62 X I0 7 
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For the 2*S - 2 B P line, V = A(2*S - 2 3 P) = 1.03 X 10 7 , since the 
lower level is metastable, i.e., it has an infinite lifetime. Similarly 
A — r for the resonance line (I l S — 2 , P) for which /I = 2.34 X 10°, 
Further illustrations are worked out in Chapter 8. 

The sums of the / values provide an interesting illustration of the 
Thomas-Kuhn sum rule. For the 2*5 — ft l P° series, Goldberg finds 
the sum of the/ values for discrete transitions to be 0.666 while Huang 
finds the integral of the / value over the continuum to be 0.402. Hence 
2/ will be 1.068 instead of 1.00. The / values for the lines are in need of 
improvement. 

Note that since the 2 l S level is metastable, there are no allowed down- 
ward transitions, i.e.,/' = 0. From the 2 l P level, on the other hand, an 
atom may escape by going to n l D or n l S (with the absorption of energy) 
or by going to the ground l S level with the emission of energy. Goldberg 
finds 

/(2 l P — 71 1 /)) = 0,967 (lines) + 0.157 (continuum) = 1.124 

Downward jumps to the singlet levels, 2 l S and l l £, must be considered. 
/(2*P - 2 l S) = 0,389, (ZT + l}/(2/ + 1) = 1/3, so that the cmis- 

0 3811 

sion oscillator strength /' = — — = —0.130. Similarly, for the 

2 l P — 2 l S transition,/' = —0,116. Hence we have, 

0,967 + 0.157 - 0.130 - 0.116 = 0.878 

instead of unity. The discrepancy here arises partly from the fact that 
Goldberg has not allowed for the 2 l P — n x S transitions. 


16, Calculation of / Values 

For atoms of simple structure, notably hydrogen and helium, or the 
alkali metals, it is practical to calculate A or / by quantum mechanics. 
The / values for hydrogen may be computed exactly by the formula 


2 * 1 1 

3\ / 3rf7*' H LT 

In'* w 2 J 


U 

?i 3 n'* 


(83) 


Here g n * — 2 n* denotes the statistical weight of the lower level. 1 1 is not 
to be confused with the Gaunt factory a correction required by quantum 
mechanics. This factor has been tabulated by Menzel and Fekeris. 

The problem for helium cannot be solved explicity and resort must 
be had to approximation techniques such as the variation method, which 
Goldberg has employed for the most important transitions in this atom. 
1 1 is hoped that similar techniques may be applied to elements such as 
C, N, O, or Ne in various stages of ionization. 
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Quantum mechanical calculations have also been made for selected 
transitions in a few melals such as sodium, calcium, and magnesium, but 
for the most part we must content ourselves with relative/ values for 
certain lines in the spectrum. 

The Einstein A value for a transition between a level characterized 
by quantum numbers nLLSJ (abbreviated simply as aj) and one with 
(plan turn numbers n't'L'S'J* (denoted as a'J f ) may be expressed in terms 
of a parameter called the strength, Si, of the line. 

a M ; «'./') = 27^1 w S ' W > “ V '> <*0 

where v is the frequency of the line, and g = 2J 4* 1 is the statistical 
weight of the upper level. The absolute strength Si depends on both 
the radial and angular charge distribution within the atom, and consists 
of two factors, viz.: 

Si = Se* (85) 

Here a 2 depends on the radial charge distribution in the upper and lower 
levels. At least, to the first approximation, it will be the same for all lines 
and multiplets connecting a given pair of configurations nd i and njk* 

The factor S can be calculated for atoms in pure LS or pure jj coup- 
ling. Hence it is possible to obtain the relative strengths of all lines and 
multiplets belonging to a given pair of configurations (nth; n 2 k). In 
Section 17 we shall see how the factor S is to be found for LS coupling. 
If, in addition, the factor can he calculated we may obtain the A or/ 
values for the lines in question. 

17. Calculation of Relative Strengths in LS Coupling 

Before we turn to the formulae and tables for calculations of line 
strengths, let us summarize some important spectroscopic definitions. 

The quantities nlSLJM (where nl is given for all electrons and ilf 
is the magnetic quantum number, i.e., the projection of J on the mag- 
netic field) define a Zeeman stale of the atom. 

The quantities nlLSJ define a level which includes 2 J + 1 states, t\g., 
2 p* *P 2 . 

The quantities, rdSL t define an atomic term, the whole set of 
(2S + 1)(2L + 1) states characterized by the given values of L and S t 
e.g V! 2 p 2 3 P. 

A polyad is a set of terms of the same multiplicity based on the same 
parent term by the addition of one electron to an atom, e.g., p z d( 2 D) plus 
a d electron gives l S x P l D { F 1 G (one polyad) and 3 jS 3 P 8 D*P*G (another 
polyad). 
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(1) Transitions between the individual states into which a given 
pair of levels is resolved by & magnetic field are called Zeeman 
components . 

(2) A transition between 2 levels, e.g., is railed a spectral 

line. 

(3) The tola lily of transitions between 2 terms, e.g., *P — gives 
a multiplet. 

(4) A mpermulliplet comprises the totality of transitions between 
two polyads. 

(5) All the jumps between two configurations constitute a transition 
array . 

If the atom is in good LS coupling, relative strengths, and therefore 
relative / values, can be obtained for all the lines in a whole transition 
array. In the calibration of the intensities of absorption lines in terms 
of the numbers of atoms, it is useful to have a large number of lines whose 
relative / values arc known, even if the absolute / values cannot be ob- 
tained. 

We calculate S in two steps. First we find the strength of the line in 
question referred to that of the whole multiplet, s/Xs, and then we com- 
pute the strength of the entire multiplet itself. 

Even before the advent of quantum mechanics, Sommerfeld, Hon], 
Russell, and Eronig derived formulae for the relative strengths within 
an LS multiplet. It is convenient to look up the relative strengths in 
tables such as those computed by White and Eliason or by Russell. 

In the White-Eliason plan the relative strength is tabulated for 
different values of L with J as argument.* The individual tables are then 
grouped according to different values of the spin. The strongest line of 
each multiplet is taken as 100. We find it more useful to have s/Xs, i.e., 
the strength of each line is given in terms of the strength of the whole 
multiplet. Table 1 gives log Xs/s . 

As an example, let us compute the strengths for a 4 F — 4 /> multiplet. The 
terms are quartets, S = 3/2, hence we use the table with spin — 3/2 and choose 
the box with L\ ** I, Li — 2. The values of log Xs fs from Table I are: 

*D 



1/2 

3/2 

5/2 

7/2 

1/2 

1.08 

1.08 



*P 3/2 

1.77 

0.97 

0.68 


5/2 


2.00 

1.05 

0.40 


e.g., for tP 3 / a — 4 jD&/s, log s/2£$ = —0,68 = 9.32 or $/Xs = 0.21. That is, the 
H/2-5/2 Line contributes 0.21 of the total strength of the multiplet. 

•These tables may also he used to compute the strengths of lines in jj coupling 
since the Sommerfeld, Russell, etc., formulae remain valid if we replace L byjt and S 
by A, and take as the quantum number that does not change during a transition. 
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1,57 0-55 1.57 1*68 0*50 

1,57 0,10 3.40 1.08 0,30 


TABLE ! (Continued) 
Quartet Terms 
(Spin - 3/2) 
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5/2 0.83 1.74 

7/2 1.74 0.74 3.02 

0/2 1.02 0.03 1.74 

11/2 1.74 0.50 


TABLE l {Continued) 
Quintet Teems 
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1.07 ! ,62 3.00 1.03 1.72 

0.112 1.46 2.70 1.72 0.116 1.66 

0.711 1.45 3.05 1.56 0.81 1.55 

0.66 1.60 1.55 0.71 1.72 

0.54 1,72 0.57 
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TABLE 2 


Relative Multiplet Strengths in LS Coupling 





For checks on the calculations, the sum rules are of great importance. 
For a given multi plet these are: 

(1) The sum of the strengths of all the lines of a multiplet that end 
on a common final level is proportional to 2J + 1 for the level. 

(2) The sum of the strengths of all the lines of a multiplet that 
start from a common initial level is proportional to the weight, 
2J + 1, of the initial level 
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As an example! consider the 4 P — *D multiplet. In terms *>r s X$ f Urn box now 
looks like, 




1/2 

3/2 

5/2 

7/2 

Bum 

Weight 
{%! + 1) 

2 


1/2 

0.083 

0.083 



0.165 

*p 

3/2 

0.017 

0.107 

0.21 


0.334 

4 


5/2 


0.010 

0.09 

0.40 

0.500 

0 

Hum of $ values 


0.10 

0.20 

0.30 

0.40 



Weight (2J + 1) 


2 

4 

0 

S 




Notice that the sums of the strengths taken along a row or column are propor- 
tional to 2 J + 1 in accordance with the sum rules. When the multiplet is in 
good LS coupling the relative strengths, s, computed by theory are in good agree- 
ment with experiment. 

The relative strengths of the multiplets of a transition array may be found 
from tables supplied by Goldberg * Table 2 is abstracted from the extensive 
calculations he lias published. As an example of the application of his tables, 
we shall consider the multiplets of the transition array, 2s 2 2p 2 3$ — 2&-2p 2 3p in 
Oil, The s* electrons play no role and from Table 2 we read relative multiplet 
strengths of the — p*p transition as follows; 

p*s(*pyp - % M*pyi > - 10 

*P - *P « 6, etc. 

To reduce these relative strengths to the strength S as defined by eqn, (85) we 
must multiply by a reduction factor a which Goldberg has given (Table 3) from 
which we find a - 2. We can find the absolute strength Si, only if we know the 
factor o 2 , 

TABLE 3 


The Factor a by Whic h Relative Multiplet Strengths Are to Be 
Multiplied to Obtain Absolute Multiplet Strengths f 
(Except for radial factor o' 1 ) 


Transition 

Array 

a 

Transition 

Array 

a 

PS - VP 

\ 

**p f — sp 1 . t 

2 

pp — pd 

1/2 

2 

pPi i — i pt) 

1 

P* - P« 

r r r 

p*p — p*d 

1/2 

P* - pd 

l 

— p*/ 

1/6 

pd - pf 

1/3 

p* _ pi H 

i 

P 2 S " p-p 

2 

p* — p*d 

2 

p*p — pv 

I 

p 4 — p*$ 

2 

pH ~ p*f 

1/3 

p 4 — p*d 

10 

pl — 

pl — pl t j 

1 

5 




t From L, Goldberg, A atrophy steal Journal (University of Chicago Press) 84, 11, 1930, 


* (Ref. 1) Ap. J . 82, l, 1935. The? reduction factors n a n are given in Tabic J 
(Ref. 2), Ap* J. 84, 12, 1930. 
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The stejxs for calculating the strength 3 of a linn are as follows: 

(1) Compute $/2s from Table 1. 

(2) Obtain the relative strength of the multiplet from Table 2,* 

(3) From Table 3 find the factor a to reduce relative to absolute strengths.* 

The strength of the line 3 is then the product of the three factors above. 

As an example, let us compute the strength of X4317.16 of Oil, 3s(*P) 4 ,P — 
llp(*PyP*/i. (1) Fora quartet, 5 = 3,2. With L\ = 1, L% = 1, J i = 1/2, J? = 
3/2, Table 1 gives s/2fl = 0.14. (2) From Table 2, the relative strength of the 
multiplet is 6. (3) From Table 3 we find a = 2. Hence the strength of the line 
is 0.14 X 6 X 2 = 1.68. 

To get the / value of the line we now employ eq ns. (76), (84), and (85), If X 
is measured in angstrom units (10 * cm) and Si in atomic units (aje 4 ) 

0A 

Here ou is the radius of the first Bohr orbit, c is the electronic charge* and 

S 1 = S„| gff - (87) 

where the .So factor refers to the strength of the multiplet (Tables 2 and 3) and 
s/X& is obtained from Table 1 , 

Approximate values of <j- can lie calculated for certain transitions between 
high levels in light atoms. D. R. Bates and A. Damgaard have given tables 
from which a may be computed from the effective quantum numbers of the 
upper and lower levels of a transition. For the 4317.10 O II line, g 1 = 2, and 
a x = 5.5. Since S = l .68, we find / = 0.325, 

Goldberg's tables cover most of the multiplets of interest. Other examples 
can be handled with the aid of certain sum rules. All the lines of a transition 
array that originate in (or terminate on) a given level constitute the J-file of 
that level. The sum of the strengths of these lines is the strength of the file. 
If the jumping electron is not equivalent to any other electron in either the initial 
or the final configuration, the sum of the strengths of all the multiplets originating 
from, or ending in, a term nl k n f V of the transition array, nl k n f l r — nl k n ft l ff is 

(25 + 1)(2L + 1 )(T + 1)(2/' + 3)c* if V = I" - 1 
or 

(25 + 1)(2L -b l)(t')(2I f - l)a 2 if V = l" + 1 

When the jumping electron is equivalent to others in either the initial or the final 
configuration, we may employ other sum rules given by Menzel. 

As an example t if the ./-file sum rule consider the 2a2j?3 s u P — 2s2p3p' 4 F, 
multiplet of N III at X3360, The only term in the 2s2p3$ configuration with 
which the 3 p*P term can combine is the A P term, as transitions to *P terms are 
excluded in good LS coupling. Hence the sum of the strengths of all the transi- 
tions of the 2p3s — 2p3p array originating in the 3 p 4 P term is simply the strength 

* Goldberg gives more complete tables, Ap, /. 82, 1, 1935: 84, 1 1, 1930. 
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of the X3360 multiplet. For the upper level S = 3/2, L — l, and / 1 : hence 

S = 12, 


The validity of the foregoing methods depends on how well the atom 
in question follows LS coupling. For certain light atoms, such as carbon 
or oxygen, the results are probably good first approximations. For other 
atoms such as neon this is no longer true. The heavier elements usually 
show marked deviations from LS coupling and hence they have strong 
lines connecting terms of different multiplicity (intercombi nation lines). 

It appears that the relative strengths of different multiplcts belong- 
ing to a configuration array become affected first by deviations from 
LS coupling. The relative line strengths within a multiplet, however, 
become sensibly distorted only with appreciable deviations from LS 
coupling,* 

18. Experimental Determinations of /Values 

In many of the complex atoms, such as iron, the deviations from LS 
coupling become veiy large, accurate / values cannot he calculated by 
theoretical means, and recourse must be had to empirical determinations 
of line strengths and / values, 

Dorgelo and o l hers ! i ave m easi i ret 1 rel at i ve / va! ues within multipl et s 
from emission line intensities. Other workers have measured the life- 
times of excited levels. Magneto-rotation effects (rotation of the plane 
of polarization in a medium placed in a magnetic field) and measures of 
the index of refraction of a gas in the neighborhood of an absorption 
line yield values of Nf where N is the number of atoms in the vapor col- 
umn capable of absorbing the line. If N is known,/ may be determined, 

K. IV and A. S, King and their co-workers measured relative/ values 
from the absorptions produced in thin layers of the absorbing gas. Then 
the amount of energy subtracted from the beam by the gas is very nearly 
proportional to the / value. 

Consider a weak absorption line upon a continuous spectrum. We 
express its intensity as an equivalent width IF, which is the width of 
tiie perfectly black line of rectangular profile that would remove the 
same amount of energy from the spectrum. We measure IJI 0 at each 
point in the line profile and define 

w r = j ~ Iy (h (88) 

* Calculations of lino strengths wherein deviations from LS coupling are taken 
into account have Imjch made by W. M. Gottschalk for the 3d 7 ts — Ikf 7 4p configura- 
tion in Fe I. Hoe Ap. J. 108, 320, 1IM8, The relative strengths show fair agreement 
with the King relative / values, suggesting that much valuable information may l>e 
obtainable by this method for atoms in higher stages of ionisation. 
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the equivalent width in frequency units, A beam of light passing 
through an absorbing medium of length h and density p with an ab- 
sorption coefficient k will be extinguished according to the law 

J = 7nC" Mji = 

where N is the number of atoms cm 3 in the tube. Both k and a depend 
on the frequency. If the optical thickness of the layer is small, 

/ - / 0 (1 — hN -t- small terms) 

then by eqn. (52), 

k dv = hN f a dv = hN —~J = f — 7 - dr = W, 

J mC J * 0 

In wave length units, 

Wx = X c “ w. (89) 

and 

Wx = kNXi^f ( 90 ) 

Hence if N can be found from the vapor pressure in the tube and \\\ 
can be measured, we may obtain the absolute value of/. If N is not 
known, only relative / values may be found. We emphasize that weak 
lines must be used. 

In practice, the ideal condition of a layer of absorbing vapor whose 
optical depth at all wave lengths is much lees than 1 is difficult to ful- 
fill and allowance must be made for deviations from linearity in the 
W-Nf relationship (curve of growth). Fortunately this relationship is 
well known (see Ch, 8). Very strong lines yield an estimate of NJV; 
hence I 1 must be estimated as well as A", or if N and / are known from 
other data we can evaluate T. The fact that V depends on the density 
complicates the problem, 

R. B. King determined absolute/ values for iron lines from specially 
purified samples of this metal heated in a quartz tube in an electric 
furnace at an accurately known temporal ure. The vapor pressure of 
iron is known as a function of the temperature; hence the number of 
gaseous iron atoms in the quartz lube may be found. If the vacuum 
furnace is placed between a tungsten filament lamp and the spectro- 
graph, the continuous spectrum formed by the lamp is crossed by dark 
lines arising from the iron vapor. If the vapor pressure of the metal is 
not known, it is possible to obtain only relative / values. 

More recently, II. Kopfennann and Cl. Weasel at Gottingen have 
determined absolute / values by an experimental procedure involving 
the use of an iron-atom stream as an absorber. They find / values about 
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three times those obtained by King. Such discrepancies emphasize the 
need for further experimental work on the determination of both abso- 
lute and relative / values. 

Attempts have been made to determine relative strengths from the 
intensities of the dark lines in the solar spectrum with the aid of the 
solar curve of growth (cf. Ch. 8} and from emission line intensities ob- 
served in the flash spectrum of the sun at times of solar eclipses (cf, 
Ch. 9). Although these astrophysics! methods yield sonic results of 
interest, the uncertainties in our knowledge of certain basic parameters 
such as damping constants, excitation temperatures, etc., are such as 
to prevent us from getting any accurate information. Emphasis must 
be placed on laboratory methods and theoretical calculations. 

19* The Continuous Absorption and Emission of Energy 

For a discussion of continuous spectra of the sun and stars, of the 
gaseous nebulae, and of the physical state of atoms and molecules in 
interstellar space, we must study the continuous absorption of atoms 
and ions. 

We have already mentioned Rayleigh and Thomson scattering as 
examples of processes wherein radiation is simply scattered by electrons. 
Transitions from one energy state of the atom to another are not in- 
volved. In the present context we are interested in processes that may 
be described by the general term of absorption, such as the photoioniza- 
tion of atoms from various discrete levels or the photodissociation of 
molecules. The inverse process is recombination with the release of the 
excess energy as radiation. 

As an important astrophydcal example we shall discuss in some de- 
tail the continuous absorption and emission of energy by hydrogen* Wc 
recall from Chapter 2 that the atom may be photoionized while occupy- 
ing any one of its permitted levels. In a discrete transition, an atom 
may absorb only a particular frequency v corresponding to the energy 
difference between the two levels* In photoionization processes, any 
amount of energy greater than that necessary to detach the electron 
may be absorbed* 

For example, we have seen that the Balmer lines represent transitions 
from the second to higher levels. Toward the limit of the series they 
crowd closer and closer together until they coalesce into a continuum 
near X3650. This continuous absorption beyond the Balmer limit cor- 
responds to the photoelectric detachment of electrons from the second 
level. Similarly, the photoionizations from the third level produce a 
continuous absorption beyond the* limit of the Pasehen series in the 
infrared. This absorption extends into the visual region of the spectrum. 
In fact, in the visual region of the spectra of A- and 5-type stars, the 
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continuous absorption comes mainly from the photoionizat ion from third 
and higher levels. In the far ultraviolet there occurs the continuous 
absorption at the limit of the Lyman 
series which sets in at a frequency 
corresponding to 13*54 volts energy, 
i.e., X = 9 12 A, or v = 109,679 cm" 1 * 

Thus there is a continuous absorp- 
tion associated with each of the hydro- 
gen series, Lyman, Balmer, Paschen, 

Brackett, etc. In each of these eoti- 
tinua, the absorption is strongest at 
the series limit and falls off gradually 
to the shorter wave lengths. We refer 
to these photoionizations as bound-free 
transitions , We shall now show how 
the absorption coefficient per atom in 
an excited level n* may be computed 
with the aid of eqn. (83) which gives 
explicitly the / value for a bound-bound 
transition. If a hydrogen atom in an 
excited level n absorbs a quantum of 
energy ftr, that is greater than the en- 
ergy necessary to detach the electron 
from the atom, the liberated electron 
will fly away with a velocity v given by 

| mv 2 + ^4 = hv (91) 

since the energy of any level n is —hli/n 2 (referred to the ionized atom 
as zero). In electron-volt units, kR is 13.54 ev. R is the Rydberg con- 
stant, 2x s e € m/h a , in the Balmer formula. (See Ch. 2, p. 24.} Then 
eqn. (11) of Ch. 2 becomes: 

v = KZ2 {t*-^)’ (n " > n) m) 

where Z is the atomic number. Menzel and Pekeris suggested that this 
formula be applied to the transitions involving the continuum by means 
of the substitution, , f . 

where k is a real but not necessarily integral quantum number. We 
take the real part of the resultant expression. Thus 




Fig, 14* — Bound-Round, Bound- 
Free, and Free-Free Transitions 
in Hydrogen 


( 93 ) 
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and k is defined by means of the relations 


hRZ* 




— IhllTr 


dn ■= mv dv = h dv 


m 


We may calculate the absorption coefficient for the continuum on the 
basis of the following considerations. Since the relation between the 
absorption coefficient, a ¥i and the oscillator strength / is given by eqn. 

f.->2) we may express a ¥ as — - -f- The absorption coefficient will be eon- 

nic dv 

tinuous over the series limit Hence, we must consider I he / value as 
defined for unit frequency interval. Just lo the low frequency side of a 
series limit, there will be An lines of mean oscillator strength / per unit 
frequency interval, whereas just on the violet side the / value per 
unit frequency interval will be /As. Thus the / value corresponding to 
the frequency interval dv will be df — f d* . Hence 

a — E5? ( M. _ El. ^ f 

me dv ~ me da dv ~ me “ dv * ^ 


We use dit/dv from eqn. (94) and drop the minus sign to obtain 


ire- .. 


= — f 


From eqn, (83) 


me J 2 HZ’ 


/«- 


2 e 1 


1 


f J_ J_ 

3V3ir - n ~ ( f IV j n z k* 


(A + 4Y 

\n- K-/ 


m) 

m) 


With the aid of eqn, (93) and the definition of R we find from eqn, (97): 

(98) 


, , 32 ^e G 1?Z 4 

fJfh P Z\/3 ch 3 wV (J 


the absorption coefficient per atom in the nth level. Fortunately, the 
correction factor g is always near unity. For the Ralmer continuum, 
the absorption coefficient at the series limit amounts to 1.38 X !0~ 17 e.g.s. 
units per atom in the second level. It gradually falls to about half this 
value at the limit of transmission of the earth's atmosphere, X2900. 

To compute the total absorption coefficient for a gram of neutral 
hydrogen at a particular temperature it is necessary to sum over the 
contributions of all levels that can produce the absorption at the wave 
length of interest. At X400G, for example, transitions from the third 
and higher levels have to be taken into account; at X3500 the contribu- 
tion from the second level must be added, while the ionization from the 
first level need be considered only For wave lengths less than X912, Fig. 15 
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shows the dependence of the mass absorption coefficient of hydrogen 
upon the frequency. Notice that between successive series limits the 
absorption coefficient falls off as rises anew at each series limit and 
then fails off again as v increases. The relative contributions of the var- 
ious ionization limits to a v depend critically upon the temperature in 

log v — ► 

14,5 15.0 15-5 16.0 



Fig. 15. — The Absorption Coefficient’ of Atomic Hydrogen 

We j>Eot log k v against log** for a gram of neutral hydrogen as a function of the 
temperature. The effect of negative absorptions (induced emissions) is not included. 

accordance with the Boltzmann law. At low temperature the high lev- 
els are sparsely populated and appreciable absorption occurs only from 
the lowest level. At higher temperatures the increasing population of 
the upper levels produces more and more absorption in the ordinary 
spectral regions. 

Continuous emission at the limit of the Balmcr series is observed 
in the solar chromosphere and in the gaseous nebulae; it results from the 
recapture of electrons by ions. 

The inverse of photoionization is the recapture of an electron by the 
ion. The capture coefficient, <r Knj for an electron of velocity v, is related 
to the absorption coefficient a vi v and v being connected by eqn. (91). 
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That is, and <r Kn arc atomic parameters; the relation between them 
may be evaluated with the aid of the principle of detailed balancing in 
thermodynamic equilibrium. Then the number of ionizations in the 
frequency interval dv from a level n must equal the number of recom- 
binations to this same level from the corresponding interval in velocity 
dv [cf. eqn, (94)], 

The number of electron recaptures /era 1 from the velocity range v to 
v + dv depends on the ionic density Ni, the number of electrons in the 
relevant velocity range, N € f(v) dv, and the cross section for recapture 
<r* nj all multiplied bv the velocity v . The number of photoionisations 
equals the total energy absorbed per cm 3 per sec. in the range dv divided 
by hv. Thus 


W N n g n (v)IXl - e~^ kT ) 

hv 


dv = N iN v <r m f{v)v dv 


(*»). 


where the ( ) on the left takes into account the negative absorptions. 
Here f(v) is given by eqn, (15) of Chapter 3, and /„ is the Ftanckian 
function, eqn. (10). With the aid of these relations as well as oqns, (91.) 

N N 

and (94) we may solve for - and compare the resultant expression 

with the combined Boltzmann and Saha formulae [cf. eqn, (20) of Ch, 4], 
In order for the two expressions to be identical, «*(?) and a Kn must be 
connected by 

= m a cV gefll 
<r £n v 2 h- 2g n 


(100)- 


an expression first derived by Milne* Here g c = 2* 

Since eqn, (100) is a relation between atomic constants, it depends 
only on the atom and level involved, the electron energy, and not at all 
on the existence or absence of thermal equilibrium. In the practical 
calculation of recombination rates we shall assume that the velocity dis- 
tribution is Maxwellian corresponding to some temperature T c . Hence 
the number of recombination s/cm 3 /sec in ihe interval dv is 


F<* dv = N { NJ(v f T t )v^ n dv (101) 


We now employ eqns, (98), (15) of Chapter 3, (91), (94), (100), and (101) 
together with the definitions: 


HZ' 


X H = 


hv u hivi- 


n' ” kT v n 2 kT c 
and the statistical weights, (n = 1, g u — 2 for hydrogen to obtain 


( 102 ) 


F flu = \? AT 

r Kn uv ,iv c y, a/3 ^ ^ 


(103) 
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= 3.260 X 10 * 


(104) 


and g is the Gaunt factor. The corresponding emission per unit volume 
and time is 

E m dv = FJiv tn dv = N<N C ~ dv (105) 

Two astrophysical applications of this formula may be mentioned. 
If we can measure the intensity of the continuous Balmer emission in a 
gaseous nebula in absolute units and make some estimate of the radiat- 
ing volume, we can determine the product of the ion and electron densi- 
ties. Furthermore, measures of the energy distribution with frequency 
ought to give an estimate of the electron temperature (i,e,, the tempera- 
ture appropriate to the velocity distribution of the electrons). Putting 
in numerical values for n = 2, we get 

E^dv = 2.70 X Wr*'N i NJ'^ w ge- h *-»v tT *dv (100) 

That is, in a continuous spectrum which arises entirely from recombina- 
tion and in which self-reversal can be neglected, the energy distribution 
with frequency will be 

E v dv = const e~ h * /kTc dv (107) 

Applications lo the continuous spectra of l lie gaseous nebulae have been 
made by T. L. Page and others. 

In addition to the bound-free processes, free-free transitions are im- 
portant at the higher temperatures. The latter correspond to jumps 
from one unquantized level to another, and may be visualized in the 
Bohr picture as follows, A free electron approaching a positive ion 
along a hyperbolic orbit may emit a quantum of energy and fly away in 
a second hyperbolic orbit of less energy* Conversely, it may absorb 
radiant energy in the neighborhood of the ion and move on with in- 
creased speed. Since the energy changes are unquantized the absorbed 
and emitted frequencies constitute a continuous spectrum. Small en- 
ergy changes occur more frequently than large ones; hence free-free 
absorptions become particularly important in the infrared. 

From the standpoint of the classical theory, the ion and the electron 
approximate a dipole and may radiate energy in accordance with the 
usual electromagnetic equations. The encounter between two electrons 
does not constitute a dipole and neither classical theory nor quantum 
mechanics permit radiation to be emitted or absorbed. 

In the hottest stars, free-free absorptions become important in ordi- 
nary spectral regions. Minkowski finds evidence that the continuous 
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spectrum of the Crab nebula probably arises primarily from free-free 
emissions involving carbon and heavier elements. 

The most important source of continuous absorption in stars such as 
Hie sun, however, is the negative hydrogen ion whose bound-free transi- 
tions produce most of the absorption in ordinary spectral regions. Be- 
yond \10, 000 in the infrared spectrum of the sun the principal causes of 



WAVE NUMBER — ► 

Fig. 16. — Tub Continuous Absorption Coefficient or Oxygen fob 
Different Stages op Ionization 

The absorption coefficient a* is computed from Hartree wave functions for p n con- 
figurations and hydrogen! e rf-wave functions in the continuum. The contributions 
of the p n — p' ,_l s transitions to the absorption coefficient have been neglected. A 
logarithmic scale is employed in both coordinates. (Leo Goldberg and L. H, Allcr, 
1941.) 

continuous absorptions are the free-free transitions of this ion. The 
electric field of the proton is not fully screened by the valence electron 
of the neutral atom. An electron passing nearby experiences an attrac- 
tion and may absorb or emit energy in a free-free transition. 

Continuous absorption coefficients for bound-free transitions have 
been computed or measured experimentally for a number of atoms. 
Fig, 16 illustrates some results for oxygen in various stages of ionization. 
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References to some atoms of astrophysical interest are given at the end 
of this chapter. 

20. Transition Probabilities of Forbidden Lines 

The radiations of the night sky, the solar corona, and the gaseous 
nebulae contain strong emission lines corresponding to transitions be- 
tween low lying metast&blc levels and the ground level. These are the 
forbidden lines: they all represent transitions between levels belonging 
to the same configuration and they all violate the Laporte parity rule. 
Whereas the ordinary “permitted” lines represent transitions of the di- 
pole type, the forbidden lines correspond to magnetic dipole or to elec- 
tric quadrupole type. When forbidden lines can be studied in the 
laboratory the angular distribution and polarization of the emitted radi- 
ation may be shown lu be appropriate to these latter types of radiation. 

Thus the “auroral” transition represents pure electric quadrupole 
radiation (4 L = 2), whereas the “nebular” transitions contain both 
magnetic dipole and electric quadrupole contributions.* 

Bowen suggested that the forbidden lines in the gaseous nebulae are 
produced in the following manner. Electrons of several volts energy 
collide with atoms in the ground level and give up kinetic energy to 
excite the atoms to nearby metastable levels. Once in such a level the 
atom can return to the ground state in one of two ways; either it can 
unload its energy on a passing electron in a superelastic collision (inverse 
of an inelastic collision) or it can ret urn to the ground level with the 
emission of a forbidden line. Which of these two processes will prevail 
depends on the temperature and particularly on the density of the ga,s. 
In any event the emission per unit volume will be NbAba^ba where 
N a is the number of atoms in the upper level, B } of the transition, A H a 
is the transition probability for the line in question and Hv b a is the en- 
ergy per quantum. 

Generally the observational data give a numerical estimate of the 
emission per unit volume; hence if Aba is known, the number of atoms 
in the upper level may be found. To find also the number in the ground 
level, A 7 n, we must determine the ratio Nb/No which will depend on the 
temperature and density. 

Condon, Pasternack, Shortley and his colleagues, and others have 
computed A values for the forbidden lines of light, atoms by quantum 
mechanics. Many of the forbidden lines comprise both electric quad- 
ruple and magnetic dipole radiation, 

* In electric quadrupole radiation Ai can be ±2, or 0 and J can change by 0, t, 
or 2 units except that 0 — ► 0, 14 * Vh or 1 — - 0 is not permitted. In magnetic dipole 
radiation, the transitions arc restricted to levels of the same configuration, and ./ may 
change by ±1, or 0, except that 0 — * 0 cannot occur. 
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Neutral oxygen, which is responsible for some of the strongest lines 
of the permanent aurora, provides a good example* See Fig* 9, Hi. 2. 


X 

Type 

Transition 

A 

5577 

a 

- VSu 

e 1.28 

(>300 

n 

*/ J s - ’/>- 

e 0.00002 ! 
in 0.0009 

6364 

n 

’/>, - 'D. 

e 0.0000032 
m 0,0022 

6301 

n 

= /’g - ' JO, 

c 0.000001 1 

2072 

t 

•P, - '*S„ 

rn 0.078 

2058 

i 

•Pt - ‘So 

e 0,00037 


The first column of the table gives the wave lengths of the forbidden 
lines; a, n } and t denote whether the lines are of auroral, nebular, or 
transauroral nature* The A values according to Gars tang are given in 
the last column. The symbols e and m denote electric quadrupole and 
magnetic dipole components of the radiation respectively. The total 
transition probability is .4 = A m + A m . 

The transition probability of the X5577 line is very much greater 
than that of the nebular lines* This result holds for the auroral transi- 
tions in other atoms and ions as well* Oxygen atoms in the upper atmos- 
phere (ionsphere) of the earth are excited to the l S level by collisions with 
electrons* As they cascade to the l l) level they emit the forbidden 
A5577 line* The nebular lines, which result from transitions from the 
D term to the P term, are very much weaker. Even though many more 
atoms are excited to the D term by collision than to the S level, the A 
values are so very much lower that the nebular lines are weaker than the 
auroral line. 

In the gaseous nebulae, on the other hand, the situation differs 
strikingly. The strongest lines are usually the green Z P — l D lines of 
[0 III], while the auroral type transition — %, X4363, is very much 
weaker, A glance at the transition probabilities involved shows the 
same situation as in 0 I, the A value for X4363 is LO, whereas the A 
values for the a P* — l D% and a / J i — l Z >2 transitions are 0.021 and 0.0071 
respectively. Yet the auroral line, despite its larger A value, often is 
a hundred times weaker than the nebular lines! We find these striking 
differences to be correlated with the densities of the media involved* 
The gaseous nebulae are much more rarefied than the ionosphere, the 
envelopes of novae fall in between these two extremes. In the novae the 
auroral X4363 line is much stronger relative to the green X4959 and X5Q07 
lines than in the gaseous nebulae. 
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21* Collisional Excitation of Forbidden Lines 

When the densitj r of a gas is high, most of the atoms entering a 
metastable level by collision will also be de-excited by collision, i*e*, 
the number of collisional excitations will very nearly equal the number 
of collisional de-excitations* Hence the relative populations of the meta- 
stable and ground levels will be given with sufficient accuracy by Boltz- 
mann's formula* As the density is decreased, the number of collisional 
excitations and de-excitations likewise falls off and a greater proportion 
of atoms will return to the ground level with the emission of a forbidden 
line. Since the principle of detailed balancing no longer holds, the popu- 
lation of the excited level depends on both the A value of the forbidden 
line and the target area for the collisional excitation of the metastable 
level* 

Let (Tah denote the target area in units of cm 2 for the collisional excita- 
tion of level B from level A . The number of collisional excitations /cm */ 
sec, by electrons with velocities between v and v + dv will equal the num- 
ber of ions in the lower level, NA t multiplied by the number of electrons of 
velocity v to v + dv, N £ f(v) dv in a column of volume &ahv [cf* eqn, (15) 
of Ch* 3]. The total number of collisional excitations /cm 3 /sec, F W |, is 
then obtained by an integration over all velocities greater than t% the 
velocity of an electron whose energy is equal to the excitation energy of 
the level B above level A . That is, 

Fcoi = N a N e f <r A Bvf(v) dv ( 108 ) 

J r * 

Attempts to calculate target areas have been made by D* H. Menzel 
and M* H* Hebb (O III), by T* Yamanouchi, T* huh, and A. Amemiya 
(O I), by L, H* Allcr (O II), and by L* H* Alter and M* L. White (N II)* 
Unfortunately the quantum mechanical basis for such computations is 
unsound and it is possible to give only an upper limit to the cross-sections* 

22* Roles of Emission and Absorption Lines in Astrophysical 
Sources 

The normal spectrum of a star consists of a continuous spectrum 
upon which are superposed dark absorption lines due to the various 
elements that compose its atmosphere. The discussions in this and 
previous chapters have given us the necessary physical background to 
approach the theory of absorption line formation and to show how the 
temperatures, densities, and compositions of stellar atmospheres arc 
determined. 

Gaseous nebulae, on the other hand, show emission-line spectra and 
the problem of interpretation becomes one of finding the appropriate 
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mechanism for the formation of the line in question. The hydrogen lines, 
for example, are produced by the recombination of ions and electrons 
and subsequent cascading. The forbidden lines are all produced by the 
aforementioned mechanism of collisions! excitation, Some permitted 
oxygen lines in the gaseous nebulae are produced by recombination but 
others owe their high intensities to fluorescent effects. 

Extended stellar atmospheres exhibit every stage intermediate be- 
tween a bona fide star and a nebula. In one class of objects, the novae, 
we witness a smooth transition between the spectrum of a star and that 
of a gaseous nebula. In many peculiar stars, forbidden lines are strong, 
indicating nebula-like conditions, and sometimes we observe permitted 
emission lines of Fe II, produced by collisional processes similar to those 
just discussed. In the solar system, comets furnish some of the out- 
standing puzzles for astrophysical interpretation. 

In the analysis of all astrophysical data it is necessary to keep in mind 
at all times the assumptions and limitations of the underlying physical 
model. 


PROBLEMS 


1. A lens of 20-cm diameter and JGO-em focal length is used to form 
an image of (he sun. How much brighter will the image be than a di- 
rectly illuminated surface? The angular diameter of the sun is taken 
as 32'. 


2. If the intensity distribution of the radiation emergent from the 
sun is given by 


1(0) — an + di cos 8 


compute the outward flux. 


3. Compare the energy density of black body radiation at the fol- 
lowing temperatures: 273°K, 5700°K, and 20,000, 000°K. 

4. If the temperature of the sun is 570O°K, what is the frequency p 0 
at which is a maximum? What is the wave length corresponding 1o 
this frequency? Why does it differ from X nmK given by Wien's law? 

5. Calculate the rate of emission of a nebula, the brightness and 
color of which arc described as equivalent to three fifth-magnitude G 
stars per square degree. 

6. In the absence of an external field and with a small damping 
force, the equation of motion of the classical oscillator is very nearly 

d l z .> 

m (U I = ~ mo3hz 

With the aid of eqn. (53) calculate the instantaneous rate of energy ra- 
diation, average it over a cycle, verify eqn. (54), and derive the equation 
for 7 (eqn. 55). 
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7. The/ values for the multiplets based on the O II 3d terms in the 
3d — 4 / configuration array are as follows. 

(*/)) *G 0.920 % D 0.955 (*P) V 0.870 *F 0.955 

*F 0.880 2 P 0.984 A D 0.930 -D 0.995 

0.907 *P 0.975 

QS)-D = 0.940 

What is the / value for the whole configuration? 

8. Calculate the / value for O II X 1072.1b 2p'-(*P)3p*D m - 3 tPF w 
with the aid of Tables 1, 2, and 3. 

9. Verify eqn. (100). 

10. Derive the relation between the Einstein coefficients A and B 
defined for energy density instead of intensity. 
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CHAPTER 6 


The Radiation of the Stars 

1. The Significance of a Stellar Temperature 

The masses, radii, and luminosities of the stars are fundamental 
quantities. The spectrum, for example, is intimately related to the 
surface temperature and gravity. The mass and radius fix the surface 
gravity, whereas the temperature depends essentially upon the rate of 
energy generation and upon the radius. The theoretical treatment of 
stellar atmospheres presupposes that we know the boundary tempera- 
ture of the star, the surface gravity, and ihe chemical composition. The 
theory of stellar structure requires the luminosity, mass, and radius of 
a star and some information on its chemical composition* 

In Chapter I we mentioned how stellar masses are found from the 
components of visual and eclipsing binaries, the radii from interferometer 
measures of stars of known parallax and from eclipsing binaries* In 
this chapter we shall concern ourselves with the determination of stellar 
luminosities. Our studies are hampered by the limitations imposed by 
the small region of the spectrum we can observe through the earth's at- 
mosphere and by the wave length sensitivity of our detecting apparatus. 

If we could measure the absolute energy output, E\ rfX, of a star in 
some small spectral region X to X + d\ and then could determine the 
complete distribution of energy with wave length, we would obtain the 
true luminosity of the star* Actually, such a rigorous procedure is not 
possible even for the sun, and we must content ourselves with measure- 
ments in accessible spectral regions and make the best guesses we can 
about the inaccessible regions. 

Suppose, however, that a good estimate of the total energy output 
(luminosity), L } of a star of known radius, R t can be obtained* We tie- 
fine the effective temperature T t of the star as that which a black sphere 
of the same radius must possess in order that its total energy output 
equal that of the star. That is, 1\ is defined by 

/, = 4* wru (i) 

since 4 wR- is the surface area and oT\ is the black body energy output/ 
cm 2 * The effective temperature is a datum of great theoretical interest, 
but we must emphasize that it is not directly observable for most stars! 

A quantity that can be measured for a number of stars is the radia- 
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ticm/cm 2 / sec/Angstrom, F x , for selected points in the continuous spec- 
tmm. We can define a brightness temperature, T hi as that of the black 
body that would give the same energy output per angstrom as the star 
at wave length X. Brightness temperatures are measurable only for 
stars of known angular diameter. At X5300, Greaves estimates TV s of 
28,000° K for spectral type 08, 18,000° K for 50, 11 ,000° K for A0, and 
a bout 6100°K for G2 (the sun). The brightness temperature is really 
only a parameter that expresses the rate of energy radiation at certain 
wave lengths, ft cannot be converted readily into the physical tem- 
perature of the emitting stellar surface. For example, from E. Pettit's 
measures of the radiation from the whole disk of the sun, the brightness 
temperature of that body is found to he 6200°K at X4500 and 0000°K at 
X6500, whereas the effective temperature of the sun h closer to 5760°K. 

Still less representative of the physical temperatures of the stars are 
the so-called color temperatures. Suppose we compare the energy dig- * 
tribution of a star in the wave length region X, - X 2 with t hat of a black- 
body source. We may find that in this interval the distribution of 
energy, not its absolute value, can be rep resented by a Planck ian func- 
tion for some temperature 7V In another wave length region, - X 4 , 
a different color temperature T* c is found, etc. Stellar color tempera- 
tures do not represent the actual physical temperatures in the photo- 
spheric layers. A normal AO star has a photospheric temperature near 
10,000° K. but Ihe color temperature obtained by fitting a Planckian 
cui^ve with an arbitrary scale factor to the energy distribution near 
X5000 is near lt),000°K, while that obtained in the vicinity of A3500 is 
10,000° K. Thus stellar color temperatures are parameters employed in 
Planck's formula to express the distribution of emitted energy with wave 
length, and no harm will be done provided we keep this fact in mind, 
but we must not confuse the number T e with the physical temperature 
of the stellar atmosphere. 

The distribution of atoms among the various stages of ionization in 
a stellar atmosphere serves to define an ionization temperature, while a 
comparison of the numbers of atoms in different energy levels by Boltz- 
mann's formula introduces Ihe concept of an excitation temperature, 
ihe fact thai the parameter in Boltzmann's formula may not be the 
same as the effective temperature, or the temperature derived from an 
application of the ionization formula is a consequence of the circum- 
stance that stellar atmospheres are not in strict thermal equilibrium 
and that they possess a temperature gradient. 

2. The Energy Output of the Sun 

The most extended measures of stellar radiation are those that have 
been carried out for the sun. The energy output from different parts of 
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the disk ean be measured on an absolute scale as a function of wave 
length. 

An estimate of the heat radiation of the sun follows most easily from 
a determination of the amount of energy absorbed when solar rays fall 
upon a blackened surface. Thus, in 1838, Pouillet filled a blackened 
vessel with water, exposed it to sunlight, and measured the rate of tem- 
perature rise. Corrections for cooling, for surface reflectivity, and for 
atmospheric extinction are necessary before the measure can be re- 
duced to calories/ cmVsec received at the earth's mean distance from 
the sun. 

Tyndall, and later Abbot, made use of Pouillet's principle in an im- 
proved instrument called the pyrheliometer. Unfortunately, the silver- 
disk pyrheliometer does not measure the solar energy on an absolute 
scale. It must be calibrated. To solve this problem, Abbot devised a 
water-flow pyrheliometer in which sunlight enters a hollow blackened 
chamber and heats, by a measurable amount, a stream of water which 
flows through a spiral tube at a known speed. The instrument is then 
pointed away from the sun, a resistance coil is placed in the same tube, 
and the amount of electric current necessary to raise the temperature of 
the stream of water by the same amount is measured. The heat devel- 
oped by the coil (0.24P/f calories 'sec, where / is the current in amperes 
and R is the resistance) must exactly equal the heat received from the 
sun. 

Because the measurements are made within the earth's atmosphere, 
the effects of atmospheric extinction must be determined. The deter- 
mination of the correction would he simple, were it not for the fact that 
the absorption depends strongly on wave length. Hence h is necessary 
to measure the wave length distribution of the solar energy at different 
altitudes of the sun in order to find the extinction effects at each wave 
length. 

For the measurement of the solar energy curve, Abbot employed the 
spectiobolometer. This instrument involves the principle that when a 
metal wire is heated, its resistance is changed. A solar spectrum is 
formed in a conventional way and moved across a blackened wire. As 
regions of fluctuating intensity cross the wire, its temperature and there- 
fore its resistance change, and a varying galvanometer deflection is ob- 
tained. Strong Fraunhofer lines give large depressions in the curve. 
When corrections are made for the transparency of the spectrograph, 
for reflection losses in tins optical system, etc., the area under the re- 
duced holograph curve will be proportional to the total amount of energy 
received. Since the actual amount of energy is measured by the cali- 
brated pyrheliometer, the area of the holograph record is known in en- 
ergy units, Le., in calories. 
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The correction for atmospheric extinction requires both pyrhelio- 
metrie and bolometric measures, al different zenith distances of the mm. 
The energy of wave length X reaching the observer is 

(2) 

where m is the total mass of air above the station, z is the zenith distance, 
and k\ is the extinction coefficient. From a series of holographs obtained 
at different zenith distances, log I 2 \ may be plotted against sec z . If a 
straight line is drawn through the points and extrapolated to zero air 
mass (m sec z — 0), we obtain log J ox , the intensity the radiation of wave 
length X would have outside the earth's atmosphere. The same pro- 
cedure is followed for other wave lengths and the totality of extrapolated 



Fig. h— T he Energy Distribution at the Center of the Sun's Disk 

We plot log I\ against the wave length in angstroms. The intensity 1% is expressed 
in ergs/sce/cin* of the solar surface per unit solid angle per centimeter interval of 
wave length. 

Jox values gives a curve which shows what the solar energy distribution 
would look like if we could observe it above the atmosphere. Since the 
units of tiie curves are known from the pyrhelioraeter measures, the 
area under the I Q \ curve gives the solar constant, the amount of energy 
received from the sun per cm 2 per minute just outside the earth’s at- 
mosphere at the earth’s mean distance from the sun. 

Abbot found a value of 1.938 calories/em 2 /mm for the solar constant, 
which amounts to 1.36 X 10 6 ergs/ cm 2 / sec, 0.136 watts/cm 2 , or 1.81 
ILF. /mete r 2 / sec . T he total a m oi i n t of en e rgy pass! 1 1 g th rough a sph ere 
of the radius of the earth’s orbit, 1.495 X 10 s 3 cm, must equal the total 
energy output of the sun, 3.79 X IQ 33 erg/sec, or 5,08 X 10 23 horsepower. 
The energy output/cm*/sec is 6.25 x 10 ,(> ergs/ cm*/ sec. The corre- 
sponding effective temperature of the sun is obtained from Btefan’s law 
[eqn. (13) of Oh. 5], Putting in numerical values, we find 

6.25 X 10 10 = 5.672 X 10 ~ h T 4 
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whence T — 5760°K. Unsold suggested that Abbot’s value of the solar 
constant be corrected to 1,90 cals/cm*/miii from which an effective 
temperature of 5732° K is derived. 



PRELIMINARY SOLAR INTENSITY DISTRIBUTION 
10 OCTOBER, 1946 

Fio. 2.— The Energy Distribution in the "Rocket” Ultraviolet 

The solar energy distribution measured from a rocket at a height of oo km is com- 
pared with that of a black body at G000*K. (U. H. Naval Research Laboratory.) 

It is necessary to try to allow for the infrared and ultraviolet solar 
radiation that is cut out by the earth’s atmosphere. Abbot’s measures 
excluded data beyond 2.5^ in the infrared. The recent measures by the 
Naval Research Laboratory group with the Y 2 rockets show the solar 
ultraviolet radiation to be feeble. C. W. Allen concludes that the solar 
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constant should be increased by 3*7 per cent lo 1.970 calorics cm 2 . The 
effective temperature of the sun is (hen 5784° K. 

The energy output of the sun may not he constant. Abbot found 
variations in the solar radiation of the order of 2 per cent; results from 
widely separated stations were in good agreement. From a periodogram 



Fm* 3 (a) * — Solar Limb Darkening 

The intensity distribution across the solar disk is shown for several wave lengths 
in the infrared. The angle 0 is defined with the aid of fig. 2 of Chapter 5. Notice 
the decrease of limb darkening with increasing wave length* Measures by C, G. 
Abbot are shown for comparison* (McMalh-Hulbert Observatory, University of 
Michigan.) 


analysis of Abbott data, T* E. Sterne, K, Guthe, and W. 0* Roberts 
concluded that there was some evidence for real changes in the solar 
constant with a period equal to that of the solar cycle, but the question 
can be finally settled only with mote extended data* 

Other investigations of the solar energy distribution have been pub- 
lished by Wilsing, by Buisson and Fabry, by R* Canavaggia and 1). Cha- 
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longe, and by Pettit who studied the region X2920-X7700. Mulders 
compiled a definitive energy curve on the basis of the earlier work* 
Spectrograms obtained with rockets fired above the earth's atmosphere 
have been analyzed at the Naval Research Laboratory to obtain the 
energy distribution in the solar spectrum short ward of A2900, 




Darkening at the Sun’s Limb* Drift Curve 5970*5 A 

Fia. 3(b)* — S olar Limb Darkening 

These curves show the distribution of intensity across the disk of the sun at *90,000 
and *5970,5. In the far infrared the opacity of the solar material is so high t hat we 
receive radiation from the outermost layers both at the limb and the center of the 
disk; hence the curve is almost fiat* At *5970*5 the limb darkening is pronounced* 
(McMath-Htilbert Observatory, University of Michigan.) 


The discordances between various measurements show that new 
studies of the energy distribution are required. Water vapor compli- 
cates infrared studies; ozone introduces difficulties into the spectropho- 
tometry of the ultraviolet* New measures hy A. K. Pierce at Mount 
Wilson should provide good data on the solar energy distribution. 

In Chapter 7 we shall see that in addition to the energy distribution, 
we must know the limb darkening / x (0)//*{ 0) as a function of wave 
length in order to undertake an analysis of the structure of the solar at- 
mosphere* Measures were made b} r Abbot, by Moll, Burger, and van 
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der Bilt, by Miss Ganavaggia and I). Chalongc, and recently by A* K. 
Pierce and his colleagues at the MeMath-HuIbert Observatory, 


3- Spectrophotometric Gradients 

In descriptions of the energy distribution in stellar spectra it is use- 
ful to employ a quantity called the gradient. Let us write Planck's law 
in the form 

ex. '/’) . (3) 


where c* — 1,438 X 10* if X is measured in angstroms. Suppose that 
for the interval Xt-X* we wish to compare a star whose energy distribu- 
tion can be characterized by a color temperature Ta with a source of 
known temperature 7 V Measures, often by photographic photometry, 
give the ratio, logic I a (X)/7/j(X), which is a linear function of 1/X even 
for large spectral intervals. We define the relative gradient: 

d[ln IA\)/Id\) 1 ™ d log,n Ia{\)/Ih{\) 

0ah WJ\) - - 130 dci/x) (4) 

for the wave length range involved. By hypothesis, we suppose that 
the energy distribut ions of A and of B resemble those of black bodies at 
Ta and Tb respectively. Hence, from eqn, (3), 


Gah - (1 - (1 - 

* A IB 


C2 


If we define 


then 


* = f (1 - - 5X - log, 10 


Gab = <KTa) - *{T a ) 


j login / x 

4 


(5) 

( 6 ) 


If T is not large, A7 f will be small, and Gab will approach 



The observational quantity Gab gives the relative energy distribu- 
tion in the star and source over a selected wave length range. It is a 
more fundamental and useful quantity than the color temperature. 
Suppose we compare a certain number of stars with the same primary 
standard {star 1 or laboratory source}, for which a temperature Tb is as- 
sumed, If an error BTb is subsequently found in Tb, the <I>a f s will all be 
affected by the same amount $4>Bj but the color temperatures will be 
affected in different ways. The changes in the color temperature will 
be much greater for the hot stars than for the cooler ones. 


See, 31 
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The experimental and observational difficulties in the comparison of 
a stellar spectrum with a laboratory source are formidable, A good 
account of the procedures is given by Robley Williams who compared 
the energy distribution of Vega with that of a carefully calibrated tung- 
sten lamp as modified by a Corning Uaylite filler. 

To obtain the true energy curve of a stellar spectrum by photographic 
photometry the following steps are necessary, (1) We must photo- 
graph the stellar spectrum at several altitudes, i.e,, through different 
air masses in order to estimate the reddening effect of the earth's at- 
mosphere upon the observed energy distribution, (2) We must pilot o- 
graph the spectrum of a laboratory source of radiation whose spectral 
energy distribution is known, (3} We must employ some means of pho- 
tographic calibration so the blackening {density) of the photographic 
emulsions can be related to the light intensity. Further, the star, the 
laboratory source, and the calibration must bo photographed with equal 
exposure time, at the same temperature and humidity, and with the 
interval between successive exposures kept as small as practicable,* 

The slopes of the energy curves change slowly with temperature be- 
yond 12,G00°K. Hence, small errors in <j> produce large errors in the 
color temperature. For example, Kienle and his co- workers at Gottingen 
with a six-inch telescope and grating calibration system found T e — 
1 G,000°K for Vega as compared with 14,300°K from the 1938 observa- 
tions of Williams. 

The important spectrophotometric work of Barbier, Chalonge, and 
their colleagues covers the spectral range from X5000 to the ultraviolet 
limit of transparency of the earth's atmosphere at about X3000, These 
observers compared stellar spectra photographed with an objective 
prism with various lamps and with a hydrogen discharge tube. One 
trouble with their method is the large number of steps necessary to com- 
pare the stars with the ultimate standard lamp, A further difficulty is 
that the hydrogen source is bluer than the stars themselves, 

Barbier and Chalongc tabulate the values of fa and fa which are de- 
fined for X42A0 and X3500, respectively, (See Table I.) These arc the 
gradients above and below the Balmer limit. They also give the dis- 
continuity D at the Balmer limit, defined by 


D - login 


f (X > 3650A) 
/{X < 3650A) 


( 8 ) 


Here /> refers to the intensity computed from a Flanckian curve fitted 
to the longward side of the Balmer discontinuity, whereas Z< refers to 


* Photoelectric methods can yield a much higher precision as the investigations 
hy Joel Stobbins, G. E, Kron, and J, Lynn Smith at the Lick Observatory and by 
Arthur Code at the Mount Wilson Observatory show. 
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the intensity derived from a curve drawn through the energy distribu- 
tion on the short ward side. For an Ai) star such as Vega, Barhier and 
Chalonge get tfu = 1.00, corresponding to r J\ — 10,o0Q*K t and ^ = 1.39, 
which means T* = 10 f *500°K, They also give for each star, Xi, the wave 
length that characterizes (he position of the Balmer discontinuity. 'This 
parameter is useful in distinguishing between dwarfs and supergiants 
among early-type stars. Thus, in the AO dwarf, Sirius, the Buhner lines 
merge at a longer wave length (X, — 3774) than in the A2 supergiant, 
a Cygni (Xi = 3697). 

TABLE I 


Tub Color Temperatures ano Balmer Discontinuities of 
Normal Stars* 


Spectrum 

I) 

0i 

r, x io-*°k 

02 

T. X 10 ’°K . 

Oft 5 

0.03 

0.57 

52 

0.02 

20 

HO 

0,04 

0.74 

2H 

0.78 

20 

m 

0.07 

0.74 

28 

0.78 

20 

m 

0.1 i 

0.73 

20 

0.78 

20 

m 

0.17 

0,79 

25 

0.80 

18 

B5 

0.25 

0.03 

18 

1.02 

15 

m 

0.33 

0-Sti 

21 

1.10 

13.5 

m 

0.30 

0.04 

IS 

1.11 

13 

AO 

0.47 

1.00 

10.5 

1,30 

10,5 

A2 

0.44 

1.10 

13 

1,44 

10 

AZ 

0.42 

1.31 

1 1.5 

1,43 

JO 

Ab 

0.30 

1.30 

n 

1.53 

9,5 

F0 

0.28 

1.70 

8.0 

1.74 

8.3 

F2 

0.22 

1,74 

8.4 

1.52 

9.5 

gFb 

0.24 

2.01 

7.2 

1.84 

7.8 

dFS 

0.17 

2,01 

7.2 

LSI 

8.0 

dFS 

0.11 

2,21 

0.5 

1.97 

7.3 

gGO 

0.02 

3.08 

4.05 

2.82 

5.05 

dCO 

0.00 

2,50 

5.75 

2.30 

0.1 

gGo 


3.20 

4.5 



gKo 


3.80 

3.75 

3.26 

4,4 

gKb 


5.40 

2.05 

3,73 

3,8 

g\fa 


5.72 

2.5 




* Courtesy D. Barbior and D, Chat on Re, Annate* d’ Aslrophifttique 3 t No. 2, 1940. 


Barhier and Chalonge have observed other absolute magnitude effects 
in the continuous spectra. Earlier than F8 ? supergiants have the same 
gradients as main-sequence stars, whereas later than FS the color tem- 
peratures of the more luminous stars arc lower. The Balmer discon- 
tinuities are smaller in supergiants than in normal stars for spectral 
classes earlier than *45, whereas in later types the opposite is true, hi 
fact, between ZfO and F5 the two parameters D and X t should suffice in 
principle to fix the spectral class and luminosity. 
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The comparison of stellar energy distributions with one another, i.e., 
the determination of relative gradients, achieves a much higher preci- 
sion than does the measurement of absolute values. Among the more 
extensive programs of this nature are those of the Greenwich observers, 
Greaves, Davidson, and Martin, and of Kienle, Strassl, and Wompe in 
Germany. 

The most accurate relative spectrophotometry can be done photo- 
electrically. With the aid of gratings, John Hall measured the relative 
gradients of 67 bright stars in the interval from X4560 to MO, 300 with 
the caesium -oxide-on-si l ver cell. His results compare well with those 
obtained at Gottingen, but the attainable accuracy is greater* 


TABLE 2 

Mean Color Temperatures anr Colors as a Function of Spectral 

Type* 


8 peel rum 

Mean Color Temperature 

V-I 

Main Sequence 

Giants 

Main Sequence 

Giants 

0 

23 J 000°K 


-2.52 


tiO 

21,000 


-2.47 


BS 

10,000 


-2.24 


A0 

1 1 ,000 


- L70 


A 5 

8,700 


-1.30 


FQ 

7,300 


— 0.92 


Fo 

0,400 


-0.52 


GO 

5,950 

5, 100°I\ 

-0.28 

+0.30 

Go 

5,570 

■l,3l>0 

-0.05 

+ 1.00 

K0 

5,280 

3,830 

+0*16 

+ 1.08 

Kb 

4,550 

3,140 

+0.80 

+2.30 

MO 

3,590 

3, lfK) 

+2,04 

+2.80 

Mb 


2,710 


+4.00 


* Courtesy J fc Siebbina and A, K. Whit/ord, Attrophtfrical JauTtml (University ot 
Chicago Press) 102, 330* 1945, 


Stebbins and Whitford employed a photocell and filter combination 
that gives effective wave lengths at X3350, X4220, X4880, X5700, X7190, 
and X 10,300 to measure the relative-energy output of various sturs. 
The zero point must be established from other data. Table 2 gives the 
color temperatures based on an assumed value of 5500° lv for a dwarf 
f?6 star. The V I columns give the corresponding magnitude difference 
at effective wave lengths X4220 and X10.300. The accuracy of these 
measures permitted the separation of giants from supergiants, the limita- 
tions being imposed by inaccuracies in spectral classification rather than 
in color. Errors in spectral classification become particularly important 
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for the cooler stars arid have, as Wildt noted, an important influence on 
the interpretation of the continuous spectra of the M stars, 

Milford has considered the effects of lines on measured stellar magni- 
tudes and has derived corrections to get. the photovisual magnitude of 
the continuum, lie has also derived the absolute fluxes of stars from 
to Ao for the continuum at A5450. He suggests comparing stars by 
means of their monochromatic fluxes at one point in the continuum, 
Woolley and Gascoigne did this for Sirius at four wave lengt hs and Code 
has compared the fluxes of several stars by photoelectric methods. 

The important point to realize is this: we observe in only a small 
number of stars the fundamental parameters (twenty or so effective 
temperatures, for example), while by contrast we have observed in a 
great number of stars other quantities such as speetrophotometric gra- 
dients, Balmer discontinuities, total intensities, and profiles of lines,. 
Our task is to utilize these data with the aid of suitable theories to obtain 
such fundamental quantities as effective temperatures and absolute 
luminosities. 

4. Relation Between Stellar Radii and Temperature 

If a star is photographed or observed photoelectrically, the recorded 
light will cover a considerable range of wave length. The interval em- 
braced will depend on the spectral sensitivity of the receiver and the 
filters employed. Unless the star shows abrupt variations of energy 
distribution in its spectrum, caused, for example, by intense emission 
lines or strong molecular bands, the magnitude of the star will be nearly 
the same as it would be if all the recorded light were lumped together 
at one wave length, called the effective wave length. For any combina- 
tion of telescope, plate, and filter, the effective wave length can be de- 
termined with the aid of a wire grating placed over the objective. The 
effective wave length for conventional photographic magnitudes is X42A0. 
In photoelectric work, Ku is found from the filter transmission and cell 
sensitivity. 

The effective wave length changes in going from hot to cool stars in 
the sense that X tTf j becomes greater for the cooler stars. The effect will be 
more serious the greater the wave length range covered in a given filter 
and plate combination. For a small range of wave length and of spectral 
type, X ( .f f usually may be regarded as constant 

The impression upon the photographic plate will be proportional to 
r~*irR 2 E(\ Cj T)Q AX, where R is the radius of the star whose distance is 
r and E is the emission at the effective wave length A e over a wave length 
interval AX. Q is a factor which depends on the sensitivity of the appara- 
tus and the transparency of the optical system. We assume that at- 
mospheric extinction has been determined and taken into account. 


flee. 4) 
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Further, let us suppose that the stellar energy distribution may be 
represented by the Planckian function, eqn. (3), for some temperature. 

That 1S ’ E(K, T) = irKI(K, T) (9) 

where the factor K takes account of the fact that although T may repre- 
sent the wave length distribution of the energy, it does not necessarily 
describe the quantity of the radiation. For a given K A will depend 
slightly on the temperature. If we assume / is given by eqn. (3) and 
express the measured brightness in magnitudes, we obtain 

m\ - — 2,5 log t r-Q — 2.5 log Kc iX r 5 AX — 5 log R + 5 iog r 

+ loKioe + 2.5 Iok (1 - c~ CtlKT ) (10) 

where log means logic. Eqn. (10) can be written in the form 

mx = a — 5 log R + r + x + 5 log r (11) 

Here, a represents the first two terms of eqn. (10) and x is the last term 
on the right of eqn. (10). if the distance r of flic star is known, we may 
use eqn, (5) of Ch, 1 to obtain an expression for the absolute magnitude 
of the star for the wave length in question, viz,: 

M = C* - 5 log ft + 1 X "*’- 4- x (12) 


The correction factor, x , has been tabulated by Russell- Dugan-Stewart* 
as follows: 


1.561 

1.0 

2.0 

3.0 

4,0 

5.0 

X 

—0.55 

-0.10 

-0.07 

—0.03 

-0.01 


For Harvard photovisual magnitudes, X* = 5480. We may evaluate 
the constant, C\ = 5 + a with the aid of the known absolute phofovistial 
magnitude (+4.73), (he diameter, and the temperature (5700° K) of 1 ho 
sun. We express stellar radii in terms of the solar radius. Then Cx = 
— 0.27 and we have 

My,, = -0.27 - 5 log H + (13) 

as the relation between absolute visual magnitude, radius, and tempera- 
ture for the stars like the sun. Thus, given the gradient and the absolute 

* Astronomy (Boston: Ginn <fc Co., 1927), II, p, 732. 
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visual magnitude, we may estimate the stellar diameter.* It is evident 
that the procedure is rough since the factor A", here treated as a constant, 
varies slightly with the temperature. 


6. Color Indices 

For photographic magnitudes, the effective wave length is X4250 and 
from eqn. (12) there results: 

M p = C p -o log B + 5!^ (H) 


By definition, for an AO star, m, = m P} and M v = M p . If T is taken as 
12,000° K (as a compromise between the effective and color tempera- 
tores) , C P will be —0,95. For any star undunmed by space absorption, 
t he color index, 

at = M v - M v 
is related to the temperature T tiy 


8200 

C.I. + 0.08 


( 15 ) 


In view of the crudeness of the assumption that stars radiate like black 
bodies, we have neglected the small correction factor x in eqns. (13), 
(14), and (IS). Furthermore, the temperature determined from eqn, (15) 
is rather loosely defined, correlated with, but not identical with, either 
the effective or color temperature. 

One may also determine red indices, i,e., the difference between visual 
and photo-red magnitudes. The zero-point of the red magnitude system 
is so chosen that the red index will vanish for an A0 star. 

It is sometimes necessary to compare the luminosities of two stars 
with reference to the total radiation they emit, i.e., to compare their 
bolometric magnitudes. The bolometric correction is defined as the 
difference between the bolometric and photovisual magnitude, i.c., 

B*a ~ 

Hie scale is so adjusted that the bolometric corrections are small for 
stars such as the sun ((72). They become large for high-temperature 
stars which radiate mostly in the far ultraviolet and for the cool stars 
whose principal energy output is in the infrared. Much of the infrared 
radiation may be measured with the thermocouple, although the correc- 


* The stellar interferometer has been employed to measure angular diameters of 
red giant and supergiant stars. Thus, if the angular diameter of a star is known and 
its distance can be measured, ft and M vvt arc determined. From eqn. (13) one can 
then find the temperature. 
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tions for absorption by water- vapor in the earth’s atmosphere are 
troublesome. From such data, together with information supplied by 
eclipsing binaries. Kuiper has derived empirical bolometric corrections. 
At the other end of the temperature scale, bolometric corrections must 
be computed by theory. Here it is necessary to take info account, as 
best we can, the deviations of the energy distribution from that of a 
black body. (See Oh. 7.) For the hotter stars, the uncertainty in the 
temperature introduces a further uncertainty in the bolometric correc- 
tion. Tables 3 and 4 give the empirical and theoretical bolometric 
corrections published by Kuiper, 


TABLE 3 

Empirical Bolometric Corrections m Magnitudes for the Cooler 

Stars* 


(After Kuiper) 


Spectrum 

Main 

Sequence 

Giants 
M = 0.0 

c Stars 

M = —1.0 

Spectrum 

Main 

Sequence 

Giants 
M - 0.0 

c Stars 

M =-4.0 

F2 

-0.04 

-0.04 

— 0.04 

K4 

-0.55 

-1.11 

— 1.50 

n 

0.04 

0.08 

0.12 

Kb 

0.85 

1.35 

1.80 

FB 

0.05 

0.17 

0.28 

KB 

1.14 



GO 

0.00 

0.25 

0.42 

MO 

t.43 

1.55 

2,2 

G2 

0.07 

0.31 

0.52 

Ml 

1.70 

1.72 

2,0 

Go 

0.IQ 

0,30 

0.05 

M2 

2.03 

1.95 

3.0 

GB 

0.10 

0.47 

0.80: 

M3 

(2.35) 

2.20 

-3.0 

K0 

0,11 

0,54 

0.03: 

A/4 

(2.7) 

2.72 


K2 

0,15 

0.72 

1.20 

Mb 

-(3.1) 

-3.4 


K3 

— 0.3i 

-0.80 

-1.35 






* From A xtrophy&ical Journal (University of Chicago Pre^) 88 , 429, 1938. 


TABLE 4 

Theoretical Bolometric! Corrections is Magnitudes for the Hot 

St a its t 


(After Kuiper) 


Temperature 

°K 

B.C. 

Tenipcrat ure 
°K 

B.C. 

Temperature 

°K 

B.C. 

0000 

-0.06 

10,000 

-0.57 

20,000 

-2,18 

0500 

0.00 

11,000 

-0.78 

22,000 

-2.40 

7000 

-0.0 1 

12,000 

-0.08 

25,000 

-2.60 

7500 

—0.12 

14,000 

-1.36 

30,000 

-3,12 

8000 

-0.22 

10,000 

— 1.66 

40,000 

-3.8 

0000 

-0.40 

18,000 

— 1 ,94 

50,000 

-4.3 


t /(>«/. 
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1 he giant star Aide Imran, A';), has an apparent magnitude of 1.06. 
The bolomelric correction is —1.35 and, hence, the star has n bolometric 
magnitude of 1.06 — 1.35 = —0.29. Bolomet.rieally, the irregular 
variable, a Ononis, A/2, nmg. 0.1 In 1.2, becomes brighter than Sirius 
( m — — 1.58, 7 <= 1 0,000° K), since the bolomctric correction of a 
Orion is is —3.0. 

Magnitudes measured with a thermocouple are called radiometric 
magnitudes. The thermocouple responds to all radiation that reaches it, 
but the resultant magnitudes still must be corrected for the effects of 
atmospheric extinction in order to obtain bolomctric magnitudes. The 
difference between the visual and radiometric magnitude of a star, 

^YtWil ^nwMomotrlo 

is called its heat index. The zero-point uf the radiometric magnitude 
scale is so chosen that the heat index is zero at class AQ. Heat, indices 
am positive and large for cool, red stars. 


PROBLEMS 

1* Derive the formula for the gradient in terms of frequencies rather 
than wave lengths. 

2. If the maximum and minimum temperatures of x Cygni are 
224G°K and 1640° K respectively, what are the color indices? 

3. If the absolute visual magnitude of rSeorpii is -2.4, 7 = 28,150°K, 
vi* = 2.0, calculate five distance of the star, its bolomctric magnitude, 

and diameter. If the surface gravity is 8.5 x 10< em/sec 2 , what is its 
mass? How does this value of g compare with that derived from the 
empirical relation eqn. (11) of Chapter 1? 

4. The star v Eridani has an apparent visual magnitude of 3.8, a 
parallax of 0'/301, and a spectrum of class Ki \ . Compute the absolute 
visual magnitude, the diameter, the luminosity in terms of the sun. 
Estimate the mass from the empirical mass- luminosity relationship and 
compute the surface gravity. 

5* A star whose temperature is 32,000° K has an apparent magnitude 
of 11*6 and a distance of 3000 parsers, t Calculate its diameter and abso- 
lute bolomctric magnitude. 
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Tim.; Continuous Spectra of the Sun and Stars 

1* The Problem of the Continuous Spectrum 

Although many stars radiate roughly like black bodies, important 
exceptions exist. I he continuous spectra of the cooler stars are blighted 
by numerous absorption lines. In hotter stars such as those of spectral 
class .4, the strong wave length dependence of the continuous hydrogen 
absorption plays havoc with the black body approximation. 

Thus, two effects — the discrete absorptions of the spectral lines and 
the continuous absorption of hydrogen — distort the continuous energy 
curves of many stars. 

Yet, it is worthwhile to pose this question: if the continuous stellar 
absorption coefficient were independent of wave length (as is actually 
true for electron scattering) and each volume element of the atmosphere 
radiated like a grey body, would the stellar energy curve he Planckian? 
The observed energy distribution is the sum of contributions from all 
layers from which radiation may escape to the surface. The uppermost 
strata are coolest and the underlying layers become increasingly warmer. 
If each stratum radiates according to Kirchhoff's law, then the energy 
distribution contributed by each zone of constant temperature will bo 
Planckian in character, and the resultant energy output of the star will 
be the sum of many black body curves, each weighted according to the 
amount of radiation from that particular stratum that reaches the sur- 
lace. Almost all the radiation from the upper, cooler layers reaches the 
surface, while the light from the deeper layers is dimmed by absorption 
in the intervening strata. From great depths but little of the radiation 
is able to reach the surface. 

fn most stars the absorption coefficient is not independent of wave 
length, with the consequence that in spectral regions where the absorp- 
tion coefficient is high, the emergent radiation all comes from the upper- 
most layers, whereas in other spectral regions much of the observed radi- 
ation comes from relatively hot, deep sf rat a. The continuous absorption 
coefficient in an .4 star provides an illustration. To the lougward side 
of the Balmer limit at A3A50 the continuous absorption coefficient is less 
t han it is on the short ward side of the Balmer limit. Hence to the red 
of X3050 and between the Balmer lines, the observed radiation comes 
from much greater depths than does the radiation to the violet of the 
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Balmer limit. At XSbQO, for example, radiation reaches us only from 
the coolest, outermost levels of the atmosphere. 

For most stars we observe only a quantity proportional to the energy 

distribution in the integrated light, viz., F\ where R is the radius of 

the star and d is its distance. For the sun we can observe both the in- 
tensity distribution at the center of the disk, /x(0), and the variation of 
the intensity distribution across the disk, 0), the so-called dark- 

ening to the limb. This latter effect provides the most elementary argu- 
ment for the existence of a temperature gradient in the sun. At the 
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center of the disk we see to much deeper and hotter layers than we do 
near the limb where our line of sight enters the solar atmosphere at a 
glancing angle. From the limb-darkening data and I\(6) it is possible 
to find both the variation of the absorption coefficient with wave length 
and the temperature gradient in the solar atmosphere. 

In order to interpret l lie observations we shall derive an expression 
for Jx(0, 0 )» the intensity of the radiation emitted by a star in any wave 
length, X, and at any angle 0 with respect to the normal drawn to the 
surface. We may express our results in terms of either the wave length 
X, or the frequency v. 

In Fig, 1. the ray reaching the observer from the point on the surface 
of the sun emerges at an angle 0 with respect to the outward normal. 
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This ray comprises contributions from heated strata at many different 
depths* 

Consider a layer at a depth and temperature T , and let us fix our 
attention upon a small cylinder of unit area and thickness 


ds — sec B dx (I ) 

(see Fig, 2), The total emissivity per gram of material is and since a 
volume ds contains a mass pds, the intensity of the radiation emitted 
by the box will he 

dE, = —j>pds (2) 


The emissivity depends on the physical conditions existing in the 
cylinder. If the material is in thermal equilibrium with its surroundings, 
KircfahofTs law (eqn. (22) of Ch. 5] applies. Then 

dE* = h\B»(T)p dx sec 0 (3) 

where k P is the absorption coefficient and B, is the Planck function de- 
fined in eqn. (10) of Chapter 5, 



Fig, 2. —Elementary Emitting Volume 

r rhe radiation emitted by the elementary cylinder in the direction of 
the observer is weakened by the absorption of the overlying strata, such 
that the contribution dl„ which actually reaches the surface is 


dl ¥ — (IE, 


C4) 
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where the optical depth r* is defined by eqn. (20) of Chapter o* There- 
fore, the intensity of the emergent beam is the integral taken over all 
the elementary cylinders in the line of sight : 

7,(0, (?) =J° B r {T) e -*’"* • sec 0 dr, (5) 

This is the fundamental relation expressing the connection between the 
emissivity of the radiating layers, the optical depth, and the observed 
intensity of the emergent beam. Since the absorption coefficient de- 
pends on wave length, it is (dear that the temperature will be a different 
function of the optical depth t„ [cf, eqn. (20) of Ch, 5] for one frequency, 
say n, than for another frequency, say r 2 . Hence, it is often desirable 
to define an optical depth in terms of some kind of an average coefficient 
of absorption k * Thus 


dr — kp dx 

(6) 

dty « -rf dr 
tc 

(7) 


In most stars we can observe only the total flux, Substitute 
eqn. (5) into eqn. (4) of Chapter 5 to obtain 


Now let 


F. - 2JJ1WT) dr.J* \ 'r“* sin 6 


de 


see d — ij, sin 0 d6 — 

IT 


( 8 ) 


and introduce the exponential integral function 

*.<*>=/ ~dy (9) 

Jm- 1 if 

where E\ is called simply E % and E 0 — e~* x. Then eqn* (S) becomes 


F y - 2 f ftAn)Ez(Ty) dry 


( 10 ) 


The flux (or intensity) of the emergent radiation depends on the rate 
at which the temperature increases with optical depth, i,e., on the tem- 
perature gradient, and on the absorptivity of the stellar material. The 
formula says nothing about the way in which the temperature gradient 
is maintained. The particular value the gradient will assume at any 
point will depend on the mode of energy transport, whether it is by 
molecular conduction, convection currents, or radiation. 
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Since the thermal conductivity of gas is low, e,g., that of helium is 
0,344 X IQ -3 cal/cmVsec/deg at N.T.F., we can easily show that ther- 
mal conduction can play no important role. In order for this process to 
supply the energy output of the sun, the required temperature gradient 
would be so high that actually the lower layers would lose more energy 
by thermal emission than by conduction, thus contradicting our hy- 
pothesis. 

Convection currents require for their continued existence a different 
temperature gradient than that needed for the radiative transport of 
energy. Although the photospheric granules suggest that convection 
currents play some role in the outer layers of the sun, the tempera* 111*0 
gradient demanded by the observations for the uppermost strata is more 
nearly in accord with that appropriate to the transport of energy by 
radiation than with that valid for a state of convective equilibrium.. 
Below the radiative zone there is a zone in convective equilibrium. (See 
Ch. 9,) 

Our principal tasks in this chapter will be not only to obtain solutions 
of eqns. (5) and (10) but also to show how these expressions may bn 
employed in the interpretation of observable features of stellar spectra. 

For example, the determination of the color temperature of a star 
amounts to fitting a Planckian curve to F P over a definite wave length 
interval, e.g., A40GO-X650Q. Thus, the so-defined temperature is only 
the parameter inserted in Planck's formula when the latter is used as a 
convenient interpolation device. Its relation to the physically signifi- 
cant effective temperature will depend on the temperature gradient and 
the absorption coefficient and is often complicated. 

Our plan of attack will bo as follows: First we shall investigate the 
theory of the stellar absorption coefficient both for a hot star and for a 
relatively cool one such as the sun. Then we shall show how the ab- 
sorption coefficient in the solar atmosphere 1 may be found empirically 
from the law of limb darkening and The agreement between the- 

ory and observation confirms our belief that the negative hydrogen ion 
is the principal source of opacity in the sun. The relation between color 
and effective temperature likewise may be explained in a satisfactory 
fashion. 

The flow of radiation through a stellar atmosphere is a topic of ut- 
most importance. Wc shall derive the equation of transfer and show 
how the temperature may be expressed in terms of the optical depth for 
a grey atmosphere. This is a problem of pure mathematics which has 
been treated by methods similar to those employed for the study of 
neutron diffusion in a radioactive pile, as well as by an elegant procedure 
suggested by Chandrasekhar. Unfortunately, the material of which 
stellar atmospheres are composed is not grey. Modifications are there- 
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fore required in the theory. The problem of radiative transfer in mono- 
chromatic light ca nn ot be reduced easily to that of a grey body. We 
shall discuss the limb-darkening observations from t he point of view of 
the temperature gradient and show how radiative equilibrium rather 
than convective equilibrium accounts for the temperature gradient of 
the outer atmosphere. 

With the temperature gradient established we can derive the march 
of gas pressure, electron pressure, and continuous absorption coefficient 
with depth in a stellar atmosphere, be., the model of the atmosphere. 
Such model atmospheres will assume considerable importance in the 
interpretation of the dark-line spectra of the sun and stars. Finally, we 
return to the question of effective temperatures and show how measures 
of color temperatures and Balmer discontinuities together may deter- 
mine both the effective temperature and the mean electron pressure in 
the atmosphere of a star. 

2. The Stellar Absorption Coefficient 

Because of its overwhelming predominance, hydrogen is the leading 
source of opacity in stellar atmospheres. In Chapter 5 we enumerated 
the processes responsible for the continuous absorption in stellar atmos- 
pheres. They were: 

(1) Photoionization from discrete levels of hydrogen to the con- 
tinuum (bound-free transitions). 

(2) Free-free transitions wherein an electron traveling in one hyper- 
bolic orbit near an atom jumps to another hyperbolic orbit with 
the absorption of energy. 

(3) Electron scattering. 

(4) Photodissociation of the negative hydrogen ion with conse- 
quent absorption of energy. 

(5) Continuous absorption by molecules resulting in their dissoci- 
ation. 

In stars such as the sun, the negative hydrogen ion primarily deter- 
mines the absorption coefficient. In the hotter A and B stars, the pho- 
Urionization of atomic hydrogen and free-free transitions play the major 
roles, whereas in the 0 stars, electron scattering and even the photoioni- 
zation of helium may make important contributions to the opaeit}'. In 
the coolest stars, continuous molecular absorption (corresponding to 
their photodissociation) and the blocking of outgoing radiation by strong 
absorption lines become important. For most of the spectral sequence, 
from BO to the late K s, absorption processes involving hydrogen pri- 
marily determine the continuous absorption. 


i m 


ASTROPHYSICS 


[Cb, 7 


3, The Absorption Coefficient of Atomic Hydrogen 

\Yc shall now show in detail how one may calculate the absorption 
coefficient for atomic hydrogen. We first consider the photoionisations 
from discrete levels, which produce the bulk of the absorption in spec- 
tral regions normally accessible to observation. 

The absorption coefficient per hydrogen atom in l he nth level, 
is given by eqn. (98) of Chapter 5. Under conditions of thermal equilib- 
rium, the number of atoms in level n, N n , will be given by the Boltz- 
mann formula (Gb. 4). Hence the contribution of atoms in level n to 
the absorption coefficient will be 


N n 


( 11 ) 


where A r i denotes the number in the ground level, X n is defined by 
eqn. (102) of Chapter 5, and 2 n* is the statistical weight of the level n: 

At any particular wave length the absorption will comprise contribu- 
tions from a number of different levels. At X4000, for example, transi- 
tions From l he third and higher levels are responsible for the continuous 
absorption. Photoionisations from the second level involve only quanta 
of wave lengths shorter than X3650 and therefore cannot play any role 
at X4000. At X3600, contributions from n — 2 would have to be taken 
into account, whereas ionisations from the ground level, n — 1, need be 
considered only at wave lengths shorter than X912. Our procedure will 
be to calculate the absorption coefficient for each level n by cqn. (98) of 
Chapter 5 and eqn. (11) of this chapter and then to sum over all levels 
that can contribute to the absorption at the wave length in question. 

The number of hydrogen atoms per gram will be 1/M, Here, M 
denotes the mass of one hydrogen atom. The absorption coefficient per 
gram of neutral hydrogen for bound-free transitions is 


M _ 32 g y 11/ rr** 1 
lW ' 3^3 Mch 3 v 1 ^n* 


e x »g 


( 12 ) 


where the summation is taken only over those levels for which v exceeds 
v n Jcf. eqn, (102) of Ch. 5}. For the interval X8200-X3G50, for example, 
we sum over all terms, n > 3; from X3650 X3000 we sum over all terms, 
h > 2, etc. Unsold and Pannekoek have carried out detailed calcula- 
tions of k]{v). Unsold set g = I throughout and performed the indicated 
summations for levels 1 to 4, while for the higher levels he replaced the 
summation by an integral 







- 1) 

2A, 


where the integration is extended from X* to X n = 0, 


(13) 
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Finally, we must add to h\(v) the contributions from the free-free 
absorptions. The absorption coefficient per proton and free electron 
with velocity between r and v + dv in 


<*X v ) dv — ; 


2 IWhV <i 


3\/3 rev v 


h dv 


(14) 


If there are Ni protons/cm 1 and JVe/(v) dv electrons cm* with a velocity 
to v + dv, the free-free absorption coefficient per cm 3 will bo 

NiNJ{v)a k (v) dv - p dk, (15) 

where the velocity distribution of the electrons is given by eqn. (15) of 
Chapter 3. Furthermore NiN e may be expressed in terms of N\ by 
means of the combined Boltzmann and Saha eqns. (20) of Chapter 4. 
Since electrons moving with any velocity v may absorb at the frequency 
if, we must integrate cqu. (14) for a fixed frequency, over all velocities. 
Making use of the notation of eqn. (102) of Chapter 5 we get 

_ Wf1 IrT 

ve dv = — e -A "‘ dX K (16) 

m 


Then, with the aid of eqns. (15) of Chapter 3, (20) of Chapter 4, (94) of 
Chapter 5, and (14) and (16) of this chapter we write eqn. (15) in the 
form 


p dk P — 




3V3 kmc v A 


(17) 


Note that the density p = JViJf. Integrate eqn. (17) from X K ^ 0 to 
X K = oc . Then add the resultant expression to eqn. (12), making use 
of eqn. (13) to obtain the complete absorption coefficient of atomic hy- 
drogen per gram of neutral hydrogen, 


k{p) 


32 it l e*RZ* £* f af* _ 1 

3VS ch'M v * J " + 23Tt*| 


(IS) 


A plot of the absorption coefficient against frequency has u jagged 
appearance (Fig. 15 of Ch. 5). Between successive series limits the ab- 
sorption coefficient falls off as r -3 but rises abruptly as the series limit is 
approached and successive hydrogen lines coalesce to form a continuum. 
The confluence of the Balmer series near X3G5G well illustrates this 
phenomenon. 

The continuous absorption coefficient of atomic hydrogen varies with 
the temperature. At low temperatures nearly all hydrogen atoms arc 
in the ground state and practically all absorption takes place from this 
lowest level, i.e., in wave lengths shorter than X912. Since little radia- 
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t ion fails in this spectral region, the contribution of atomic hydrogen to 
l he opacity is small. 

At higher temperatures the upper levels begin to be populated. Pht> 
toionizations may occur from the second and higher levels with the con- 
sequence that considerable absorption occurs in ordinary wave lengths. 

Simultaneously, the fraction of radiation in the ultraviolet steadily 
increases. Photoionizations from the ground level become increasingly 
frequent. Atomic hydrogen then determines the opacity until it be- 
comes practically all ionized. Only for stars somewhat hotter than the 
sun (T > 8000°K) are the bound-free absorptions important, and only 
in the very hottest stars do the free-free absorptions make any appre- 
ciable contribution. 


4, Continuous Absorption in the Hotter Stars 

The calculation of the coefficient of continuous absorption for the 
hotter stars involves a consideration not oidy of the contribution of 
atomic hydrogen but also of the effects of electron scattering, and some- 
times also of helium, although in most instances the contribution of the 
latter will be small. The theory for helium is formally similar to that 
for hydrogen, but photoionization from the ground level corresponds to 
transitions in the far ultraviolet and the Boltzmann factor cuts down the 
role of the excited levels even in the hottest stars. In most instances, 
we need consider only atomic hydrogen in the range from 10,000°K to 
20,000° K. 

We shall now illustrate, by means of a practical example, the computation 
of the absorption coefficient for a hot star. Let us assume 


and 


6 = 5^0 = 0 1? (7 , = 29 j <300°K) 


log P t = 3.0 


First of all we shall compute the absorption coefficient for atomic hydrogen which 
will be the largest contributor. Write the expression eqn, (18) for £(f) in the form 


where, now: 


^ 



I?" 


e * 
ZX 


H 

Of 3 


a = hv/kf 


(19) 


and D is a numerical coefficient that depends on the temperature. For $ — 0.17 
we find log D = 6.553. The factor in brackets is multiplied by D to form the 
quantity i/, which is computed in Table 1. The first column gives n, the second 
the corresponding wave length, the third column the corresponding value of the 
frequency, and the fourth column X n . Next we compute c x "/n* (column 5), 
estimate the Gaunt factor g n (column 6) from the data of Menzel and Pekeris, 
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TABLE I 


Calculation ok the Absorption Coefficient for Atomic Hydrogen 


(1) 

(2) 

(3) 

(4) 

(3) 

(6) 

C7) 

(8) 

(9) 

ft 

X 

. X lO" 15 

A', 

n 1 


e Xn 

~ 3 '«- 

A" n 

X + l? 

H 

l 

912 

3.2!) 

5.30 

201.5 

0.83 

107,0 

167.0 

5.98 X 10 s 

2 

3650 

0.823 

1.324 

0.470 

0.925 

0.486 

0.043 

2.2!) X 10 ,; 

3 

8200 

0.300 

0,588 

0.067 

1.0 

0.007 

0.208 

0.743 X 10“ 

4 


0.205 

0.331 

0,022 

1.0 

0.022 

0.141 

0.504 X !0 n 

5 


0.132 

0.212 

0.119* 

1.0 

0. 1 1!)* 

0.1 ID* 

0.425 X 10- 


and calculate the product fi n e x '\ n n (column 7). The entry for n = 5 is e Ys /2X T 
and is denoted by an asterisk (*). In the eighth column we perform the indi- 
cated summation. Thus, 0.141 = 0.119 + 0.022, 0.208 = 0.14! + 0.067, etc. 
Finally, multiplication by D gives the coefficient of 1/a 3 which we call //, The 
value 5.98 X 10* is to be applied for wave lengths less than X912, 2,29 X 10 C 
in the interval X912-A3650, and 0.743 X 10 e in the X3650-X8200 region. To 
derive fcMn, the absorption coefficient pci gram of neutral hydrogen, we note 
that for T = 29,6Q0°K, a ^ 1.62 X 10" 1 V 

Table 2 gives logJfcMu per gram of neutral hydrogen as a function of v . 
At the series limits, approximately X8200, X3650, and X912, there are two entries 
corresponding to the absorption coefficient above and below the limit. To 


TABLE 2 


Dependence of the Hydrogen Adsorption Coefficient on Wave 

Length 
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apply tiic results inf column 3 uf Table 2 to an actual stellar atmosphere we must 
take intu account the com position of the atmosphere and the ionization of hy- 
drogen. From the ionization equation ami the given 7’ ami P c we find the ratio 
of ionized to neutral hydrogen to be 2.5 X IQ\ i.e., log k must be diminished by 
5.10 to allow for the ionization of hydrogen. Secondly, on the basis of analyses 
of stellar atmospheres, we adopt abundance ratios (by weight) of 1000, 400, 
and 20 for H, He, and the elements of the oxygen group respectively. Hence, 
each gram of stellar material is assumed to contain 0.70 grams of hydrogen, and 
therefore 

log = log — 5.55 (20) 

gives the hydrogenic contribution to the stellar absorption coefficient. The lust 
column gives the correction that is to be applied because the g factor is not con- 
stant but depends on wave length. The correction becomes large only at some 
distance from the absorption maximum and the practical effect upon the absorp- 
tion is small. 

Next, let us add the helium contribution * The absorption coefficients for 
0 = 0.17 are given in the second column of 'fable 3, With an electron pressure 
of 10 3 dynes, the ionization of He I is nearly complete, log He II /He I = 4.15, 

TABLE 3 


Tub Stellar Absorption - CoEFrrciEXT 
T - 2!) l (iOO°/C, r^>g l\ = 3.0 


(0 

(2) 

(3) 

(4) 

(5) 

(fl) 

r X 10" lft 

Log ApnOOiffl 

Log MOufi 


{t - e-“) 

K 4- a 

0.30 


(-0.6) 

12.4 

0,385 

5.11 

0.366 


( —0.6) 

7.0 

0,447 

3.45 

0,366 


(-0.0) 

10.3 

0.447 

4.91 

0.00 

4.07 

-0.64 

2.47 

0.623 

1.85 

0.82 

3.83 

-0.88 

LOO 

0.737 

1,05 

0.82 

3.83 

-0,88 

2.84 

0.737 

2.41 

1.00 

3.83 

-0.88 

L05 

0.802 

1.63 

1.5 

3.53 

-US 

0.52 

0.905 

0.78 

2.0 

3.21 

-1.50 

0.21 

0.061 

0.51 

2.5 

2,97 

-1.74 

0. 12 

0,982 

0.42 

3.29 

2.57 

-2.14 

0.05 

LOO 

0.36 

3.29 

2,57 

-2.14 

11.2 

1.00 

11.5 

4.0 

2,46 

-2.25 

0.46 

1,00 

6.8 

5.0 

2.18 

-2.53 

3,40 

1,00 

3.7 

6.0 

6.06 

+ 1.36 

24,7 

1.00 

25.0 

7.0 

5.93 

4-L22 

17.8 

L00 

18. 1 

8.0 

5.84 

H-U3 

14.4 

1. 00 

14,7 

10,0 

5.02 

4-0.91 

3.6 

1.00 

8.9 

12.0 

5.45 

4-0.74 

5.8 

1 .00 

6.1 


* Our numerical values are interpolated from a table hy Green stein (who employed 
absorption coefficients computed by Goldberg) and from the work or Vinti. Su Shu 
Huang has published improved values recently. 
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but double ionization is not yet appreciable. Since each gram of the stellar 
material is assumed to contain 400/1420 (antilog — 0.55) grams of helium, the 
contribution of this gas to the stellar absorption coefficient is (see column 3 of 
Table 3) : 

log MHb) = log fep»ni(He) - 0.55 - 4.15 - 0.01 (21) 

Here 0.01 allows for the fact that helium is 97 per cent singly ionized. For the 
absorption by ionized helium we have 

log fc( He + ) = log fcf«m(He + ) - 0.56 (22) 


which follows from the hydrogenie formula with Z - 2, X n ( He 11) = 4X n (H), 
and .tfo(He) = AM o(H), For temperatures less than 30,000°K, ionized helium 
makes no appreciable contribution to the stellar absorption coefficient, and we 
neglect it in our calculations. Thus the stellar absorption coefficient is (sec 
column 4, Tabic 3) : . wm 4- (231 


The negative absorptions increase the transparency of the stellar material to 
outgoing radiation so that the effective absorption coefficient becomes (sec 
column 5, Table 3) : 


K = (1 - e~ a )k> 


(24) 


In addition to the absorption processes of hydrogen and helium, we must now 
take into account the effect of electron scattering. In Chapter 5, Sec, 10, vve 
showed that the scattering coefficient for free electrons is 

<r = 0.665 X 10-^V E (25) 


where AT e is the number of electrons/ gram. IF Ma is the mean molecular weight 
of the stellar material when neutral, and M 0 is the mass of a hydrogen atom, 
and if is the number of electrons supplied per atom, the scattering coefficient 
due to the free electrons will be 



(26) 


The molecular weight of a neutral stellar atmosphere in which hydrogen, 
helium, and the elements of the oxygen group are in the ratio 1000:400:20 is 
1.29. The number of atoms per gram is then 0,466 X 10 - 4 and if each atom 
contributes one electron, the scattering coefficient for free electrons will be 

ff = 0.466 X 10 24 X 6.65 X 10~ !i = 0,310 (27) 


In the first approximation vve often simply add the contribution of electron scat- 
tering to kU Thus {see column 6, Table 3), 

krtt = v + K (28) 

Actually, as reference to Problems 5 and 6 or eqn. (56) will show, this procedure 
is not rigorous and electron scattering should be handled in a different way. 

Since the electron pressure, gas pressure, and temperature all change with 
optical depth in the star, k* varies also. Nevertheless, an absorption coefficient 
calculated for some mean optical depth will enable us to interpret some results of 
observation. 
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It is easy to understand why the color temperature is greater than the 
effective temperature in .4 stars. The absorption coefficient is much 
larger at X6500 than at X4000; hence, we receive radiation from deeper 



Fig. 3. — The Absorption Coefficient for a Hot Star 


The solid line denotes the value of k„( I — 4- while the dashed lines give 

the contributions of hydrogen and helium, respectively, to the absorption coefficient. 
We assume T = 29,600°K and log P E = 3.0. In a giant star the contribution of elec- 
tron scattering to the total opacity would he much more pronounced. 

and hotter layers at X 1000 than at X6500, A black body curve fitted to 
the energy curve of the star will correspond to a temperature appreciably 
higher than the effective temperature. Barbier and Chalonge found that 
the color temperatures in the ultraviolet are lower than those in the 
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visible. The absorption coefficient beyond the Balmer limit is greater 
than that on the red ward side and the radiation emerges from higher 
layers. If the absorption coefficient were infinite, (he color temperature 
in the ultraviolet would lie exactly the boundary temperature of the star. 
Under certain idealized conditions, one may observe a color temperature 
which is nearly the same as the boundary temperature of the star. Imag- 
ine an eclipsing binary in which the fainter star emits a negligible amount 
of light. When the eclipse is almost total, we observe radiation only 
from the extreme limb, i.e. f the uppermost layers which are nearly at 
the boundary temperature TV Hence, the color temperature should 
equal the boundary temperature. At a wave length where the absorption 
coefficient is high, we obtain radiation only from the outermost layers at 
all phases and hence the color temperature would not change much 
during an eclipse. In a more transparent region of the spectrum, ap- 
preciable changes should be observed. 

Barbier and Chalonge made a beautiful observational test of this 
idea with the eclipsing binary, Algol. The gradient which measures 
the color temperature in the blue region of the spectrum, changed ap- 
preciably during an eclipse, when most of the primary star was covered, 
while cfc, which refers to the ultraviolet, changed hardly at all, indicating 
that in a region of the spectrum where the absorption coefficient is large, 
one observes the outermost layers at all times. The effect of the sec- 
ondary star does not appear to be important. 

The amount of the Balmer discontinuity is readily observable in the 
hotter stars (Oh. (>). It depends on the relative numbers of atoms in 
levels n — 2, and n = 3 and therefore on the temperature, and also 
on the extent to which hydrogen contributes to the total opacity. Among 
the main-sequence high-temperature stars, the Balmer discontinuity is a 
good indicator of spectral type and therefore of temperature. Barbier 
and Chalonge found that supergiants show smaller Balmer discontin- 
uities t han do mai n-sequence stars of the same spectral class. G reenstein 
pointed out that hydrogen is more highly ionized in the supergiants. 
Therefore electron scattering provides a larger percentage of the opacity 
in the atmosphere of a supergiant than in that of a main-sequence star. 

5. The Absorption Coefficient in the Cool Stars 

Although absorption by neutral hydrogen explains the continuous 
absorption in the hotter stars, it fails by many orders of magnitude for 
the cool ones. Suppose we compute k ¥ /k for neutral hydrogen and 
evaluate the flux above and below the Balmer limit as a function of 
temperature from eqn. (10). We find that the Balmer discontinuity D 
increases without bound as the temperature decreases. On the other 
hand, if we plot I) from the data of Barbier and Chalonge as a function 
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of spectral type we find that it rises from BO to n maximum at AO and 
then decreases at still lower temperature*. Evidently some other 
source of continuous absorption must replace atomic hydrogen at the 
1 o wer tem p eratu res. 


DISCONTINUITY AT THE BALMER LIMIT 



Fig. 4* — Tub Balmer Discontinuity and Its Theoretical Interpretation 

The diagram on the right shows the Balmer discontinuity (as measured by Barbier 
ami Chalonge) and expressed in magnitudes plotted as a function of spectral type and 
5010/T (Kuiper'a temperature scale). The ordinates on the left are the theoretical 
magnitude differences computed for the Balmer discontinuity by means of the inte- 
gral, cqn. (10), on the assumption k r /& is constant with optical depth. The heavy 
lines computed for an electron pressure of 1 00 dynes /cm* refer to hydrogen /metal 
ratios of 13.7: 1, 50:1, and oc: 1. Notice that a hydrogen /metal ratio of about 50 is 
required if only hydrogen and the metals produce opacity in the solar atmosphere. 

The broken curves correspond to the effect of H" absorption at electron pressures 
of 10, tOG, and 1000 dynes/cm* ami no metallic absorption. Notice that the Balmer 
discontinuity can be explained by the assumption that hydrogen and the negative 
hydrogen ion produce absorption in the solar atmosphere if the electron pressure is 
somewhat greater than 100 dynes/cm* The agreement is improved with the new 
calculations by Chandrasekhar, (Courtesy, H. Wiidt, A&tr&physical Journal, Univer- 
sity of Chicago Press, 90, GIG, 1930.) 


Initially, it was assumed that the metals were responsible for the 
opacity. If, following Pannekoek, we take a hydrogen to metal ratio of 
a thousand to one, the atmospheres of the cooler stars will be relatively 
transparent and the amount of material above the photosphere will be 
measured in hundreds of grams. On the other hand, if we choose a 
hydrogen/meta! ratio to fit the Balmer discontinuity we find a ratio of 
about 15. In either event, the metallic line intensities in the cooler 
stars should be much greater than those observed unless some other 
agent is responsible for the continuous absorption. 

The way out of this difficulty was found by Wiidt who suggested 
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that negative torn of hydrogen produce most of the continuous absorption 
in late-type stars. One interesting aspect of his proposal was that the 
negative hydrogen ion had not been isolated in the laboratory, but had 
been predicted on the basis of quantum-mechanical calculations, inde- 
pendently, by H. Bet he and E* A. Hylleraas in 1930. Recently, R. Fuchs 
has observed the negative hydrogen ion continuum in the laboratory. 

The single electron of a hydrogen atom does not completely screen 
the charge on the nucleus in its immediate neighborhood. An electron 
that passed sufficiently close to the atom would find itself in an attractive 
field. It would have a definite chance of becoming attached to the atom 
to form a negative ion, H~ Chandrasekhar's exact calculation of the 
binding energy shows it to be near to 0,75 ev and confirms the fact that 
there exists only one stable energy slate. 

The astrophysical importance of the II” ion lies in the fact that quanta 
of energy in the ordinary and near infrared spectral regions may photo- 
d Associate it into a neutral hydrogen atom and a free electron. The 
absorption spectrum of II” in its ground stale is a continuum whose 
edge falls at the wave length corresponding to 0.75 ev (i.e,, M6,650), 
rises steadily to a maximum near X8500 and decreases to the shorter 
wave lengths. In addition to the “bound-free” absorption by the 11“ 
ion, there are also “free-free 11 transitions, corresponding to the inter- 
actions of neutral hydrogen atoms with free electrons. 

Calculation of the absorption coefficient of H” is extremely difficult. 
Wiidt, Massey and Bates, Williamson, and Henrich have discussed this 
problem, but the most satisfactory treatment is that by Chandrasekhar. 
An abstract of his results is reproduced in Table 4, Notice that the 
absorption coefficient is given per neutral hydrogen atom and for an 
electron pressure of one dyne. Hence, the effect of the temperature upon 
the dissociation of H _ is already taken into account. To obtain the 
absorption coefficient for dynes it is necessary only to multiply the 
tabular value by P c . big. 5, prepared by Chandrasekhar, gives the theo- 
retical absorption coefficient computed for T = 6300° K. 

f t is of interest to compute the fraction of hydrogen atoms that go to 
form II - ions at any temperature and pressure. The H” ion to 11 atom 
ratio obeys an “ionization” equation of the form 

= MT)P. (29) 

where 

log 0(7’) - -0.12 -1- 0.750 - 2,5 log T (30) 

and P f is the electron pressure in dynes. For example, at T — 5000° K, 
P c = 10 dynes, the concentration is antilog ( — 7,82) = 1,51 X 10” 8 
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The coefficients are per neutral hydrogen atom and per unit electron pressure. The numlwrs in parentheses give the powers of Id by which 
corresponding entries should by multiplied to get the coefficient in the unit cm 4 /dyne. 

Courtesy, 3. Chandrasekhar, Astrophysical Journal (University of Chicago Press) 104, 444. 1940. 


im 


Sec. 5] CONTINUOUS SPECTRA OK THE SUN AND STARS 

ions/ cm 3 . If we let <xt denote the absorption coefficient per 11“ ion, the 
absorption coefficient given by Chandrasekhar is 

«x = >(T) (3D 

ancl the absorption coefficient per gram of neutral hydrogen iw 

fcx(H-) = «x(H-) ^ (32) 

since Mu is the mass of the hydrogen atom. Here, fc*(II“) includes the 
effect of the negative absorptions. 



Xin 


Fig. 5, — The Absorption Coefficient op the Negative Hydrogen Ion 

The curves are drawn for an atmosphere at a temperature of 6300°K, an electron 
pressure of one dyne/cm 1 , and jrcr neutral hydrogen atom. The curves M and B f W 
and IF, ami their sum are the results of earlier theoretical determinations by Massey 
and Rates, and by Wheeler and Wildt. The results of more recent calculations by 
Chandrasekhar and Breen arc illustrated by the remaining curves. (Courtesy, 
S. Chandrasekhar, The Scientific Monthly 64, 318, April, 1917.) 

The straight mean absorption k [cf. eqn. (154)] calculated for an opt ical 
depth of 0.6 has been tabulated by Chandrasekhar and Munch (cf. 
Fable 5). Let fi(H) denote the contribution of purely atomic hydrogen, 
and a(H _ ) that of the negative hydrogen ion for 1 dyne electron pres- 
sure. If x is the fraction of hydrogen ionized, the total mean absorption 
coefficient per gram of hydrogen will be 

k jpteCH-JP. + aOJ)] 

M 11 


( 33 ) 
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TABLE 5 


The Mean Absorption Coefficient ran the Cooler Stars 



Pr. = 1 

P c - 10 

Pc = 10’ 

o 

li 

*4* 

Pc - 10* 


f(H-) 

5.85 X 10’“ 

3.70 X IQ * 

4.98 X 10-* 

2.12 

32.1 

0, - 0.5 ( £{H) 

1.71 X I0~ l 

1-0S 

14.5 

01.8 

03,5 


l* 

1.71 X 10-' 

LOS 

14.0 

03.1) 

120 


f£(H") 

3.93 X 10-* 

2.00 X 10 * 

5.82 X 10"* 

0,08 

68,4 

0 . - 0.6 ( k(U) 

4.18 X 10 " 1 

2.76 

6.11) 

7,10 

7.27 


[k 

LIS X I0" 1 

2.79 

0.77 

13.8 

75,7 


jE(H-) 

0.08 X 10 * 

1.28 X 10" 1 

1.34 

13.4 

134 

$ f = 0.7 i 

:f(H) 

4.54 X 10 ' 

0.41 X 10 1 

0.07 

0.7 

1 


1 f 

4.03 X 10-' 

7.09 X 10 1 

2.01 

14.1 

135 

f £(H-) 

2.20 X 10 * 

2.32 X 10-' 

2.32 

23,2 

232 

a. = o.s i 

Jt(H) 

4.00 X 10 1 

0.48 X 10 1 

0.05 



I 

If 

0.92 X I0" ! 

2.80 X 10-' 

2.37 

23.2 

232 

ff(H-) 

3.03 X 10" 3 

3.03 X 10"' 

3.03 

30.3 

303 

8r = 0.0 t 

' tUD 

0.33 X 10-« 

0.03 X 10” 1 




1 

[f 

3.96 X 10"= 

3.60 X 10-‘ 

3.03 

36,3 

303 

1 

'f(H-) 

5.57 X 10-' 

5.57 X 10 1 

5.57 

55.7 

557 

e, = i.o ( 

f(H) 

0.02 X 10~- 





! 

If 

5.59 X J0-= 

5.57 x 10-' 

5.57 

55,7 

557 

6, = 1.2 

f(II-) 

1.20 X 10" 1 

1.20 

12.0 

120 

1200 

6, = 1.4 

£(H-) 

2.33 X 10"‘ 

2.33 

23.3 

233 

2330 


For each temperature, the contributions of the negative hydrogen bn JE{H"), atomic 
hydrogen X(H), and the total mean absorption coefficient h are listed. At the lowest 
temperatures the contribution of atomic hydrogen is negligible. 

Courtesy, S, Chandrasekhar and G. M Cinch, Astrophy&ical Journal (University of 
Chicago Press) 104, 449, £946. 

6. Empirical Determination of the Absorption Coefficient 

Measurements of the energy distribution in the continuous spectrum 
of the center of the sun's disk, / x (0, 0), and of the iimb darkening, 

. (Q\ -Ix(O) /n:> 

^ 0) ~ h(0, 0 ) (34 ^ 

may be analyzed with the aid of eqn. (5) to determine the wave length 
variation of the solar continuous absorption coefficient. Wc describe 
(he method proposed by Chalonge and KourganofT and utilized more 
recently for the treatment of the limb-darkening observations secured 
by A, K, Pierce and his colleagues at t-hc University of Michigan. 


193 


Sec. C| CONTINUOUS SPECTRA OT THE SUN AND STARS 

If wc divide eqn. (5) by / x (0, 0), the expression for limb darkening at 
wave length A will be: 

0x(fl) = jT”6x(3r)c- ’>"* 9 sec 0 dr* (35) 

where 

W - (30> 

and we notice that 

Mr*) = h(T) (37) 

Kourganoff suggested that &*(rx) lie developed in terms of the exponential 
functions [cf, eqn. (9)], viz., 

Wtx) — -dx+ + CxEs(rx) (38) 

Then, from substitution in eqn. (30) we get 

- Ax + + C x [ 1 - Mln(l + p" 1 )] (39) 

where 

n = cm 0 (40) 

The coefficients, A kt fix, and Cx are to be determined from the observed 
values of $ x {0) by fitting the empirical «£x(0) curves by least squares. 
Now, consider a layer at some particular temperature T. From eqn. 
(38) we may solve for r x , the optical depth of this particular layer as 
seen in the light of the wave length X, with the aid of the empirical 
Ax, B\* and Cx- At some other wave length X', this layer at temperature 
T will lie at some other optical depth Calculations show the varia- 
tion of t\(T) with wave length to be pronounced, and hence k\ must 
vary strongly with X. We may not compare the r* directly with k K { H~) 
on the assumpt ion that the latter is responsible for the continuous ab- 
sorption in the sun, because the tabulated fc\(H~) refers to a given value 
of the temperature, whereas the empirical rx(*T) is the integral of 
through regions of varying density and temperature. Let us write 

t x = J \(T) P dx = J r kJT^p(T) dT = J'h(T)ar dT (41) 

Then, by differentiation, 

|p = M-x(r) (42) 

where or depends only on the temperature. 

Hence, for a fixed temperature, di\fdT must be a linear function of 
k x. if we plot dr\fdT against the theoretical A\ for the temperature in 
question, the points should fail on a straight line. This expectation is 
confirmed for wave lengths greater than X400G and permits the deter- 
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mi nat ion of n T . Them one may compute t x as a function of T from an 
integration of eqn. (42), and eompare the predicted (or synthetic) and 
observed r x curves. 

When this program is carried out, it is found that the empirical and 
theoretical k x s show good qualitative agreement, but quantitatively 
there are some discrepancies (see Fig. 6). The r x curves are sensitive to 
the adopted i\{0, 0) and the uncertainties introduced by errors in the 
observed energy distribution at the center of the sun’s disk are probably 
greater than the inaccuracies in the theory of the absorption coefficient* 
The boundary temperature of the sun appears to be near 4500°K. 

An alternate approach to the same problem is that of G, Munch who 
determined the k x /k variation from the data of Mulders on the con- 
tinuous spectrum at the center of the disk, and also from the total flux, 
F x(0), emitted from the sun [cf, eqn. (10)].* Both methods yielded, 
very nearly the same values of k x /k } and since the flux included the 
effect of limb darkening, the agreement between the two evaluations 
implies that the same wave length variation of the absorption coefficient 
suffices to account for the wave length distribution of the intensity and 
for the limb darkening. 


7. Theoretical Interpretation of Stellar Color Temperatures 

We recall from Chapter 0 that stellar color temperatures (obtained 
from a fit of a Planckian curve to the observed energy distribution) 
often did not agree with the effective temperatures as defined by the total 
amount of radiated energy. Chandrasekhar and Miinch showed that 
the color temperatures of main-sequence (A0-G0) stars, as determined by 
the Greenwich observers and by Barbier and Chalongc, could be inter- 
preted with the aid of atomic hydrogen and H - absorption* 

they computed theoretical gradients (cf. Ch. 0) from the predicted 
kx/kj assumed effective temperatures and electron pressures, and com- 
pared the results with the observations* 

The relative energy distribution (flux) in the continuum of the star is 
represented by Planck’s law with the temperature so chosen that the 
theoretical curve fits the observed curve at two wave lengths, say Ai 
and If tcF j and wF? denote the fluxes at these wave lengths, and if 
is the mean gradient in this interval, there follows from eqn. (5) of 
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0 = oA - 2,303 


lo^ Ft/F f 


1 

Xi 


j. 

As 


(43) 


Fo compute the flux from eqn. (10), vve must know the temperature variation 
with optical depth. It is usually assumed that the energy transfer in the outermost 
layers takes place by radiative processes. (See See. 8.) 
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Fia. G. — Comparison of Empirical ani» Synthetic t x s foei a Few 

Tv PIC A r, T E M PER ATURES 

(a) Dotted curves: Empirical r x 's computed from the observed limb darkening and 
Mulders' intensity distribution for center of the sun's disk, I x ( 0,0). Solid curve 
Empirical computed from the observed limb darkening anti from / x (0, 0) as de- 
rived from the limb-darkening curves with I he intensity at the limb, /x(0, tt/ 2) taken 
as appropriate to 4500° K. 

(b) Dotted curves: Synthetic r x s obtained from integration of eqn. (42). These are 
based on Chandrasekhar's absorption coefficient for H" and Mulders' intensity distri- 
bution. Solid curves: Synthetic r x 's obtained from integration of eqn* (42). These 
are based on Chandrasekhar's absorption coefficient for H and I x ( 0, 0) as derived 
From the boundary temperature of 4500 9 K , (A. Keith Pierce anil L. H. Aller, 
McMath-Hulbert Observatory, University of Michigan.) 
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Chandrasekhar and Munch computed k\fk for the wave lengths of the 
Greenwich measures X t — 4 100 A, and A? = 6500 A, for different effective 
temperatures and electron pressures. They then computed the cor- 
responding fluxes F\ and F% from eqn. (10) for each effective temperature 
on the assumption that the temperature gradient is given by eqn. (104), 
Then <fr may be computed from eqn. (43) and the color temperature from 
eqn, (o) of Chapter 6, Each assumed electron pressure gives a different 
curve. Fig. 7 shows the agreement, Chandrasekhar and Munch were 
also able to explain the observed Balmer discontinuity quantitatively. 



Fig, 7, — Interpretation of Stellar Coum Temperatures 

Comparison of the observed and theoretical color-effective temperature relations 
for the wave length interval \4I0 O-Mj 5QQ. The ordinates denote the reciprocal color 
temperatures and the abscissae the reciprocal effective temperatures in lerms of 

( 504O\ 

0 = ' y The circles represent the Greenwich color determinations reduced to 

the system of the Morgan-Kecrmn-Kellman spectral classification. At the low tem- 
perature end of the scale, the points fall above the curve Ijecause (except for the sun) 
no correction was made for the increased ultraviolet ahsorpl ion. Note that the double 
circled point representing the sun falls below the others and close to the theoretical 
curve. (Courtesy, S. Chandrasekhar anti G. Mttnch, Astro physical Journal, Uni- 
versity of Chicago Press, 104, 455, November, 1940.) 
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As a further example of those considerations lot us see what informa- 
tion can be determined from a star whose effective temperature can he 
inferred from its spectral class, and for which I he spectrophotometrie 
gradients and Balmer discontinuity have been measured. That is, we 
shall consider a star for which the gradient has been measured above and 
below the Balmer limits instead of confining our attention to measure- 
ments to the red of X4000. For a specific application we choose the 
dwarf, All air, Spectrum A7 (Morgan), for which Barbier and Chalonge 
find color temperatures T e = I0,400 o K(X > 3650), and 7V = 8400°K 
(X < 3650), and a Balmer discontinuity D — 0.38. We choose an 
effective temperature of 8400° K from the Kuiper scale. It is assumed 
that k\/k is independent of optical depth. 

Our plan will be to compute the intensity distribution in the con- 
tinuous spectrum as a function of the electron pressure for an effective 
temperature of 8400° K and compare it with the observed energy dis- 
1 Hint t ion. The ratio of the emergent flux at any wave length X, irl\ } to 
that emitted by a black body, xB x (JV), may be obtained by dividing 
eqn, (5) by B*(2V), The right-hand side of the resultant expression has 

been tabulated by Burkhardt* as a function of a — and ^ for an 

atmosphere in radiative equilibrium. A more accurate table has been 
given recently by Chandrasekhar.! 

The first two columns of Table 6 give the wave length, X, and a — 
he X/r7V. The absorption coefficient, k\ (corrected for negative absorp- 
tions), is calculated by the methods of Sec. 4, and Table 4, and shown in 

TABLE 0 


Interpretation of tub Continuous Spectrum of Altaih (<* Aquilaje) 


(1) 

(2) 

(3) (4) (5) (6) 

(7) (8) (9) 

(10) (H) (12) 

(13) 


he 


kjk 

bog F\fF\UW 

bog F\Ff A«hd 





A 

kkT t 

r c = 

i-<>8 P* = 

i x» K n = 

Observed 



2.0 3.0 3.5 4.0 

3.0 3.5 4.0 

3.0 3.5 4.0 


3000 

5.72 

15.4 21.5 31.2 01 

1.50 0.71 0.81 

0.21 0.40 0.45 

0.08 


J "A 

27.0 30.5 48.3 84 

2.03 1.11 1.12 

0.00 0.29 0.30 

0.10 

6h0u 

4 # i U 

1.3 0.2 17.7 54 

0.45 0.40 0.71 

0.03 0.58 0.48 

0.49 

4000 

4.28 

1.03 7.0 19.5 59 

0.51 0.44 0.78 

0.49 0.49 0.41 

0.44 

5000 

3.43 

2.71 9.5 25,3 75 

0.0!) 0.57 0.99 

0.28 0.29 0.25 

0.27 

6500 

2.64 

5.04 13.7 33,3 95 

0.99 0.70 1.25 

0.00 0.(X) 0.00 

0.00 


* Zeits. /. A p. 13, 56, 1936; see also G. M finch, Ap. J. 102, 388, 1945. 
t Radiative Transfer (New York: Oxford University Press, I960), pp. 304-7, espe- 
cially eqns. (73) and (78), and Table XXX. 
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columns 3 to 6 of Table G. Then A" is taken from Table 5 and fexA is 
computed (columns 7, 8, and 9 of Table 6). With the aid of Chandra- 
sekhar's data and with a and k\/h as parameters, we compute log 
(F\/F AMGo), (columns 10, 11, and 12 of Table 6) for comparison with the 
observed log (Fx/Fxt&^) f (column 13 of Table 6). 

Although a reasonably good fit may be obtained to the red of the 
Balmer limit with an electron pressure near (>000 dynes, the Ba liner 
discontinuity would require an electron pressure nearer 2000 dynes. 
The difference is not surprising since the higher layers contribute a 
larger fraction to the emission short ward of the Balmer limit than they 
do to the emission on the redward side of this limit. The fit in the ultra- 
violet is poor. Furthermore, the electron pressures seem much too high 
when compared with the results from the broadening of the hydrogen 
lines. Perhaps this is not surprising since line absorption originates in 
higher layers, on the average, than does the continuous absorption/ 
Probably the major source of the discrepancy is the variation of lx k 
with optical depth. In so far as the contribution of atomic hydrogen to 
the opacity is concerned, this ratio varies steeply with the temperature 
and therefore with r. 


8* The Flow of Radiation Through a Stellar Atmosphere 

Measures of the limb darkening and the intensity distribution at the 
center of the disk give a clue not only to the absorption coefficient but to 
the temperature gradient as well. As we noted in Sec. 1, the latter de- 
pends on the mode of energy transport in the upper layers of the at- 
mosphere. The observations show that radiative transfer rather than 
convection plays the dominating role. 

We may easily see qualitatively how the intensity and directional 
distribution of the radiation vary as a function of depth in the star. At 
the surface there will be no backward flow of radiation and 1(0) will be 

aero for 0 > -■ Below the surface, 1(0) will be positive for all 0, i.e. ? 

there will be backward as well as forward flowing radiation, but the out- 
ward directed radiation will still predominate. At great depths below 
the surface, 1(0) will be ouly slightly larger for 0 < r/2 than for 0 > ir/2 
Almost as large a fraction of the radiation will be flowing backwards 
as forwards. In so far as the integrated radiation is concerned, however, 
the flux must remain constant 

F = constant (44) 

Even at great depths the same general properties of the radiation field are 
preserved and there is a net outward flow of radiation. 

At a point x below the surface of the star, consider a pencil of radia- 
tion of intensity 1(0 ) defined by a cone of solid angle dw which makes an 
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angle 6 with respect to the out ward normal. Let this radiation fall upon 
an elementary cylinder of unit cross section and height ds, so placed that 



Fig. 8. — Angular Distribution of the Intensity 1 ( B ) as a Function 
of Optical Depth 


These curves are intended to show the qualitative behavior of the intensity 1 (r, 0) 
as a function of the angle 0 at different optical depths t. 


the axis of the radiation pencil is coincident with the axis of the cylinder. 
(Bee Fig. 2.) In passing through the cylinder the intensity will be cut 
down by an amount 

d/(0, x) dw = — Arp/ (0, x) ds dta (45) 

where A; is the mean absorption coefficient and p is the density. Our 
elementary cylinder also receives radiation from all sides and since a 
steady state exists, it must either scatter or diffuse this radiation, or 
absorb and re-cmit it as thermal radiation. Both processes occur simul- 
taneously. Let the mass emissivity of the material be denoted by j. 
In the most general problems of energy transfer, j will depend on 0 as 
well as on x. The amount of energy emitted per second in solid angle du 

will be — pj ds. Hence, in passing through the elementai-y cylinder the 

beam suffers a net change in intensity 

dl (0j x) dw — — kpl (0, x) ds dw + ^ p ds dw (4G) 

(net change) — — (energy absorbed) + (energy re-emitted) 
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From the geometry of the problem, 


(Oh, 7 


We define 


(h — dx sec 0 
dr — — kp dx 


(47) 

(48) 


as the element of optical depth. Note that r is measured positive down- 
ward into the star, whereas x here us measured positive upward. We 
define 


0i f) 

4irk 


= 3(0 > t ) 


(49) 


as llu 1 source function, and eqn. (46) becomes the transfer equation 

eos $ = I{r, 6) - 3(6, r) (50) 

Before we can solve this equation we must know the functional form of 
#(0, r). In an atmosphere that scatters light, extinction occurs when a 
pencil of radiation impinges upon a volume element and some of it is 
simply diffused in other directions. By the same token, the radiant 
energy in any specified direction is augmented by the scattering of light 
from other directions into the particular direction under consideration. 
The angular distribution of the scattered radiation when a pencil of 
light falls upon a volume element of the medium is given by the phase 
function p[cos 0], so defined that p[cos0] <&o/4ir specifies the probability 
of radiation being scattered in a direction 0 with respect to the direction 
of the incident beam. If scattering occurs according to Rayleigh's law, 
as with gas molecules, 

picas 0] = |[1 + cos 2 0] (51) 

while for isotropic scattering, 

cos 0] = 1 (52) 

In a purely scattering atmosphere with no energy losses by heating, etc, 

j p[t:os0] ^ = 1 

In the present context, the state of greatest interest is that of thermal 
radiation. The volume element is heated by radiation received from 
its incandescent surroundings, and because it is hot it radiates energy. 
If the total emission is of strictly thermal origin, i,e«, if all the impinging 
radiation that is absorbed is re-emitted as purely thermal energy uni- 
formly over all directions, the emission at each frequency will be given 
by KirehhofFs law [cf. eqn, (49) and eqn, (22) of Ch. 5. 

M = B,(t) 


m 
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The local temperature, T, is governed by the condition that the total 
amount of energy absorbed over all frequencies must equal that emitted, 

viz., r 

jp ds — kp ds I 1(8 , x) do> (^4) 

This is the equation of radiative equilibrium, which holds for the radia- 
tion integrated over all frequencies. In general, it is not valid ioi the 
monochromatic intensity, h(Q)> he., jJK does not equal Jl v (8 > x) dm. 
The local temperature, T, is defined in terms of the energy density at that 
point (cf. eqns. (8) and (12) of Ch. 5], 

u — aT* — ^ ^ l(8 } x) dw (55) 

Frequently, however, both continuous absorption and scattering 
may occur. Let fc, denote the coefficient of pure thermal absorption 
and a, the coefficient of pure scattering. The loss of beam intensity in 
passing through a cylinder of length ds will be 

— (fc, + <r„)p ds 7,(0, x) do, 

The energy returned to the beam will consist of the contribution from 
thermal emission, 

j,P ds ^ = k,pdsB,(T)d» 


plus the light that is simply scattered from other directions 


ds 


do, f 

Sj'- 


.p (cos 0)/* doy 


where the integration is carried out over all angles, 0 being the angle 
between the direction of the beam and the direction from which the light 
is .scattered. Adding up the gains and losses we find for the equation of 
transfer, 


cos = - (fc, + <J,)I, + tr.j I.p( COB 0) — + k r B,(T) 


(50) 


where dx = ds cos 0. Recall that s is measured positive towards the 
surface of the star. 

The nature of this equation shows that absorption and scattering 
cannot be regarded as equivalent processes, even if the scattering is 
isotropic, unless both k y and <r y are independent ot wave length. In so far 
as the continuous spectra of the stars are concerned, we are mostly in- 
volved with thermal absorption and emission according to KirehhofFs law. 
Only in the hottest stars and in certain supergiants does electron seat- 
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tering become important. Then one must employ eqn. (5(>) and take 
into account the anisotropy of the radiation. Chandrasekhar has 
solved this difficult problem for a grey atmosphere. Here, however, we 
confine our attention to the problem of pure absorption and show how 
a solution to the transfer equation may be obtained for the simplest 
example, an atmosphere composed of grey material. 

The equations arc to be solved with the boundary condition that 
there is no radiation incident on the surface of the star, and that ♦/ in- 
creases linearly with r at large? optical depths. 

For an atmosphere in which pure absorption occurs, it will be useful 
to establish certain integral relations between the Planck function, the 
intensity I, and the flux ttF. 

The mean intensity of the radiation, ♦/„ [eqn. (2) of Ch. o] at a given 
point r will he the sum of contributions from radiating elements on all 
sides. The contribution to J r from an elementary volume at an optical 
depth i v in a direction 0 as seen from the point r v will be 

dl p = Bp(Q exp (— [(£„ — t„) sec 0|) sec & dt„ (57) 

and the contribution from all such elements integrated over all angles 
and to all depths will be 


B 9 (tp) J exp [— (U — tv) sec Q] sec 9 sin 9 d9 dtp 

— 2x / Bp(tp) ( exp [— (t 9 — T*) sec 0] sec 0 sin 0 d0 (58) 
J J+t/2 


Now put sec 0 - y in the first integral and sec 9 — — ?/ in the second. 
Notice that in the first integral (/, — r ¥ ) is positive and in the second it 
is negative. Making use of eqn. (9) we find that eqn. (58) may be writ- 
ten in the form 


JfW 



B w (QMi(\lp - r,|) dl 


(59) 


Similarly, the flux is given by 







m 


In many problems B v is known a& a function of r or and a rapid 
method for the evaluation of P\ and J ¥ is desirable. The approximation 
formula, 

1 

2 

suggested by A. Reiz facilitates the calculation of integrals of the type 
of eqn. (59). Tabic 7 lists the weights a\ and a 2 and the points t\ and k 


X 


f(0E\(r - t) dt = aJdO + a,m 


(61) 
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TABLE 7 

Data for Evaluation ov Intensity Inte^rai* 

J(t) = | B(t)Ei(\r - f|) dt = uiR(tt) H- u r H{h) 

4 . 0.4532B(r + 0.292) -f 0.040SB{r + 2.507) 

Weighting coofheients ai, a% ami points h, k al which function B(l) is to he evaluated 


0.20 

0.40 

0,60 

0,80 

1.00 

1-20 

1.40 

1.60 

1.80 

2.0 

2.2 

2.4 

2.0 

2.5 
3.0 

3.2 

3.4 

3.0 

3.8 

4.0 

4.2 

4.4 

4.6 

4.8 

5.0 

6.0 
8.0 
10.0 


0.051 

o.loo 

0.167 

0.232 

0.303 

0.378 

0.459 

0.544 

0.635 

0.731 

0.832 

0.939 

1.051 

1.168 

1.290 

1.417 

1.549 

1.686 

I.S28 

1.974 

2.125 

2.2SO 

2.438 

2.601 

2.766 

3.640 

5.530 

7.500 


01 


0.0851 

0.1094 

0.1198 

0.1224 

0.1214 

0.1182 

0.1138 

0.1090 

0.1040 

0.0991 

0,0944 

0.0899 

0.0857 

0.0819 

0.0783 

0.0751 

0.0721 

0.0694 

0.0670 

0.0648 

0.0628 

0.0610 

0.0594 

0.0580 

0.0567 

0.0521 

0.0482 

0.0472 


0,169 

0.342 

0.520 

0,699 

0.881 

1.064 

1.249 

1.430 

1.624 

1.812 

2.002 

2.193 

2.385 

2.577 

2.770 

2.964 

3.158 

3.353 

3.548 

;>.;!! 

3.940 

4.137 

4.334 

4.531 

4.728 

5.719 

7.710 

9.708 


0,1278 

0.1959 

0.2421 

0.2772 

0.3044 

0.3262 

0.3442 

0.3591 

0.3716 

0.3821 

0.39 L 2 

0.3989 

0.4056 

0.4 L 13 

0,4164 

0.4208 

0.4246 

0.4280 

0.4310 

0.4336 

0.4359 

0.4380 

0.4398 

0.1414 

0.4428 

0,4477 

0,4518 

0,4528 


Courtesy, S. Chandrasekhar k Radial * w Transfer (New York: Oxfoitl Uijiveraity Pre^. 
1956). p. 67, for entries 6.26 to 4.8. The values 5.0 to 10-0 were kindly supplied by 

i i ■ \ f 1 it 1 4 1 I. j-l ■ ifh j-u 1 ! miVil inn 


at which /(/), which is to be identified with 5(0 in the present instance, 
is to be evaluated. Similarly, 



i f f(y)Ei (y) dy 

— bi/Q/i) + ba/(j/a) 

(92) 

where 

Jo 

t/i - 0,292 

b, = 0.4532 

(03) 


y% ~ 2.507 

b 2 = 0-0408 


Thus 




i frnrn 

i 

ii 

p 

4* 

Oi 

W 

£ 

*4 

+ .292) + 0.04(i8/(r + S 

2.507) (64) 
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TABLE S 


Data fob thk Evaluation of the Flux Inteuhai^s 
F(t) = 2j* - t) <11 - 2jf T A(t)£t(r - t) <lt 

= 0.883!l/i{T + 0.31)7) + O.H6lB(r + 2.723) - rf,B(i,) - d~H (q) 
Weighting coefficients di, cfe and points U t i* at which function B{1) is to be evaluated 


T 

h 

di 

Is 

dt 

0.10 

0,022 

0.078(1 

0.080 

0.0889 

0.20 

0.040 

0.1340 

0.102 

0.1615 

0.30 

0.071 

0.1759 

0,244 

0.2247 

0.40 

0.096 

0.2055 

0.328 

0.2800 

0,50 

0.124 

0.2279 

0,412 

0,3289 

o.oo 

0.152 

0.24-13 

0,498 

0.3720 

0.70 

0.18! 

0.25(i I 

0,584 

0.4 H8 

0.80 

0,212 

0.2642 

0.671 

0.4472 

0.90 

0.214 

0.2694 

0,758 

0.4792 

1,00 

0.270 

0.2723 

0.848 

0.5083 

L10 

0.311 

0.2734 

0.035 

0.5340 

L20 

0.340 

0.2730 

1.024 

0.5591 

1.30 

0.382 

0.2715 

1.114 

0.5814 

1 .40 

0.420 

0.2690 

1 .204 

0.6018 

1.50 

0,459 

0.265‘J 

1*294 

0,6206 

1*60 

0.499 

0.2622 

1.386 

0.6380 

L70 

0*540 

0.2581 

1.477 

0.6540 

1.80 

0.583 

0.2537 

1.569 

0.6688 

l .00 

0.027 

0.2492 

1.661 

0,0820 

2.00 

0.072 

0.2444 

1.753 

0.6953 

2,2 

0.700 

0.234R 

1.940 

0.71S2 

2.4 

0,865 

0.2252 

2.127 

0.7380 

2.0 

0.070 

0.2158 

2.315 

0.7553 

2,8 

1.079 

0.2070 

2.504 

0.7704 

3.0 

1,194 

0.1986 

2,695 

0.7836 

3,2 

1.314 

0.1907 

2.886 

0.7952 

3,4 

1.439 

0.1834 

3.078 

0.8054 

3.8 

1.509 

0.1707 

3.270 

0.8145 

3.8 

t .701 

0. 1700 

3,464 

0.8225 

4.0 

1.841 

0.1050 

3.058 

0,8295 

0,0 

3,457 

0.1311 

5.621 

0.8681 

8.0 

5.324 

0.1201 

7.608 

0.8708 

1 0.0 

7.287 

0.1170 

9.604 

0.8830 


As t beoomea larger, «fj approaches 0*1161 and <h approaches 0.8830 while (r — ii) 
approaches 2,723 and (r — is) approaches 0.397. 

Courtesy, S, Chandrasekhar, KadmtiTe Transfer , p, 08 for entries t — 0.10 to r — 2,0, 
The values for r *= 2.2 to 3.8 are taken from a table by B. Siromgrcn kindly supplied in 
advance of publication. The values for r = 4.0 to 10.0 were calculated by Jean K. Mc- 
Donald. 


For the evaluation of the flux integral eqn, (60), Reiz has given an ex- 
pression similar to eqn. (61) and has calculated the appropriate coeffi- 
cients (see Table 8), The emergent flux at the surface of the star is 
given by f,(r = 0) = + c,B(h) (65) 


205 


Sec. !)| CONTINUOUS SPECTRA OF THE SUN AND STARS 
where 


t, = 0.3!)7 Ci = 0.883!) 

ti = 2.723 c* = 0.1161 

For an illustrative example involving the use of these 
See. !)e of Chapter 8. 


(66) 

formulae sec 


9. The Eddington Approximation 

Various approximate solutions illustrate the character of the radia- 
tion flow. The earliest approximation is that employed by Schuster 
and Schwarzschild who simply divided the radiation field into an incom- 
ing and an outgoing beam. This method fails to give the correct flux. 
Eddington gave a useful approximate solution that yields the correct 
flux. It hius been employed in a great number of problems. He defines 
three quantities: 

1(8) (Id) 


H 


K 


-if 

-if 

-if 


I ( 0 ) cos 6 du 
1(8) cos 2 0 dui 


(67) 


where the integration is taken over all solid angles. ./ is the mean in- 
tensity of the radiation. // is the net outward flow of the radiant energy, 
and K is the radiation pressure at each point multiplied by the velocity 
of light. [Cf. eqns. (2), (4), and (23) of Ch. 5.) 

First multiply eqn. (50) by 7^ and integrate over all angles to obtain 

4 IT 


~ - J - J = 0, i.e., H = constant (68) 


in accordance with the definition of J and the constancy of the flux [see 

eqns, (49) and (64)]. Next multiply eqn. (f)0) by cos 0^ and integrate 

over all angles. Since J is independent of 0 in accordance with our as- 
sumption concerning thermal omission, 


and 


1 d 

4ir dr 



cos- 0 dw — — H 

dr 


K — Ur + constant 


(69) 

(70) 


Thus the radiation pressure varies linearly with the optical depth with 
H appearing as the constant of proportionality. 

To this point the development has been rigorous. To make further 
progress, Eddington reasoned as follows: In the deep interior of the star, 
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/ must he nearly independent of 0, in which event one may take it out- 
side the integral sign, and write: 


K ~ij 


cos 5 8 dw or K — 


(71) 


Eddington's approximation consists in supposing that quite generally 
we may take K — ^ so that, 


and 


= 3// 

dr 

J = 4 3Ht + constant 


(72) 


(73) 


In the first approximation the variation of / with 8 is neglected, ex- 
cept for a general distinction between inward and outward flow. That is 


1(0) = I h 0 < 0 < f ; m - I h 1<B<* (74) 


At Hie surface of the star, I is assumed uniform over the entire hemi- 
sphere, and //o = — j since Hie mean value of the cosine averaged over a 
hemisphere is Thus we find: 


,/(r) - 2/7(1 + | r) = £F(1 + |r) (75) 

In any application of eqn. (5) or (10) to predict the 1 theoretical en- 
ergy curve of a star, a fundamental datum is the variation of the tem- 
perature with optical depth. Different approximate solutions of the 
transfer equation differ from one another in that they predict different 
te m pe ra t u re g rat 1 i en ts . 

From eqn. (75) we see that the source function ${r) = J(r) is related, 
in accordance with eqn. (55) and eqn, (2) of Chapter 5, with Hie local 
temperature T and optical depth r by 



(76) 


The effective temperature T e of the star is defined in terms of the flux by 


7 rF - *Tl 


(77) 


From eqn. (76), the definition of a [cf. eqn. (12) of Ch. 5], and eqn. (77) 
it follows that 

r„ = < /: 27\ = 1.197’n (78) 

If the effective temperature of the sun is taken as 5750° K, the boundary 
temperature is 4800°K. 
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To derive an expression for the darkening to the limb put eqn. 05) 
into eqn. (5), noting that J = B, to obtain 

!o(8) = |(l +| cos °) (70) 

The limb darkening in the integrated radiation is 

= 0.4 + 0.6 cos 0 (80) 

/o(0) 

where the subscript “0” denotes that the intensity is to he evaluated at 
the surface of the star. This law of darkening gives a surprisingly good 
representation of the observations and suggests that radiative equilib- 
rium prevails in the uppermost strata of the solar atmosphere. 


10. The Chandrasekhar Method for the Solution of the Transfer 
Equation 

Wo now give a brief sketch of the most powerful method that lias 
been devised for the treatment of the transfer equation. For the time 
being we continue to confine our attention to grey material (for which 
the absorption coefficient is independent of wave length). With 
It = eos0, the equation of transfer eqn. (50) becomes 

Our problem is to find how /(t, ft) depends on ft and r, the optical depth 
in the star, given the appropriate boundary conditions. The appear- 
ance of the ft factor on the left-hand side complicates the solution of the 
equation in the neighborhood of the boundary. The equation of trans- 
fer for a grey body is formally equivalent to t he problem of the diffusion 
of neutrons in a pile. Among the solutions of this problem was that 
proposed by Wick, which was amplified and extended by Chandrasekhar. 
In a manner analogous to that employed in the kinetic theory" of gases 
where it is customary to resolve the motions of the molecules in a box 
into three equivalent streams parallel to the walls, one may divide the 
radiation / into several elementary pencils, each of which corresponds 
to a different ju. That is, we replace /{r, ju) which is a function of two 
variables by a set of 2 n quantities, / (r, in), i — ± 1, 2, * * ■ , n, each of 
which is a function of the one variable r since m is held fixed. This is an 
example of the Gaussian method of integration, wherein the choice of 
the ft/s is made so that as closely as possible, 



/ (r, ft) dii 


= Z «#I(r,W> 

/“ -n 


(82) 
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where the a/s are the appropriate weight factors. Thus to calculate the 
integral wo evaluate the integrand at certain specified points, multiply 
by pre-assigned weight factors, and add the products. Since / is sym- 
metrical with respect to it follows that 

dj — yj t*j — p—j (S3) 

la order to achieve the highest accuracy with a limited number of points 
(at least for a function which may be well represented by a polynomial), 
Gauss showed that the proper procedure was to choose the p/s as zeros 
of the Legendre polynomial P(p ). When n = 1, p\ — — p-\ *= In 

Ihc second approximation, the p’s are the zeros of Pa(p); in the third 
the zeros of P${p); in the fourth the zeros of Pi(p), etc.* 

Chandrasekhar replaces eqn, (81) by a system of 2 n ordinary linear 
differential equations, 

pi^j£ ~ /* — \ L i - ±1, +2, * * < ±n (84) 

To solve this equation Chandrasekhar tries an expression of the form, 

Ii - $ie~ kT (i =± l f - • ■ ±n) (85) 

where the g 1 s and h f s are constants to be determined. If cqn. (85) is 
put in cqn. (84) there results, 


Hence, 


fff(l + Pik) = 


( 86 ) 


<J* = 


constant 

1 + Pik 


(i-±l, ■ • • ±») (87) 


The “constant” is independent of i. If we substitute eqn. (87) under 
the summation sign in eqn. (86) and employ cqn. (S3), we obtain the 
equation for ft, 



1 + Pik 


or 


1 




aj 


fii i - pfk* 


( 88 ) 


Thus the M ftV' must satisfy an algebraic equation of degree 2rc. Now 


L apf = 



_J 

m + 1 


(89) 


* For lilt? evaluation of «/ sec Chandrasekhar's Radiative Transfer, p. 61. The 
jut/s and a,-'s are tabulated on p. 62. 
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and in particular, „ 

Z«i = i ( (H) ) 

which means that fc 1 = 0 is a root of eqn. (88). Hence eqn. (88) can 
have only 2n - 2 distinct roots, which will appear in pairs as 

+ />■« (« = 1, • * ■ i b 1) (91) 


That is, eqn. (84) will have 2n - 2 linearly independent, solutions cor- 
responding to the 2 n - 2 distinct roots. 

In addition to the solution eqn. (85) we notice that an expression of 

the form ’ I t =b(r + Q + m) (92) 


will also satisfy eqn. (84). Q and b are to be found from the boundary 
conditions and the total flux of radiation. The sum of cqns. (85) and 
(92)— the general solution— then has the form 


. , { V. 1 LaC~* aT , V. 1 L-<£~ k '*' , , I r\ 1 

Ii = b{ £ , r + r + + Q 

[ a .\ 1 + 0 -i 1 - fi;A„ | 


(93) 


where b, Q, L ta are the 2a constants of integration. The first term is 
reminiscent of the transient term in an electrical circuit. 11 will be im- 
portant only at a small optical depth. The last three terms correspond 
to the steady state solution, valid at large t. 

We must now impose the boundary conditions of the problem. Since 
the positive exponential would give an intensity increasing exponentially 
with depth in contradiction to the requirements of astrophysics! the- 
ory, we must set L~ a = 0. Furthermore, at the surface of the star, 
there is no backward flowing radiation which means 


Z_{ = 0 at r = 0, for i = 1 , - ■ • n 


With the aid of eqns, (83) and (93), we find 

n-1 


£ . - L ~r + q = 

a- 1 1 — Mo 


(i «= 1, 


n) (94) 


Thus there are n equations to determine the n — 1 values of L and Q. 
This process does not fix the constant b, which we shall show to be re- 
lated to the constant net flux of radiation in the atmosphere, wF. In 
our present notation 

F = 2 1 In dp. (95) 

We replace the integral by the sum over the 7,*i.’s and use eqn. (93) to 
obtain : 

F = 26 ( £ £ TZ^r + x + (Q + r) £ Otfii I (96) 

[&~l t i "h Pt^a i 1 J 
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Making use of eqns, (S3) and (89) we have 

2a { }it = Zaifu = 0 
From eqn* (88) we have the identity, 
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(97) 


, =r2a,fl- 1 ) = f (2 - £ L a, ~ ) (98) 

1 “I” ptjn a "'dr \ i “1“ M of/ * l a \ 1 


which is equal to zero* Then 

F = = constant 

Furthermore, 

J — % J I dp = \ £ <*»/( 

Making use of eqns. (88), (89), (98), (97), and (98) we gel 

J = \F (r + Q + i;/^-^) 


If we define 
we may write 


?(t) = Q + Z * aT 


J = IF [r + q( r)] 
and the temperature distribution with depth is given by 
7'<(r) =V3rS[r + ®(r)] 


(99) 

( 100 ) 

( 101 ) 

( 102 ) 

(103) 

(104) 


Notice that gr(r) corresponds to the constant, 2/3, in the Eddington ap- 
proximation [«£ eqn. (76)]* Finally, the law of limb darkening follows 
from a substitution of eqn* (101) into eqn. (5) to yield 


3F/ L \ 

■.rt-^ + O+SYffc) (105) 


7(0 


We now illustrate the calculation of J and /( 0, m) in the first two ap- 
proximations. 


First A pproximation . 1 lore 

ai - a - 1 = 1 , etk! j* i - — = 3 _U2 


(106) 


Eqn. (88) has only the one root k = 0 and from eqn, (94), Q — gi — 3 l/ ", 
while from eqn, (102), q{r) - 3 _l/ * and J may be found from eqn, (103). 
The law of limb darkening, eqn* (105), is 


/(0,ri = f(M + ^) 


(107) 
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The inward and outward beams obey the equations 


1 dli 
V3 dr - 


l (7. - U), 


+ <I08 > 


These equations are analogous to those derived by Schuster and buhwarz- 
schild many years ago except for a factor l instead of 3~ 1/2 . 


Second Approximation . Here 


a { — 0,65214 
On = O,3478o 


pi = 0.33998 
p, = 0.86114 


(109) 


The summation eqn. (88) consists of two terms from which we may 

dcri,c • • • (ho) 

Then 


pMV = curf + (hPs = l 
1 


k = 


and from eqn. (94) 


V3 


= 1.97203 


’MiMa 


L 


- + Q = w = 0.33998 


( 111 ) 

( 112 ) 


Thus 


. ,. ■ + Q - w - 0.80114 

l piki 

Q - 0. 69402 and U = -0.11 668 


(113) 

(114) 


Then we may calculate J from eqn. (101) and /( 0, p) from eqn. (105). 
The summation consists of one term. 

Chandrasekhar also carried out solutions for the third and fourth ap- 
proximations. The procedure should be clear from the foregoing dis- 
cussion. Me was also able to derive a rigorous solution of the transfer 
equation in a closed form. If we compare eqn. (105) which gives 7(0, a), 
the angular distribution of the radiation emergent from the surface of 
the star, with eqn. (94) which determines the constants, L a and Q, we 
note that 7(0, p) which exists for 1 > p > 0, is determined in terms of a 
function that has zeros in the complementary interval, -1 < p < 0. 

I-iCt n - 1 / 

S(p) = X - t \ -m + Q (115) 

a - I 1 — ph'a 


The boundary condition at the surface asserts that 

S(pi) = 0 (f - 1, 2, ■ - - n) (116) 

while at the same time, the angular distribution of the emergent radia- 
tion, eqn. (105), may be written as 

7(0, p) = IFS(-p) 


(117) 


I 
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Chandrasekhar shows how we may find an explicit formula for £(m) 
without actual [y solving for the constants L a and Q, To find such a 
solution, consider the product function 

n (1 - »k a )SU) = (1 - M •■•(!- M*-i)S(m) (118) 

fl£- 1 


which must be a polynomial of degree n, with roots, m — Mi ■ * * m* 
Thus there must be a proportionality of the form 

n (1 - ~ IT (m — Mi) 


Mn* 


(1 19) 


We find the constant of proportionality by considering the coefficient of 
pF. For example, if n = 3, 

a -pw- a) [rr^+i^ -<•+«]■ cm) 

— kik 2 fi s + • • • = const (m — gi)(g — — Us) 

from which the constant is ( — l) ! feifcj. In general, 


II (ft “ vd 

S(jx) = 


1 1 (1 - kjt) 


( 121 ) 


which is the required expression. Similarly, 


s(-f*) = k, 

It can be shown that 


II (n + p,) 


/- *- 1 
/v n-l n - l 


IT (1 + kaP) 

a - ! 


whence, 


■ * ■ ftn-iai * 1 ' **" = ^ 

S(-m> = ^ ff&*) 


where //(m) ia l ho function defined by 

1 


//(m) = 


ri(M + mi) 

(«- 1 


Mt ‘ ' na + M 

a - 1 


( 122 ) 

(123) 

(124) 

(125) 


Then the angular distribution of the emergent radiation 1(0, p), eqn. 
(105), can be written as 

/CO, j*) = ~FH(p) 


(126) 
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Chandrasekhar has considered a large number of transfer problems, 
for example, the scattering of light with or without absorption, and with 
different phase function, diffuse reflection hi an extended atmosphere, 
scattering where polarization must bo taken into account (as in the 
atmospheres of hot stars where electron scattering is primarily respon- 
sible for the opacity), and atmospheres of finite optical thickness, such 
as those of planets. 

In all of these problems, the observed quantity is the emergent or 
reflected radiation defined for p’s in the interval 0 < p < I . The 
boundary conditions, however, fix the zeros of the same analytic function 
in the interval 0 > a > — 1. The result is that in any approximation, 
the Q and L a constants may be eliminated and the solutions may be 
reduced to a closed form in the nth approximation. Except for certain 
constants, these equations involve H (p) functions of the form of eqn. 
(125) where the kja are the positive or zero roots of a characteristic 
equation analogous to eqn. (88), viz., 


1 _ nr g,4'(jif) 

1 - l h 1 - 


(127) 


As usual, the g.’s arc zeros of the Legendre polynomial, P-m(p). Here 
'Hu) is an even polynomial in p which must satisfy the condition 


X 


¥(a0 dp < h 


(128) 


In the transfer problem we have taken ^(g) = \. Other problems lead 


to different 'k(g) functions and hence to II (p) functions that differ from 
one another only in the way the roots fc„ are defined. 

Then t he II(p) funct ion satisfies identically the equation 


II (p) = 1 +pH(p) 2 


fl;//(g,)»(g,) 


P + Pi 


(129') 


To prove this, consider first the case when the inequality holds in 
eqn. (128). Then eqn. (127) has n distinct positive roots. Consider 
the function 

S.M = + i 


z- 1 1 k a ll 


(ef, eqn, 115), Here the constants L a (a - 1, 
mined from the set of n equations 


b) arc to be deter- 


< M i 1 k'afit 


+ 1 = So(mi) — ^ (i 1 ( 


n) 
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So(fi) = ki * * ■ * * 

— k\ • * * knfll * * 


no* — /*<) 

■ ■ * fin II (1 — kali) 

*) = .S„(oV/(-m) 


since //( 0) = 1. Thus 

iS u (0) — fc[ ■ ■ * k„ll\ * • ■ fl n = £ I'a + 1 

u - 1 


Since ^(m) is an even function in m ? the characteristic root will satisfy 
an equation which can be written either as 


71 + k N 


or as 


/ 1 kfij 


Denoting a particular characteristic root as and making use of the 
above expressions which are satisfied by any of these characteristic 
roots, we obtain the identity 


s,m -£l, + 1 {? «*w [n^ + 


+ 




!jB [? ( 1 +*w*/)(1 

y T’T ( U i J r A f'fl ■ |~1 

" A i + i - kf, m ^ J 


- w] + ? 


<U*(Mi) 

l + ft«M/ 


y «i*(w) 

; 1 + kallj 


In the last expression the order of summation has I teen inverted and the 
terra in brackets is jSo(m) , so that 


SoGO = £ 

j 


OjSaUifMiiij) 

1 + kallj 


In this expression the summation is taken over both positive and nega- 
tive values of j. We have seen, however, that SnC+M,) = 0, so that only 
terms with negative j make a non-zero contribution to the above summa- 
tion. Thus 


*S B (0) 


y C,.S[)( nD^jltj) 

yr, l - kaiij 


(a = 1, 2, • • ■ «.) 


Since jS 0 (— p) = S u (0)II(fi), we have 

i = y °j 

/Si I - kallj 


(of = 1, 2, ■ • • n) 
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In accordance with ibis relation, the function 

" u,II( l ij)'i'{it l ) 

1-^2. T 

J - l Mr Ml 

will vanish if ft = - l/ft« (a * 1,2, • • • n), since 

. , J. A «,//(a J )*CMf) = . _ y OjffOQVQ*;) = 0 
( — 1/^a) + Mj J -1 1 — k«Ml 

Therefore, if we set a = - l/k a {a = 1, 2, • • • n), the expression 


II (d + w) - i* £ II (m + w) = miMj ■ ■ ' M» + etc. 

/+l J- 1 *** 

likewise vanishes. This product function is an nth degree polynomial 
which differs from 


n (1 + Kn) = I + H £ ka + ■ ■ • 


only by the constant of proportionality, m in • ■ ■ ti*, which is estab- 
lished by comparing the two functions with m set equal to zero. Hence 


" ajH(nj)V(iij) 

l — Ilia. T — Ml 

J-i M + Mi 


n (i + k a fi) 

€t- 1 

n (m + m^ 

i- 1 


X 

~ //(m) 


and cqn. (129') follows at once. 

When the integral (128) equals £, there are (n - 1) positive roots and 
ft = 0 is a root of the characteristic equation. The proof follows in a 
manner similar to the one we sketched. Eqn. (129') holds for any value 
of n, however large. 

When n increases without bound, Chandrasekhar shows that //(a) 


satisfies the equation 

/f(n) — 1 + nH(ii)f 


//( m'H( m') 

M + m' 


rV 


(129) 


first found by Ambarzumian by a different line of reasoning. 

Eqn. (129) may be solved by iteration. We obtain an initial //(ft) 
by the approximate methods previously described, substitute it as 
//(/) under the integral sign and compute a new //(#*). We continue 
until the Ii(n) of the (j + I)st approximation does not differ from that 
of the jth approximation. 

For example, to solve the limb-darkening problem, we could start with 
eqn. (105) with the constant L and Q from eqn. (114), solve for II(ii) 
from eqn. (126), and substitute in eqn. (129). The final II(fi) obtained 
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by iteration from eqn. (129) is then replaced in eqn. (126) to get the limb 
darkening. 

In all approximations, the boundary temperature of l he star is related 
to the effective temperature by 

Ti = n (130) 

since fl{0) = 3 _1/2 , This is the exact solution obtained by Ilopf and 
Bronstein some years ago. Thus 

r, = L 233 To (131) 

If the effective temperature of the sun is 5700°K, the boundary tempera- 
ture is 4023° K. Further, q(ao) = 0.71045. 

We have confined our attention to the simplest practical application 
of Chandrasekhar’s method and have indicated only in the sketchiest 
terms how the procedure is to be generalized to obtain an exact solution. 
For details the reader should consult Chandrasekhar’s Radiative Transfer t 
where a full account is given of these powerful new methods and their 
applications to astrophysical problems. 

11. Other Solutions of the Transfer Equation 

The Chandrasekhar method is primarily adapted to the prediction 
of the observed quantity /( 0 , m}* On the other hand, it often does not 
permit a simple determination of the source function itself. In contrast, 
Kourganoff has found a method which gives the source function directly. 
Fora grey atmosphere in thermal equilibrium we may equate B, ♦/, and 
the source function, viz., 

B = J = $ (132) 

Now J is given by eqn. (103) and we shall expand the quantity in brack- 
ets r + g(r), in a series of the form 

7 Hr ^f(r) — A it H* H~ * * * (133) 

where A% - 1, and E n is given by eqn. (9). KourganofTs method of 
solution consists in expressing the constancy of flux by a minimum condi- 
tion (variational method) which gives the Af s veiy easily. 

The flux at any optical depth r is given by eqn, (GO). For brevity we 
introduce the operator 

P(X) = 2j*XEM - r)dt- 2^ X E t (r - t) dt (134) 
We obtain from cqns. (GO), (103), (132), and (134) 

F{r) = P(B) = P[t + g(r)] 


(135) 
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Now pul eqn. (133) into eqn. (135) to obtain 

■ jj- = | (Aopo(r) + pi( T ) + -4 2 p a (r) + * ' '] (136) 

WhCrC p,<r)-P(l), *(r) = P(r), p„(r) - P(E„) (137) 

The 7 /s may be computed once and for all, e.g., 

v* = 2 Eiir), Pi = 4 - 2 JJ 4 (t) (138) 

{ace Problem 10). Others have been tabulated by Kourganoff. The 
A *s arc determined by the condition that 


F(r) = F = constant (139) 

Kourganoff insures that eqn. (139) be fulfilled as closely as possible by 
requiring that the “functional resolvant,” 


s(A 0 , At, • • • A n ) = jf - l] dr 


(140) 


is a minimum. 1 ’ake the partial derivatives of s with respect to each of 
the A’s. Thus n linearly independent equations involving the A’s as 
the unknown coefficients are obtained. To evaluate these coefficients, 
he assigns r a series of values r\, t«, . . . t ,( i > a) , and solves the linear 
system of i equations by least- squares. Kourganoff illustrates the pro- 
cedure for n = 6 , and i — 16. He has also given an alternate solution 
which is more precise. Once g(r) is known, the emergent intensity 
/(0, v) may be computed at once from equation (5). The process con- 
verges rapidly, but (/ approaches the exact solution faster for large r 
than for small t. It a good initial guess for J is available, in particulai 
one which gives t he correct value of ./ for large t, the variational solution 
just described can be improved by an iteration method as Kourganoff 
lias shown. 

Let us define the operator L by 



(141) 


Then, for a grey atmosphere [cf. eqn. (132)] we obtain from an integra- 
tion of eqn. (59) over all frequencies, 


J = L(J) 


(142) 


Unsold, who generalized a discussion by Ilopf, has shown that il we start 
with an initial solution ./,, and apply the operator L, J , = L{J o) will lie 
closer to the true solution J. We then construct a new solution J> = 
L(Ji) and continue until J* = J n-i- Unsold used the iteration procedure 
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with Eddington's approximation. It converges most rapidly at small 
optical depths where the variational solution converges most slowly. 
Hence it ran be used to improve the variational solution. Consider an 
expansion of the type eqn. (183) and apply eqn. (141) term by term. 
Wo get 

tin - 1(1) = 1 - £1 Ur) (143) 

- £(r) (144) 

u n = UE n ) t etc. (145) 


Those functions may be com pu ted from the previously obtained p's. 
The iterated “variational solution” is then 


g f (r) = 4oif-o + AiUi + + A%ut + * - 4 + A*u n (146) 

The variational procedure gives an exact q at large r whereas the 
iteration method gives best results for small r. Hence a combination of 
the two procedures Scads to an exact solution most rapidly.* The error 
in the iterated sixth approximation is less than one part in a million. 

1). II. M ouzel and II. K, Sen solved the transfer equation by an 
operational method. Other treatments of the transfer equation were 
developed by physicists to handle neutron diffusion problems. In this 
connection we mention the work of R. E. Marshak, G. Placzek, W. Seidel, 
C. Mark. J. LeCaine, and B. Davison and the earlier work of N. Wiener 
and E. Hopf. 

D. Labs has suggested the representation of the function B(r) for a 
grey body by a formula of the form 

B(t) = f F(a + r - Aer**) (147) 

for which he finds a = 0.7104, A = 0.1331, and a = 3.4488. 


* In order to discuss the radiative equilibrium of stellar atmospheres composed of 
nottgrnj material, Uns5ld adopts a zeroth approximation lo the source function, 
where is the optical depth at the frequency *>- Then F^(r ¥ ) is found from 
eqn. (131), 

FUr>) - PIS U^)) 

For a given geometrical depth which corresponds to an optical depth 7 in the inte- 
grated radiation, one finds the total flux: 

wFa(t) — f irForMr)) dv 

Jo 


which departs from the assumed constant flux, wF t Ivy 


*AF(t) = tFo(t) - *F 

Next, one must compute a correction to the source function so that AF(t) can 
be made to vanish. Using the Eddington approximation and the equations of trans- 
fer, one may show that for the Integrated radiation: 




_ 1 d ±F(t) 
4 d* 


210 


Sec. 121 


CONTINUOUS SPECTRA OF THE SUN AND STARS 


12. The Mean Absorption Coefficient 

Unfortunately the material of which stellar atmospheres are composed 
is not grey. As we saw in Secs. 2 and 3, the absorption coefficient vanes 
with wave length in the examples of principal astrophysics,! interest. 
The coloring effect of the gases may have a pronounced effect on the 
outward flow of radiation. The questions we ask are these: To what ex- 
tent will the temperature distribution derived in Sees. 10 and 11 be valid 
in a nongrey atmosphere? Can we define a mean absorption coefficient , 
k } in such a way that the grey-body solution will remain valid? 1 hat is, 
the optical depth f in the integrated radiation defined by r = fkp dx, 
is to be identified with the optical depth in the corresponding grey 

atmosphere. . 

Let us return to the equations of transfer in the Eddington notation 

[rf. eqns. (G9) and (08)]. We have: 


Monochromatic 

Radiation 

Integrated 

Radiation 

d!l ' — J, — Bp 

dii - 0 (148) 

k*p dx 

kp dx 

dKr =H,= \Fp (149) 

J h - = H « {F (ISO) 

k, P dx 

kp dx 


Eqn. (148) [our old eqn. (08)] expresses the constancy of the total radi- 
ation flux : 

JH.dv = H (151) 

also 

jK r dv = K (152) 

At a given point in the atmosphere, wo have from eqns. (149), (150), 
and (151) 

I* < 153 > 


which defines the mean absorption coefficient or opacity. We suppose 
that k r and k contain the negative absorptions. 

In the Rosseland mean (see Ch. 10) K, is replaced by 3./, (Eddington 
approximation) and this in turn is replaced in eqn. (153) by B r . But 
j r = B r implies monochromatic radiative equilibrium, whereas the es- 
sence of local thermodynamic equilibrium is that there is a shift in the 
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frequency distribution of the energy with depth. Even in a strictly 
grey atmosphere, J P could not be replaced rigorously by B v . At large 
optical depths, however, the replacement of A\ by \B V will make little 
difference and the Homeland mean coefficient will be valid* 

From eqns. (149) to (153) we can write 

H = -p J k r Fy (h (154) 

The only difficulty with this equation is that the variation of F, with 
frequency is not known. Chandrasekhar suggested that if kjk is con- 
stant with optical depth and does not vary with wave lengt h by a large 
faetor, F, may be taken as the net monochromatic flux of radiation of 
frequency v in a grey atmosphere.* Then the grey body temperature 
distribution remains valid if k is defined by cqn. (154), at least in the 
first approximation. Corrections to the temperature distributions can 
be calculated if a refined treatment is necessary. At large optical depths 
the k computed by eqn. (154) must go over into the Itosseland mean. 
In stars such as the sun where k. r varies smoothly on account of the neg- 
ative hydrogen ion absorption, or in supergiant H stars where electron 
scattering does the smoothing, the Chandrasekhar mean appears to give 
excellent results. Mtlnch studied the temperature distribution in I he 
solar atmosphere in a higher approximation wherein departures from 
greyness were taken into account. lie found that the difference be- 
tween this temperature distribution and the grey atmospheric value is 
sufficiently small to justify the use of the temperature distribution of 
the grey body as a good first approximation, f 

If k,/k varies abruptly with wave length or optical depth, as in the 
early- type stars, the Chandrasekhar mean may still give a good first 
approximation, as is shown by Miss Underhill’s calculations of a model 
atmosphere for an 09.5 main-sequence star, by Jean McDonald’s calcu- 
lations for a B'2.o star, as well as by computations for Bl and Bo stars 
and for pure helium stars. We return to this topic in Sec. 1G. 

13. Limb Darkening in the Integrated Radiation 

Once the temperature distribution with optical depth is known for a 
grey atmosphere, one ean compute /,(0, 0)//(O, 0) for the integrated 
solar radiation on the hypothesis that radiative transfer determines the 

energy flow. In practice, two effects conspire to limit the theoretical 
accuracy of T(t) and /{0, 0). 

* For a Tabic of F,/F as a function of r see Chandrasekhar's Radiative Transfer 
p. 295. 

t In the light of Miinch's work, l nsdld's criticism of the Chandrasekhar mean 
appears unjustified for stars like the sun. 
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First, the continuous absorption coefficient varies with wave length. 
Munch found the grey-body distribution to be a good approximation if 
the mean absorption coefficient is computed in the manner indicated by 
Chandrasekhar. 

Second, the outward flow of radiation is impeded not only by con- 
tinuous absorption but also by discrete line absorption in the Fraun- 
hofer lines. Mulders estimated the total fraction of energy subtracted 
from the outgoing radiation to lie 0.083, but the depiction is particularly 
serious in the ultraviolet. G. Munch, who solved the transfer equation 
by the Chandrasekhar method, under the conditions of a constant net 
flux, found about 4600°K, a result in harmony with excitation tempera- 
tures derived by a number of workers and with the boundary tempo a- 
ture found from an analysis of limb-darkening measures made at the 
McMath-Hulbert Observatory. The most detailed treatment of the 
problem is that by D. Labs who took into account the variation of 
the line absorption coefficients with optical depth for different regions of 
the spectrum. With the aid of the condition of radiative equilibrium for 
nongrev material he was able to improve the temperature distribution 
in the outer layers. He finds that in spite of the numerous Fraunhofer 
lines the temperature departs substantially from that of a grey body 
only for r < .01 where there is a sharp decline of the temperature to 
-1300°K at the boundary. Limb-darkening measures are not capable of 
distinguishing between such a sharp drop at the very boundary of the 
sun and a more gradual fall off to 4600°K. The effect of line absorption 
upon the temperature distribution in the solar atmosphere is called the 
blanketing effect. 

TABLE 9 


Limb Darkening in the Son 


cos B 

First 

Approximation 

Exact Solut ion 
(Chandrasekhar) 

Miinch 

(Blanketing Effect) 

Observe! 1 
Intensity 

1.00 

1.000 

1.000 

1.000 

1.000 

0*00 

0*940 

0.1)39 

0.940 

0.944 

0.80 

0*880 

0.878 

0.892 

0.898 

0.70 

0.820 

0.810 

O.S38 

0.842 

0,60 

0.760 

0.755 

0.78 ) 

0.788 

0*50 

0.700 

0.01)2 

0.725 

0,730 

0*40 

0*040 

0.829 

0.000 

0.670 

0.30 

0*580 

0.505 

0.015 

0.002 

0,20 

0.520 

0.499 

0.541 

0.485 

o,to 

0*100 

0.429 

0.407 


0.00 

0,400 

0.344 

0.303 



Table 9 compares theoretical predictions with the observed values of 
the limb darkening in integrated light as deduced from the measures by 
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Abbot, Aldrich, and Fowle, and by Moll, Burger, and van der Bilt. 
Successive columns in Table D give the values predicted by the simple 
law, eqn. (SO) ; those from Chandrasekhar's exact solution [cf. eqn. (126)]; 
Munch's results taking the blanketing effect into account, and finally 
the observed data. Notice that the limb darkening predicted by the 
simple theory is too small, whereas Munch's predictions agree with the 
observations until cos Q — 0*30 is reached, beyond which point both the- 
ory and observation encounter difficulties* 

The observed results are in harmony with the suggestion that the 
temperature gradient of the upper atmosphere is determined by radiative 
equilibrium* An at mosphere in complete convective equilibrium would be 
totally darkened to the limb as K. Schwarzschild showed many years ago 
(sec Problem 2). At some depth below the surface, however, convective 
equilibrium must set in (see Chs. 9 and 10). At the present time the 
theory of this convection zone has not been worked out completely. 

Further complications are introduced if the solar gases are not strati- 
fied in plane parallel layers, because the solar surface may have an un- 
dulatoiy character associated with the granules (see Ch. 9)* 

14. Model Stellar Atmospheres 

With a knowledge of the coefficient of continuous absorption and of 
the temperature distribution with optical depth we may now investigate 
the structure of stellar atmospheres* One reason for calculating the tem- 
perature and density distribution is to obtain the basic data needed for 
a precise theoretical study of the profiles of absorption lines. If the va- 
riations of gas pressure, electron pressure, density, temperature, and 
absorption coefficient are known as a function of depth, the change of 
ionization of the element of interest and the line absorption coefficient 
may be calculated* 

Another reason for studying the structure of a stellar atmosphere, 
particularly the variation of K/k and T with optical depth, is to provide 
a basis for the interpretation of the observable characteristics of contin- 
uous stellar spectra, e.g., color temperatures and Rainier discontinuities* 

To make headway with this problem, we shall suppose the atmosphere 
to be in hydrostatic equilibrium, he*, at each point the gas pressure sup- 
ports the weight of the overlying layers, A slab of density p of unit 
cross-sectional area, and of thickness dx t subject to an acceleration of 
gravity g will weigh gp dx; hence the increase in pressure with an incre- 
ment dx in depth must be rfp = g? dx (155) 

where x is measured downward into the star* Now introduce the optical 
depth defined in terms of the integrated radiation, 

dr — kp dx 


(156) 
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and there results 


dP = g 
dr k 


am 


as the equation that must be satisfied to obtain the variation of gas 
pressure with r* For the moment g may be taken as the gravitational 
acceleration; we shall temporarily assume that the levitational effects of 
radiation pressure, turbulence, etc. can be neglected. I lie gas pressure, 
P B , is characterized by a kinetic temperature T which is customarily 
identified with the local temperature given by the theory of radiative 
equilibrium [cf. eqn. (104)]. 

To determine the gas pressure, P„, as a function of r. it is necessary 

to determine k as a function of P, and $ = and to solve eqn. (157). 

Now k is given as a function of the electron pressure, P F , and the tem- 
perature. The relation between P r and P„ will depend on the assumed 
composition (cf. See. 9 of Ch. 4). For numerical calculations we have 
assumed a mixture in which hydrogen contributes 540 mg of each gram 
of stellar material. With the aid of the P„ P e , 0 curves of Fig. 9, which 



Fig. y,— R elation Between Gas and Electron Pressure for 

I ) 1 FFttRENT TeM PERA.TCTRES 


Ordinates are log / J r ; abscissae art? log P 9 computed for relative abundances: H, 
He, (Fe, Si, Mg, Ni), and (Al, Ca, Na) 1000 200/0.43/0*1 1 (see Chapter 4). Curves 

are given for values of the parameter, §**--—* from 0*4 to 1.4. 

* In this section we omit the bars from r and £* Ft is understood that k refers to 
the mean absorption coefficient in a nongrey atmosphere, and T(t ) to the grey body 
temperature distribution. 
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LOG Pg 

Flo, it). — R elation Between Gas Pressure and Absorption 
Coefficient foe Different Temperatures 

We plot log k against log P 0 as abscissae. The straight lines arc plots of eqn. {159) 
for different surface gravities. 

Following Unsold for an initial survey of the problem, let us choose 
k constant throughout the layers responsible for the dark lines. Then 
lot us suppose that the mean temperature and level of ionisation is that 
appropriate to a characteristic optical depth r 0 which we tentatively 
fake as 0,03.* Then 

P, = fr 0 (158) 

tvQ 

or 

log P„ = log g — log k — 0.20 (159) 

* For atoms that become rapidly ionized with depth, e.g., sodium in the sun, we 
should choose a much smaller t„, e.g., 0.2a. 


are based oti Tabic 3 of Chapter 4, the relation between electron pres- 
sure, temperature, and absorption coefficient (Table 5) may be trans- 
formed into a relation between gas pressure, temperature, and absorption 
coefficient, k(P e , T) or rather k(P„, 6), cf. Fig. 10. 
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For each value of log g this equation gives a line of 4;> slope in the 
P„— fc plane. Its intersection with a particular k(P a , I) curve gives A 
and log P„ for a star of temperature T and surface gravity >j. Then from 
Fig. 9, we read off log P c for a given T. 

Example: Let 

] () g g = 4.0, 0 = 0.50 

The line, 

log P„ + log k = 4.00 - 0.20 


intersects the k(P„, 9 = 0.5) curve at log/ 5 ,, = 2.68 and log k = 1.10. 
From Fig. 9, we find that for 0 = 0.5, log P e = 2.25, or P c = 178 dynes. 
The “amount of material above the photosphere,” i.e., above optical 
depth ro = 0.63 is fpdx = ph = ro/k = 0.63/12,6 = 0,05 gm. Next, 
consider a giant for which log g = 3.0, 9 = 0.9. A similar computation 
shows log P„ = 3.90, log k =-1.10, log P c = 0.58. 
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Fio, IK — The Mean Electron Pressure as a Function of 
Temperature and Surface Gravity 

Broken curves fuv drawn to represent giEtit slurs (#) iuid stars of th© muiu se- 
quence (d). 

Figs. 11 and 12, computed on the basis of the above considerations, 
show how the electron pressure and mass above the photosphere vary 
with temperature for different values of the surface gravity g. For a 
given surface gravity, notice how the electron pressure increases and 
the mass above the photosphere decreases as the temperature rises. 
Hydrogen is the most abundant constituent of stellar atmospheres. At 
the lower temperatures, it is mainly neutral, arid free electrons are con- 
tributed only by the metals. Hence the electron pressure is quite a small 
fraction of the gas pressure. As the temperature rises, hydrogen be- 
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comes ionized and both the electron pressure and absorption coefficient 
increase. Atomic hydrogen becomes more effective in blocking the out- 
going radiation than is the II ion. 



Fig. 12. — The Mass Above the Photosphere as a Function 
or Temperature and Surface Gravity 


For example, compare Sirius (0 — 0.5, log P E = 2.20, lo gg = 4.31) 
with the sun (0 = 0.88, log P v — 1.30, log g — 4.44). About twenty 
times as much material is observed above the solar atmosphere as above 
that of Sirius, a result in harmony with the predictions of theory. 

16. A Model Solar Atmosphere 

The foregoing approach is adequate for only a first reconnaisance of 
the problem of absorption line formation, in refined work we must 
know the variation of P 0 , P tf k t and T with optical depth r. Let us in- 
tegrate the equation (157) for the solar atmosphere. We proceed by a 
method of successive approximations along the lines followed by Strom- 
gren and more recently by Munch. 

First we must know the variation of the temperature with r. Anal- 
ysis of limb-darkening observations made at the MoM&th-Hulbert Ob- 
servatory gives T(t x ) where is the optical depth at the wave length X. 
In order to convert 2Vx) to 7 T (r), it is necessary to know as a func- 
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tion of temperature. We suppose that the negative hydrogen ion and 
atomic hydrogen produce the opacity. Then k(r) may be found from 
eqn. (33) with the understanding that «(H) and a(H“) are calculated 
with the grey body weighting function P r /F chosen for the appropriate 
optical depth (see columns 3 and 4 of Table 10). In the first approxi- 
mation the contribution of atomic hydrogen is neglected. Then 



and T(r) may be found from the known T(r x ). When this program is 
carried out, the predicted flux is found to be 1.35 times the observed 
flux. A similar result was obtained by Chandrasekhar and Munch. 
While line absorption may account for some of the discordances it does 
not seem possible to explain all of the discrepancy in this way. 1 bus k 
is too small We may retain the notion of a mean absorption coefficient 
and yet get the right flux if we arbitrarily multiply ft by the factor 1.35. 
This objectionable procedure may be avoided by using the optical depth 
defined from some definite wave length, e.g., X5000A, 

Since k - k(P t , 0) and P 0 - F ff (F c , 0), k - k{l\, 0), multiply eqn. 
(157) by P 0 and integrate to obt ain : 

= 060 

where 6 = 5040/T. The quantity dr/dO may be computed once and for 
all and the equation solved quickly by iteration. 

To start the integrations we suppose that the metais arc all singly 
ionized and that they alone contribute the electrons. Then 

P„ ~ P t A(\ + D) (162) 


where I) is the He 'II ratio by numbers of atoms (here adopted as 0.2) 
and A, the ratio of hydrogen lo the metals, is adopted as 2260 (cf. Ch. 4). 
Neglecting the influence of atomic hydrogen we obtain 


fc = 1.350fc(H“) 


(103) 


where 3 is the mass of hydrogen per gram of stellar material. Then 
eqn. (32) and eqn. (161) yield 


_ r w,A(i +M f_*_ l 1 ' 2 

1 ■ ~ [ 1.35^ J «(H-)J 


(164) 


our initial estimate of P B (see column 5 of Table 10). To perform the 
second iteration, P e is found with the aid of Tig. 0, k is calculated with 
the aid of a(H") and a(II) from columns 3 and 4 of Table 10, and P‘ 0 is 
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computed with the aid of eqn. (161). The process is repeated until two 
successive integrations give the same dependence of P e on r (last col- 
umn of Table 10). 

TABLE 10 


Numerical Integration of the Solar Atmosphere 


0 

T 

a(H-) X 10* 

c*(H) X I0=* 

log n 

log l‘i 

log Pa 

1,10 

0.01 

0.1221 


3.750 

3.7-J4 

3.74 

1.05 

0.04 

0.1020 


4.142 

4.215 

4.22 

LOO 

o.n 

0.0838 


4.368 

4.426 

-1.44 

0.05 

0,22 

0.0073 

0.00 1 

4.550 

4.578 

4.59 

0.00 

0.38 

0.0547 

0.005 

4.720 

4.710 

4.72 

0.85 

0.08 

0.0130 

0,021 

4.801 

4.840 

4.84 

0.80 

1.17 

0.0334 

0.081 

5.048 

4.957 

4.95 

0.75 

1.87 

0.0250 

0.270 

5.201 

5.048 

5.04 

0.70 

2.04 

0.0185 

0.077 

5.350 

5.110 

5.10 


The results of the integration are listed in Table 11 where we give 
*■(3500), the optical depth at 5500 A, as well as r,* Successive columns 

TABLE 11 


Model Solar Atmosphere 


T 

rf550O) 

0 

l.og Pa 

Lo gP e 

Log £ 

X 

0,00 

0.00 

1.120 





0.05 

0.04 

1.045 

4.22 

0.46 

9.10 - 10 

-46 

0.10 

0.08 

1.006 

4.41 

0.74 

9.31 

0 

0.20 

0,16 

0.056 

4.58 

0.99 

9.47 

30 

0,30 

0.24 

0.923 

4.67 

1.13 

9,55 

61 

0.40 

0.32 

0.897 

4.73 

1,23 

9.61 

76 

0.50 

0,39 

0.877 

4.78 

1.32 

9.65 

89 

0.60 

0,47 

0.860 

1,82 

1.38 

9.69 

99 

0.80 

0.03 

0.835 

4,88 

1.52 

9.77 

115 

1.00 

0.78 

0.816 

4.02 

1.64 

9.84 

126 

1.20 

0.94 

0.797 

4,96 

1.75 

9.92 

138 

1.40 

M0 

0.781 

4.00 

1.85 

0.99 

146 

1.60 

1.25 

0.767 

5,01 

1.04 

0,05 

151 

1.80 

1.42 

0.754 

5,03 

2.02 

0.11 

158 

2,00 

1.57 

0.743 

5,05 

2,10 

0.t6 

164 


* We could have eliminated the use of r entirely by writing 

di\ = g_ t 

dri 

and i^ing the known dependence of T on rv The results arc essentially the same as 
those already given. In future calculations of model solar atmospheres it is probably 
better to use and fcx rather than t anti k. 
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list 0, log P a , log and log k as functions of opt ical depth. Similar cal- 
culations for other hydrogen and helium abundances and the same em- 
pirical temperature distribution have been given elsewhere 

For other stars the temperature variation with optical depth cannot 
be found empirically. The outermost layers of most stars are usually 
in radiative equilibrium. Immediately below these strata often lies a 
zone in convective equilibrium (sec Ch. 10, bee. .>). 

The relation between r and the linear depth * measured downward 
in the atmosphere is of interest. The gas pressure, density and tempera- 
ture satisfy eqn. (4) of Chapter 3, wherein the molecular weight g de- 
pends on the level of ionization of the material in accordance with Sec. 3 
of Chapter 3. For our assumed solar composition, g = 1.54, since the 
material is mostly neutral. Eliminating the density from eqn. (155), 
with the aid of the gas law, eqn. (4) of Chapter 3, we find 

ds=— dlnP B (165) 

which must be solved numerically to relate P „ with a; and ultimately r 
with x (last column of Table 11). The zero point of * is, of course, arbi- 
trary. 


16. Model Atmospheres for Early-type Stars 

The high temperature stars where the opacity is produced almost en- 
tirely by atomic; hydrogen present a vciy different problem from that, of 
the sun. Among the hotter stars (0-/13) of the main sequence, radia- 
tion pressure may support an appreciable fraction of the weight of the 
gases. In the first approximation, it has been customary to replace g 
by an effective surface gravity 

- Q - «' < I06 > 


where </ represents the force/ gram exerted by the radiation, viz., 


9' = 



Fyk, dv 


(167) 


of eqn. (20) of Chapter 5. Since F r and fe, vary with the temperature, 
g’ unlike the “mechanical’' surface gravity, g = OM/IP, varies with 
depth in the star. The correct equation of hydrostatic equilibrium may 
be shown to be 


dP a = g __ a „,j 
dr H + !r c 


( 168 ) 


where a is the Stefan-Boltzmann constant. 
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The extreme nongrey character of the continuous absorption coeffi- 
cient in early-type stars introduces enormous complicat ions- Reference 
to Fig- 3 shows that k\ varies in a jagged fashion- It m small just long- 
ward of the Lyman limit and then becomes so very large that the out- 
going radiation is effectively blocked- Qualitatively the strong Lyman 
absorption has a blocking effect similar to that produced by the Fraun- 
hofer lines in the solar spectrum. Many years ago Chandrasekhar and 
Hopf showed that if the spectrum is crossed by a "picket-fence” of evenly 
spaced absorption tines, tSio temperature at the boundary will be de- 
pressed below that appropriate to a grey body, will then rise steeply, 
overshoot the grey body curve and finally asymptotically approach the 
latter with increasing r. If <h is the fraction of outgoing radiation 
blocked by the absorption lines, xi = kh/k, and x* = k c /k where A'l and 
k c are the absorption coefficients in the lines and between the lines, 
respectively, E. Hopf showed that in eqn. (102), q(r = 0) becomes 


9(0) - 


1 

V 3{aiXi + 


(169) 


Chandrasekhar* derived an expression for q(r) that enables one to 
correct an initially assumed temperature distribution for the effects of 
line absorption. The strong absorption beyond the Lyman limit plays 
a qualitatively similar role to the Fraunhofer lines. Thus the Chan- 
drasekhar-] lopf theory may be employed as a guide to set up a plausible 
initial temperature distribution for the calculation of a model atmos- 
phere- in order to obtain an initial temperature distribution one must 
first estimate the mean absorption coefficient. At large optical depths 
the llosseland mean absorption coefficient is valid. For the region near 
the surface one may calculate k by a formula suggested by Chandrasek- 
har, viz,, 



where the integration is carried from 0 to the frequency of the Lyman 
limit, and tF w is the black body flux which depends on r. in intermedi- 
ate optical depths one may interpolate k between these two extremes. 
The model atmosphere is next calculated by eqn. (157) with the as- 
sumption that T is given as a function of t by an expression of the form, 
eqn. (104). The effect of the Lyman absorption is taken into account 
roughly by the choice of q(r ). With the assumed temperature distribu- 


M.N. 96, 21, 1936, cf. eqn. (52). 
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tion we now calculate B„{T) as a function of r. At each point the con- 
dition of radiative equilibrium 



k*! v (h 



k v B v dp 


(Hi) 


must be fulfil led . We may compu te J r at each r with the aid of eqn. (-)!*)• 
If this ./, be put in eqn. (171), a new B r , call it B‘„ will be demanded, 
which leads to a new temperature determination by the condition that 


caT 4 = 4ir dv 


(172) 


The condition of radiative equilibrium is not very sensitive to changes 
in the assumed temperature distribution. 

After the model atmosphere is calculated and F CI and k are found 
as functions of r, it is necessary to calculate the integrated flux as a 
function of optical depth. If the atmosphere is in radiative equilibrium, 
p will be constant with r. The presence of electron scattering compli- 
cates the problem. In the integrals (59) and (00) the Planckian function 
is replaced by a source function defined in eqn. (CO) of C hapter 8, which 
involves both B and J and the ratio of the coefficients of electron scat- 
tering to thermal absorption. The equation for the source function is 
solved by an iteration procedure [Sec. 8{c) of Ch. 8| and the total flux 
integrated over all frequencies is computed as a function of optical depth 
in the integrated radiation. 



[3— The Emeu gent Flxjx from an Atmosphere Composed of 
Pure Hydrooen 


We assume Ion = *1.20. The temperature distribution is taken as follows: 


T 

T 

T 

T 

r 

T 

r 

T 

t 

T 

0.00 

0.05 

18,000 

20,700 

0.10 

0.20 

21.250 

21.650 

0.40 

0-60 

2X000 

23.900 

0.80 

1.00 

24,700 1 
25.600 

1-40 

2.00 

20,900 
2 $, 70G 


Ordinates are flux t\ X 10 1 ergs/em'/soc; abscissae are r X I0 _,i sec ■ The effec- 
tive temperature is alaiut 2C,500°K. Notice the profound effect of the continuous 
absorption at the limit of the Lyman Stines, v = 3.29 X 10 ,; sec *. 
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If the flux is not constant, a new temperature distribution must be 
chosen and the entire process repeated* We illustrate the emergent flux 
for model atmospheres with log — 4.20 and excitation temperatures 
near 24,000°K. One at mosphcre is assumed composed of pure hydrogen, 
the other of pure helium. Notice the sharp cut-off at the Lyman limit 
in the hydrogen atmosphere (somewhat exaggerated because the Lyman 
line absorption is not included). A comparison of the energy distribu- 
tion with that of a black body that emits the same amount of energy 
illustrates the copious flow of energy through the window on the red- 
ward side of the Lyman limit.* See Figs, 13 and 14. 

In the atmosphere of the pure helium star the first ionization is almost 
complete, but second ionization has not yet become important in the 
layers relevant to the production of the absorption lines. At corre- 
sponding optical depths the electron pressure and the contribution of 
electron scattering to the total opacity is greater than in the pure hy- 
drogen star. Notice the irregular behavior of the flux and the influence 
of the absorption limits of He 11 at X912 and He I near X342Q. 

These calculations as well as the earlier investigations by Itudkjo- 
bing, by Pecker, by Miss Underhill, and by Miss McDonald show that 
the effective and boundary temperatures are no longer connected by 
cqn, (131). Indeed, it would seem impossible to define a mean absorp- 
tion coefficient in the sense that the temperature dependence on the re- 
sultant r would be the same as for a grey body. Underhill and McDonald 
based their calculations on the Chandrasekhar mean and secured models 
in which the flux in tile outer layers was nearly constant in the first ap- 
proximation. Pecker employed the Koaseland mean and required sev- 
eral iterations. It would appear that the Chandrasekhar mean is to be 
preferred as a starting approximation for the outer layers. Allan F. 
Cook, however, has shown how one may calculate a model atmosphere 
for a pure hydrogen star (with no electron scattering) and obtain the 
temperature as a function of the optical depth at a standard frequency. 
Miss McDonald noted a discouraging feature of the calculation of models 
for early-type stars. The T(r) relationship could be varied over a large 
range and the change in the flux would be very small, f 

* The sharpness of the Lyman discontinuity may bo inferred from the spectra of 
shells In certain stars. Ions such Ca II arid Sr 1 1 whose ionization potentials art 1 less 
than 13,54 ev would be exposed to strong radiat ion through the “window" to the rod- 
ward of the Lyman senes limit. lienee, calcium and strontium should lie mostly 
doubly ionized and the Ca I! and Sr II lines should be quite weak, while ions of Ni II, 
Or 1I P Fe II, Ti II, and Mu II whose ionization potentials are greater than 13.54 ev 
should be protected from the second ionization by the strong Lyman absorption, 
Struve finds that such differences do not appear to exist, probably because of the 
overlapping of the Lyman lines near the series limit. 

fThe profiles and intensities of observable spectral lines, however, are sensitive 
to the temperature as all of them arise from high levels for which the Boltzmann 
factor is important. The predicted profiles of the hydrogen lines in y Fegasi (R2,5) 
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*10" 3 Ergs/ChVsec 



Fig. 14, — The Emergent Radiation Flux from a Helium Atmosphere 


Here logoff = 4.20. The effective temperature is 26 l 5fiO°K and the correspond- 
ing black body curve is shown. In the region X400G XOOO0 the brightness tempera- 
ture is close to 23,600 < *K . Notice the discont inuitics produced by the fie I absorption 
at A3 120 anti X504 and by He 1 1 at At) 12. To the red ward of the He 11 X9I2 limit the 
He I absorption rises so rapidly that the He II limit at- X2052 is masked. In observ- 
able spectral regions only the He I absorption and electron scattering contribute to 
the blocking of the outward flux. The temperature distribution at the smaller optical 
depths is adopted m follows: 


t 

T 

r 

T 

T 

T 

0.00 

0.05 

18,000 

20.300 

0.10 

0.20 

20,000 

21.500 

0.40 

0.60 

22,700 

23,800 


At the larger optical depths it is assumed to be the same as in the hydrogen model. 


Giant and super giant stars present even mure difficult problems 


smeu 


they often show 


0i' rf 


io-^ 

it 3 


(173) 


Such an effect is demonstrated nut only by the line profiles whose shapes 
depend on the surface gravity hut also by the density gradients in the 
atmospheres of eclipsing systems such as f Aurigae or 31 Oygni. 


disagree with the observed ones. The correction to the grey-body temperature dis- 
tribution .suggested by the Chandrasekhar-Hopf theory lends to lessen the discord- 
ance, but it remains to be seen ifit can remove it entirely. 
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Whatever the source of levitation of atmospheres of giant, and super- 
giant stars, the calculation of model atmospheres on the basis of hydro- 
static equilibrium seems excluded. Radiation pressure is probably not 
responsible for the distention of these atmospheres. More likely there 
exists some mechanical cause such as the ejection of large jets of gas 
from deeper layers. That is, it may be necessary to employ a dynamical 
rather than a static model. Or, shock wave phenomena may be impor- 
tant as Schwarzschild and Schatzman have suggested. 

17, The Effective Temperatures of the Stars 

As we have emphasized in Chapter 6, stellar effective temperatures 
are not directly observable quantities. They must be inferred from the 
state of ionization of the atmosphere, from eclipsing binaries of known 
parallax, and for the cooler stars- from radiometric measures of giants 
and supergiants whose apparent diameters may be measured with the 
interferometer. From a careful discussion of all data then available, 
Kuiper, in 1938, derived an effective temperature scale. The scale is 
reliable for the cooler stars such as the sun, but is uncertain for the 
hotter stars, among which (he most frequently observed data are color 
temperatures T* and Balmer discontinuities D [eqn. (8) of Ch* 6], Al- 
though color temperatures may be affected by space absorption, the 
Balmer discontinuities are not so affected. 

As described in Sec. 7, the continuous absorption by atomic hydrogen 
and the negative hydrogen ion explained the T e — T df relation for stars 
of spectral classes A to G. As our numerical example showed, however, 
the quantitative representation of both color temperature and Balmer 
discontinuity appeared impossible with an atmosphere for which k v /k is 
constant. The answer to these difficulties probably lies in a thorough 
analysis of atmospheres wherein kjk varies not only with wave length 
but with optical depth as well. 

In Chapter G we mentioned how Barbier’s work showed that the 
Balmer discontinuity /> provided a useful criterion for absolute magni- 
tudes of early-type stars. Furthermore, Barbier has derived a theoretical 
relationship between the Balmer discontinuity, the temperature, and the 
electron pressure, with the aid of which an effective temperature scale 
may be found for the main-sequence stars from their observed D’s* 


* With an assumed log P e 3.0, we find the following TVs: 


B0 

4.45 

B2 

4.27 

Bo 

4.15 

B0 

4.07 

Bl 

4.35 

BZ 

4.19 

m 

4.10 

A0 

4.03 


Ionization theory suggests t hat the temperatures for spectral classes B2 and BZ arc 
too low. 
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TABLE 12 


The Effective Temperature Scale* 


Spectrum 

Effective 

Temperature 

Spectrum 

Ob 

36,300 

F0 

06 

34,600 

Fb 

07 

32,900 

GO 

OS 

31,700 

G2 

m 

30,700 

Go 

B0 

28,600 

K0 

Bl 

23,000 

K2 

B2 

20,400 

Kb 

BZ 

18,000 

M0 

Bh 

15,500 

M2 

BS 

12,300 

A/4 

A0 

10,700 

M0 

Ab 

8,530 

A/8e 


Effective Temperature 


Dwarfs 


7500 

0470 

0000 

5710 

5300 

4910 

4050 

3900 

3200 


Giants 


5200 

4020 

4230 

3580 

3100 

3200 

2930 

2750 

2590 


* R. M. Petrie, Pvbl. Dam. Ap. Ob s. 7, 321, 1948; G. P. Kuiper, Ap. J. 88 t 429, 1938. 


Table 12 gives the effective temperature scale. From Ob to BO we 
use the values suggested by It M. Petrie who interpreted line intensities 
with the ionization theory. Iterant theoretical work by Miss Underhill 
indicates that these ionization temperatures are probably lower than 
the effective temperatures. The rest of the scale is taken from Kuiper 1 s 
paper. Radiometric measures and studies of line excitation carried out 
at Mount Wilson indicate that the temperature of the later-type giants 
are lower than the values assigned by Kuiper. Thus gMG should be 
about 2350°K and gM10 about I750°K. 

We conclude with some remarks on the problem of model stellar 
atmospheres and on the coefficient of continuous absorption. More 
accurate measures of the specific intensity I ox at the center of the sun's 
disk are urgently needed. A study of limb darkening above and below 
the Balmer limit in early- type eclipsing stars might reveal much about 
their atmospheres and the relative importance of absorption and scat- 
tering. 

It is fortunate that the existence and absorptivity of the negative 
hydrogen ion can be confirmed by experiment, R. Fuchs employed a 
capillary hydrogen-filled tube which was excited by the discharge of a 
O.bpL F condenser charged to a potential of 30 kev, The discharge lasted 
long enough for thermal equilibrium at about 12,000° K to be established 
at a pressure near 50 atmospheres. The resultant continuous spectrum 
could be shown to consist of contributions from the negative hydrogen 
ion as well as from atomic hydrogen. W. Loehte-H oltgre ven and 


ASTROPHYSICS 


23G 


[Oh. 7 


W. Nissen used a water-cooled quartz discharge tube of 8 mm diameter 
and blew hydrogen into it through a tangential nozzle in such a way as 
to form a whirling gas st ream about the arc and tungsten electrodes. 
With this relai ively stable arc, they observed the Balmer tines superposed 
on a continuous background. Since they were able to derive the electron 
density and temperature from t he intensity and profile of lift they could 
calculate the contributions of atomic hydrogen and the negative hy- 
drogen ion to the continuum. At a temperature of 10,000°K and a 
pressure of one atmosphere these contributions were about equal, the 
experimental results being in excellent agreement with the theory. They 
also found that if an ITj continuum exists, its contribution must be very 
small. 

Although the negative hydrogen ion and atomic hydrogen account 
for most of the continuous absorption in stars like the sun, an appreciable 
fraction of the blocking of outflowing solar radiation may be done by 
agents not yet specifically identified. Among the possibilities are dis- 
crete line absorption, discrete and continuous molecular absorption, and 
possibly absorption by other negative ions,* Beyond the // and K lines 
we probably do not see the continuous spectrum; it is smothered by a 
host of strong overlapping lines, which become stronger and more pro- 
nounced toward the “rocket” ultraviolet, X2900 -2000A, so that ulti- 
mately the “continuous” spectrum is depressed well below that of a 
black body at 5700° K. I alter and Lewis showed that in the neighborhood 
of the K line in the AO dwarf e Eridani the continuum is depressed about 
35 per cent because of the overlapping wings of strong lines. The cal- 
culation of model atmospheres for such objects becomes very difficult 
because of the blocking of the radiation by strong lines. 

Much information on the structure of stellar atmospheres may be 
derived from studies of line profiles to which problem we now turn our 
attention. 


PROBLEMS 


1. Show that t fie temperature gradient in an atmosphere in adiabatic 
equilibrium 

P = AV (174) 

is constant and equal to 


d T _ y — 1 
dx 7 ol <J 


(175) 


* Negative ions other than those of hydrogen probably play no important role in 
stellar atmospheres. Wildt and Chandrasekhar suggested that the negative oxygen 
ion might produce some absorption in cooler stars, but this possibility hangs on an 
insecurely determined electron affinity. The halogens, which have large electron 
affinities* are not sufficiently abundant to exert any important influence. 
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where Gt is the ga.s constant, 7 is the ratio of specific heats, and g is the 
acceleration of gravity. 


2. Consider an atmosphere in adiabatic equilibrium, and in which 
t he absorption coefficient is proportional to the gas pressure. Show that 
the limb-darkening law is 


2(yU 




(170) 


3. Assume that the temperature distribution with optical depth is 
given by the Eddington approximation, eqn. (76). Show that if the 
Planck function is expanded as B = a + in-, then 


\ = 1«(1 - e-“)“ l 

0 o 


(177) 


where 


hv 

k 7’„ 


(17S) 


and 7’o is the boundary temperature and a, b, and Ii all depend on the 
wave length. 


4. Verify eqns. (17) and (18). 

5. Consider an atmosphere in which both absorption and isotropic 
scattering occur. Show (hat if k and a are both independent of wave 
lengt.li, the equation reduces to t he one already treated. When k and a 
depend on frequency, let us define: 

df = (fc + <t)p dx, dr = kp dx, and dl = (k + <j)p dx (179) 
Then 


where the ratio h/a is given by eqn. (177). Solve the appropriate eqn. 
(5G), with Eddington's approximation under the assumption that <r/k 
and k/(k + a) are independent of the optical depth. Show that 


J* - /l* + Axe-v 

(181) 

where 


'-(&r 

(182) 

and the boundary conditions require t hat 



Ax = 


2 Ijk h + <r 

3 fix ~b it 

i + IP 


(183) 
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6* With the aid of the results from Problem 5 show that the emergent 
flux t rFx is given by 

I<\ = 2^B{r)E i {t) dt + 2.4 \ f dl (18-1) 

7. Calculate the relative numbers of atoms above the photosphere 
capable of absorbing the X3933 lines of Ca II for stars on the main se- 
quence at 0 = = 0.5, 0*0, 0.8* 1,0, 1*2, and 1.4* 

8* Prove eqn* (168)* 

9* Calculate a model atmosphere for a giant star of effective tem- 
perature 5100° K, and log g — 2*0, including the relation between x and 
r* Compare the structure of the atmosphere with that of the sun (cf. 
Table 10), and that of a dwarf star with T e rr — 5100°K and log g — 4*01* 

10* With E n (x) defined by eqn* (9), and 


11 

*n 

II 

(185) 

prove the following relations: 

(n — l)E n (x) = e~^ — xE n -i(x), n > 2 

(186) 

En(0) = n i v n > 2 

(187) 

fr. 

J E n (x ) dx = E n+ i 

(188) 

^ En(x) =-E a - 1 (x), ( n > 1) 

(189) 

J xE n (x) dx = zE.+i(x) + E nit (x) 

(190) 

A(a t ,r) — f e ax PJ(x) dx =— * [!n(| 1 — &\) 

In. a 

+£{(! - a)x] - 

(191) 


11. Consider an atmosphere in which the radiative flux is no longer 
constant with optical depth (as in an atmosphere where convection 
occurs). Show that in the Eddington approximation: 
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Thu Fraunhofer Spectrum 


1, Introduction 

The fundamental problem of stellar atmospheres is the following: 
Given the intensities of the absorption lines, to determine the composi- 
tion and physical state of the atmosphere and the surface gravity of the 
star. From the? spectrum we should be able to tell whether the star has 
a normal or an unusual composition and whether it is a dwarf, giant, or 
supergiant. 

First of all we need to define the “intensity” of a line* Rowland 
made eye estimates of the intensities of the dark lines in the solar 
spectrum on an arbitrary scale, and these estimates, when properly 
calibrated, are useful for many problems. Unfortunately, no single 
parameter will completely describe an absorption line. A Fraunhofer 
line may be represented by an intensity curve, with a certain depth, 
width, and shape. Since every one of these features arises from a defi- 
nite physical cause, an adequate theory should be able to account for 
the complete intensity distribution or profile of the line* It is true that 
spectral lines have certain common characteristics as regards shape. 
Usually they are symmetrical (notable exceptions are certain helium 
lines in hot dwarf stars) and possess a single minimum. But in other 
features they may differ markedly. The strong lines show broad “wings” 
— -extensions on either side of the minimum* Weak lines do not have 
such wings, and if they are photographed with an instrument of suffi- 
cient resolving power, they show a bell-shaped profile* Also some lines, 
e.g., A4227 of Ca J, are nearly black at the center; others have appreci- 
able central intensities* Thus it is not possible to write an empirical 
equation with a single parameter that would represent the profiles of all 
Ihe lines in the solar spectrum, for example. We shall see that these 
differences in shape arise from the differences in the number of atoms 
acting to produce the lines, from differences in the physical conditions 
under which the lines are formed, and from the fact that processes im- 
portant for strong lines, e.g., collisional broadening, are not significant 
for the weaker lines* 

The experimental determination of line profiles is a difficult problem* 
The finite resolving power of the spectrograph and photographic turbid- 
ity tend to blur out the lines. Furthermore, with a grating, light will 
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be scattered from the adjacent continuous spectrum into the lines and 
will give too high a central intensity, i.c. T too shallow a line. If the line 
is deep and narrow, the photographic Eherhard effect may become seri- 
ous. lienee painstaking care is necessary for the accurate determination 
of line profiles. We mention the investigations of Shane (Na “D” lines) ; 
Plaskett, d’Azambuja, Cherrington, and others (Mg “b” group); Red- 
man (X4227 Cal); and Houtgast (center-limb variations of a number of 
strong lines). Shane employed an elaborate interference method to de- 
termine the amount of scattered light and to eliminate the photographic 
Eberhard effect; his method gives results of high accuracy. Redman 
placed an auxiliary spectroscope in front of his spectrograph and isolated 
the small spectral region he wished to investigate. Thus scattered light 
from distant parts of the spectrum is avoided. 

Although line profiles are of the utmost importance in studies of the 
atmosphere of the sun and other stars, the labor involved in getting good 
measurements has limited the amount of available data. Astronomers 
have often worked with the equivalent widths of lines, he., the total 
amount of energy subtracted from the continuous spectrum by the ab- 
sorption tine. By l he “intensity” of an absorption line we shall mean, 
unless otherwise specified, the equivalent width of the line. The shapes 
of lines of the same equivalent width in the solar spectrum are often, 
but not always, nearly the same. We shall describe what can be learned 
both from line profiles anti from equivalent widths. 

Clearly, the intensity of a line must be related lo the number of atoms 
acting to produce it: the stronger the line the greater the number of 
atoms. At first, one might suppose the intensity of a line to be simply 
proportional to the effective number of atoms, AX and this is indeed 
true for the very weakest lines. Lines of intermediate and large equiva- 
lent width are not related to the number of effective atoms in such a 
simple way. The character of the line broadening plays the decisive 
role, such that the exact relationship will depend on the importance of 
the Doppler effect, radiation and collision damping, broadening by 
charged ions, etc. Consider what happens as an increasing number of 
atoms is added to an atmosphere. (We can get the same effect by con- 
sidering lines of the same atom but of different oscillator strength /, 
since AX n ot just N } is the important factor.) When the number of 
atoms is small, the amount of energy subtracted from the continuous 
spectrum is small and is proportional to the number of atoms, i.e., W 
varies as AX As Nf increases, the energy in the center of the line is de- 
pleted and further absorption has to take place in the wings. Thus the 
total amount of energy subtracted from the outgoing radiation as Nf 
increases will depend upon how much energy the atoms can absorb at 
great distances from the line center, i.c., on how the absorption coeffi- 
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eient depends on the distance (X — Xn) from t he line center. Hence wc 
must first consider sources of hue broadening and their influence on the 
absorption coefficient. 

2. Sources of Broadening of Spectra! Lines in Stellar Spectra 

Absorption lines in stellar spectra arc intrinsically broadened by the 
following causes: 

(a) Doppler effect arising from the random kinetic motions of at- 
oms, To this may be added a possible “turbulence” broad- 
ening because of large scale motions of large masses of gas 
especially in the atmospheres of giant and supergiaat stars, 

(l)) Radiation damping which is a consequence of the finite life- 
times of excited levels. Classically, it corresponds to the fact 
that the finite wave train emitted by a radiating atom is non- 
monochromatic. 

(c) Collision damping * A radiating atom may be perturbed by 
its neighbors and emit a broadened spectral line. The perturb- 
ing particles may be neutral atoms, ions, or electrons. 

(d) Stark effect on hydrogen and helium lines, because of statis- 
tically fluctuating fields produced by ions and electrons, 

(e) liyperfine structure is responsible for the broadening of certain 
lines in the solar spectrum. 

(f) Zeeman effect. Lines produced in sunspots or magnetic stars 
are broadened or split by the magnetic field. 

Finally, there are extrinsic causes of broad lines in stellar spectra. 
An absorption line profile in a rapidly spinning star is a composite of 
contributions from different parts of the disk, some of which are ap- 
proaching and some of which are receding. The net result will be a 
broad, dish-shaped line. Expanding shells in novae, peculiar stars, or 
Cepheids also produce broadened lines. If large scale convection cur- 
rents occur, widened lines may also result. 

The absorption coefficient of a line broadened by thermal mo- 
tions alone [cf. eqn. (21) of Ch. 3] has a hell shape, falling off as exp 
[ — const (5X) 2 ] in the wings. Radiation damping gives a narrow absorp- 
tion coefficient with broad wings in accordance with eqn. (65) of Chap- 
ter 5. In resonance lines the quantum mechanical damping constant F 
may be of the order of the classical damping constant y. Observations 
show, however, that damping constants of five, ten, or even fifty limes 

* Both (c) and (d) may be regarded as collision&l broadening, but (c) is usually 
treated on the basis of discrete encounters whereas (d) is regarded as a statistical 
phenomenon. See Sec. 3. 
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the classical value are required to explain the profiles of certain strong 
Fraunhofer lines. Collision al broadening appears to be responsible for 
these large damping constants, 

3. Collisional Broadening of Spectral Lines 

We may employ two limiting points of view in the discussion of the 
collisional broadening of spectral lines. Following Lorentz, Lenz, Weiss- 
kopf and Lindholm we regard the emitting and absorbing atoms as be- 
ing disturbed by separate, i.e., discrete, encounters with other particles** 
Or, alternatively, following Stark, Debye, Holtsmark, or Margenau, we 
can ask what will be the value, at a given atom, of the electric field F 
produced by the surrounding particles. The value of F will fluctuate 
as the configuration of the particles change, but we can compute the 
probability, W(F/F*) t for a field of strength F at a given instant, F 0 is 
the time average value of the field. Since to each F there corresponds a 
shift 5v in the frequency of the emitted radiation, we can compute for 
what fraction of time the spectral line is shifted by amounts, 5v h 
— * , etc. Then by summing over all shifts according to their statisti- 
cal probabilities, we get the shape of the broadened emission line and 
hence the wave length dependence of the absorption coefficient, since it 
must have the same form (ef. Ch, 5)« On the other hand, in the discrete 
encounter theory, the time dependence of the perturbation is the stra- 
tegic factor* The wave emitted by the radiating atom is interrupted by 
collisions with perturbing particles and the intensity distribution in the 
emitted line is obtained by a Fourier analysis as a function of density 
and temperature* 

In the limiting extreme of no relative motion between radiating atom 
and perturber, the Holtsmark theory would be valid. When there is 
relative motion, the central part of l he line is governed by the discrete 
encounter theory and the statistical theory applies in the wings. Under 
conditions prevailing in stellar atmospheres, usually one or the other of 
these two extremes applies for a given line, e,g., for the broadening of 
Ca II X3933 or Oa I X4227 we apply the discrete encounter theory, while 
for the hydrogen lines we apply the Holtsmark theory. 

Before we derive an expression for the shape of the broadened emis- 
sion line which will give the absorption coefficient, let us consider the 
line broadening process from the point of view of the quantum theory. 
The undisturbed atom will radiate a frequency, given by hv 0 = 
— Wt If the atom is perturbed by an intruder, the energy levels 
will be shifted, A plot of W\ and W* against r, the separation of the 
radiating atom and the perturbing particle, yields curves resembling the 


Encounters between neutral particles involve only short-range electric fields. 
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potential energy curves of a diatomic molecule. If the atom radiates 
when the separation is r, (hen hv = IF 2 (r) — This energy will 

differ from that ordinarily radiated since IU 3 — IFi will change with r 
and the position of the spectral line will be shifted. Throughout the 
radiating volume, emissions will occur at differing /■ values and the re- 
sultant spectral line will not only be shifted but broadened as well. 




Fig. I.— Collisional Displacement of a Spectral Limb 


The left part of the figure depicts the distortion of the energy levels as a function 
of die separation r between t he atom and perturber. The undisturbed frequency is 
The resultant spectral line (right) not only is broadened because encounters lake 
place at different r values but is shifted as well* 


In the classical, discrete-collision picture an atom radiating a wave 
train suffers an encounter with another particle which quenches the 
wave or changes its phase so appreciably that the net effect is as though 
two distinct wave trains were emitted. In all encounters the phase of 
the wave will be advanced or retarded. Sometimes the phase shift is 
large (ef. Fig. 2); at other times it is so small that the net effect is neg- 
ligible. 

^V} 

b 

Fia. 2* — Quenching of a Wave Train in an Encounter 

(a) Normal classical wave of finite duration, (h) quenched wave, (c) collision 
with a phase shift of 180°. 




Let us suppose, following Weisskopf, that the phase slvift depends on 
an inverse power of the separation, r~ n , viz., 



CD 
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where w is measured in circular frequency units and C is a constant. 
The total phase shift is found by integrating 5c*,’ over the duration of the 
encounter. That is, 


/*!■» 


dl _ 

+ v*r-y* vp »-' a " 


since r = p sec 0 (cf. Fig. 3); whence 


r+ir/s 

| c 

J-w/2 


vm n ~*Q (16 — 




Here a n is related to n by: 


r i 


7T 4 3tT 
0,1 ” x " 2 3 8 

n = 2 3 4 5 6 


( 2 ) 


( 3 ). 



Fig. 3.— Geometry or an Encounter 

The perturbing particle whose velocity is v passes the radiating atom at a minimum 
distance p. 


Weisskopf supposed, arbitrarily, that if the phase shift was greater 
than a critical value, ifo, which he set equal to 1, the atom would be so 
disturbed by the collisions that the emissions before and after should be 
regarded as independent processes, insofar as their influence on the shape 
of the spectral line is concerned. 

Suppose that an atom radiates with an undisturbed frequency, 


wo 7 7 

pq = for an interval — — to +— between collisions. We may ana- 
2 7T J It 

lyzt! this finite wave train, of time duration T by means of the 
Fourier integral theorem. We write 


/ +» r+a 

e tat dta I F(u)e'“ v du 


(4) 


T 


where F(t) = 0 outside the interval —a to +ct. With a = -~> and 
F(t) = we find 1 

’ + T/2 


P + ee P + Tft 

e‘“ s ‘ = I e iat du | 

J-K J-T/2 


0 H<JH aOj* 


du 


Sun. 31 


Tin-: I'RArXHOFEK SPECTRUM 


247 


which means that the finite wave train —T 2 to +7' 2 is equivalent to 
the superposition of infinite wave trains, having an amplitude 

/ + 7V2 

e Uaf and therefore an iidenmty dependence on frequency 

Tf 3 

given by r /,.* _ n 


p P+Ti 3 -p 

/(p)oc I J = 


(^”°) r 

o; — a)fi 
•> 


The time between encounters, T, or flight time, depends on the mean 
free path of the particle. It is the velocity divided by the free path. 
If To is the mean flight time (sometimes called mean free time) interval 
between collisions, the probability F{T) of a flight time T is 1/7 V T!T °- 
To obtain the intensity distribution in a spectral line we must sum over 
all flight times T. Then 


A_ 

2x 5 


where A is determined by the condition that 

l (if) dv — /(i, mi 


I 


(p — Pn)~ + 


UJ 


!> 


(5) 

(6) 


Since the shape of the absorption coefficient is the same as that of l he 
corresponding emission line, the absorption coefficient per atom is 



(7) 


This expression shows the same frequency dependence as the radiation 
damping formula (eqn. 50, Ch. 5) if the constant y be replaced by 2 7 V 
Weisskopf supposed that those collisions that change the phase, 
by an amount greater than tjo contributed to the broadening. Let us 
suppose that a distance of closest encounter, po, corresponds to a phase 
shift, ija. Then the collision cross-section is wp* for line-broadening en- 
counters. Let Nt denote the number of particles/cm 3 responsible for 
the broadening. For problems such as the widening of metallic lines in 
the solar spectrum, Nb will be the number of hydrogen atoms cm 3 . That 
is, the perturbers will be vastly more numerous than the number of 
emitting particles. The number of line-broadening collisions/sec for 
each radiating particle will be 


8 = ~ = vpZNoV 
1 0 
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where V, the mean relative speeds of radiating and perturbing particles, 
is given by kinetic theory as 


V = 



(9) 


Afo is the mass of a particle of unit atomic weight and Ai and are the 
atomic weights of the radiating and perturbing atoms. Since the den- 
sity of stellar atmospheres is always low, the mean distance between 


particles r 0 = 



> > po> and we may neglect multiple 


collisions. 


With i) = 7/0, po follows from eqn, (2), viz*, 



U0) • 


The collisional damping constant will be 


r„n = Tfr = 2*‘VJVbpj = 2ttA"& 
I o 


VhtC a* h 1 t/ i — “7 


L V(i 


T' 




( 11 ) 


if the force law is of the form When elements other than hydrogen 
and helium are perturbed by ions or electrons, the quadratic Stark effect 
obtains and n - 4, Collisional broadening that arises when other ab- 
sorbing atoms suffer encounters with neutral hydrogen atoms involves 
a van der Waals type of force for which n = G, 

The difficulty with the elementary approach lies in the choice of 
Weisakopf and Loren tz made the simple assumption that no relation 
existed between the phases before and after collision and that tj 0 = 1. 
Actually, in some collisions that influence line broadening, there does 
exist a relation between the initial and final phases. 

Lindholm gave a more detailed discussion of this problem wherein he 
took into account the cumulative effect of numerous encounters in which' 
the phase is changed by varying amounts. In practice, there are few 
collisions in which tj is large but many in which 77 is small. In agreement 
with experiment and in contrast with eqn. (7), Lindholm found a fre- 
quency shill as well as a line broadening so that the intensity is given by 


JM - / 



1 

(v — PQ + & f y 2 + (y/'lTr) 2 


in agreement with the predictions of quantum theory. 


( 12 ) 
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The encounters for which > 1 are most important for line broaden- 
ing, whereas encounters for which tj < 1 play the more significant role 
in causing line shifts. 



Assuming that the phase shifts are produced in accordance with the 
law expressed in eqn. (1), Lindholm has derived values of 7, ft = 
and tjo for different values of n. We quote here his results for the two 
special cases of greatest interest, namely, n = 4 (quadratic Stark effect) 
and n = 6 (van der Waals forces). 



ft — 4 

ft = 6 

y 

38.8C 5,, V 1, W 

17.0 C*t*V*t*N 

& 

33.4 

6.16 C*i*V*i*N 

y/P 

1.16 

2.80 

ifo 

0.04 

0.61 


The last row gives the correct value of rjo to employ in eqn. (10) to 
get po. 

As an example, let us consider the quadratic Stark effect in iron, 
wherein the radiating atom is disturbed by a passing electron or ion. 
Panter and Foster measured the displacements of iron lines in a strong 
electric field. If the shift in wave numbers is A* in a field of Eo volts, 
then we may compute C from 



or numerically, 

C = 6.21 X 10-< ^ (14) 

/If, 

For a field of 81, 000 ev/em, Panter and Foster found l lie X5162.28 line 
broken into components polarized parallel and perpendicular to the 
fields and displaced by 5.78 and 4.02 cm \ respectively. With Ai? — 
4.89, we find C = 46.3 X 10 -14 , The C values for other lines can be 
found from the experimental data in a similar fashion. The Stark 
damping constant is then 

//■ 7X1/6/ 1 1 \l/6 

I'« = 2 + (15) 
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A r here refers lo the number of charges/cm* active in producing line 
broadening. Since A 2 = Ts / f - for an electron, their contribution to line 
broadening much exceeds that of other charges. 

From a study of the intensities of strong iron lines in the solar 
spectrum, C. W. Allen found that the Stark component of the damping 
constant was given by 

IWk = 2.2 X 10 ,J C 2 ' 3 (16) 


Some contribution to this damping constant arises from electrons, some 
from ions. Now A\ = 56, and if we suppose that most of the electrons 
arc supplied by ionization of elements like sodium, calcium, etc.,* A t is 
about 40 for the ions as compared with for the electrons. Hence 86 
per cent of r star k is contributed by the electrons, or T c = 1.9 X KFC 1 ' 1 . 
If we put in the numerical values for k and M a , choose T = “»700°K (for 
the sun), and adopt = 0,64, which is appropriate for n = 4, we find 
N e = 1.3 1 X 10 13 or P e ~ 10 dynes/ cm*. 

Collisions between radiating atoms or ions and neutral hydrogen 
atoms are characterized by the van der Waals force law (n = 6). Then 
ij» = 0,61, and by eqns. (10) and (3) 



(17) 


where C, the van der Waals constant of interaction, can be found by 
experiment in some instances or calculated by quantum mechanics in 
others. With hydrogen as the principal perturbing atom, we may write 
C as 

C = f (18) 


where a = 6.77 X lO -23 cm 3 is the polarizability of I he hydrogen atom 
(computed from quantum mechanics), and Rl is the mean square radius 
appropriate to the upper level of (he broadened absorption line. If 
Rk is measured in units of on, the radius of the first Bohr orbit, 

m 

C = 6.50 X 10- 34 -, (19) 

a t\ 

As an example, consider the broadening of the // and K lines of Ca I!, 
for which we take R% - 23 ail, whence C = 1.51 X 10 -32 . From eqn! 
(9) we obtain V = 1.11 X 10“ cm sec since A, *= 40, Ai = 1, and T = 
5700° K. The target radius for collisional broadening in the Loren tz- 
Weisskopf sense is then, from eqn. (17), p n = 4.40 X 10" s cm = 4.40A. 


* In thu solar atmosphere hydrogen supplies few electrons. 
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At an optical depth of 0.0 in the solar atmosphere we may take 
log P g = 4.86, and T — 5700°K -so that, 

,8 = *V pf pi = 6.2 X 10“ (20) 

is the number of broadening collisions per second. 

If quantum mechanical calculations of are not available, we may 
often use the approximate formula, 

+ 1 “ m + l) ' 

valid for the hydrogen-like levels of many light atoms. Here n* is the 
effective quantum number, l is the azimuthal quantum number, Z = 1 
for neutral atoms, 2 for singly ionized atoms, etc. 

For the lines of most atoms, the above theory of collisional broadening 

* c 

appears to be adequate, but for hydrogen and helium where — — , the 

Holtsmark statistical theory (See. 10) is valid. 

The complete theory of collisional encounters shows that the discrete 
encounter picture and the statistical picture represent asymptotic forms 
of a general theory* 

The Zeeman splitting of lines in a macroscopic magnetic field, such 
as exists in sunspots and certain peculiar A stars, depends on the number 
and separation of the components and on the intensity of the field. A 
single line may become replaced by a number of components each acting 
to block the outward flow of radiation. We shall treat tins problem in 
Sec. 19 of this chapter. 

4. The Line Absorption Coefficient 

We shall now compute the shape of the absorption coefficient of a 
line broadened both by Doppler effect and by radiation or collisional 
damping. The latter two effects can be handled together by a suitable 
definition of the damping constant. 

An atom moving with the velocity v toward the observer will emit a 
line centered on a frequency v given by 

v* = Vo 4 — vo (21) 

c 

and for this atom the absorption coefficient will be 
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1 o obtain the total absorption coefficient per atom in unit frequency 
interval at v, we must multiply ©qn. (22) by the fraction of atoms moving 
with the velocity v to v + dv and then integrate over all velocities. The 
number moving in the velocity range v to v + dv is given by Maxwell's 
equation for velocities [cf. eqn. (11) of Ch. 3]: 


dN = N 


IJL 

\2irkT 


M -M+ , 
2ickT ° ** rdv 


(23) 


where M = AM 0 is the mass of the atom in question. A is the atomic 
weight and M a the mass of an atom of unit atomic weight. To obtain 
the absorption coefficient a, at a frequency v we now integrate over all 
velocities that may contribute to the absorption coefficient at this fre- 
quency. Thus from cqns. (22) and (23), 



We transform this integral with the aid of the following substitutions. 
First let, 



— 7# 

(25) 


A ^0 

Ay — — v 

C 

(26) 

so that 

„ c 



dv = — d (Ap) 

Vq 

(27) 

Then let us define, 

Av 


til 

11 

(28) 


p — F0 

(29) 


U = ~k 

A?o 


5' - F/4t 

(30) 


S' 



a « — 

A»/q 

(31) 


where r is the effective damping constant. The absorption coefficient 
at the line center for zero radiation damping (sometimes called the 
fictitious absorption coefficient) is (cf. eqn. 70 of Ch. 5): 
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where A is the Einstein coefficient for the transition and g„ and p*. are 
the weights of the upper and lower levels respectively. Then, 


a, = 



f + " <r* 

a 1 + (« - y) 


l dy 


(34) 


When both radiation damping and collisional broadening 
write 


5' 


= Si+S, = ^ + 


S_ 

2? r 


occur, we can 
(35) 


where I"™.! is the sum of the reciprocal lifetimes of levels n and n' for 
radiative processes, and S is the number of damping collisions/sec. 
Then, 

S' = ^ D + \ N^-V (36) 

To obtain the damping constant of any line, we must know the number 
of broadening particles/ cm®, N* t and the damping collisional cross-section 
for 1 he two levels of the transition in question. 

At a fixed temperature and pressure, a is constant and the integration 
may be carried out over y. Helpful tables for the calculation of ajao as 
a function of v and a have been given by Iljertmg, by Mitchell and 
Zemansky, and most recently by D, Harris who writes a P /m in the form, 


= H a (u) + alh(u) + aHh(u) + a*ff a (u) + • • * (37) 

and tabulates //o, Hi, etc* (see Table 1), 


Example: Calculate the line absorption coefficient for X3933 of Ca II, 
— 4 at T — 5700°K, The / value for this line is § X L19; 
hence from eqn, (77) of Chapter 5, 

r„d = 31 7 e = 3 X | X 1.19 X 1 7c = 1.197, (38) 

Then, 

c X Vlkt 3933 12 X 1-38 X ItH* X 5700 

' ° ^ 0 c\ M 3 X 10 10 \ 40.07 X 1.(37 X lO* 2 * 

= 0.0202A, (39) 

or 

(X - X 0 ) - G.0202iiA (40) 

while Avo = 0.392 X 10 1(> see -1 . Let us first consider the limiting case 
of pure radiation damping. From cqns. (38) and (55) of Chapter 5 we 
obtain 

I Tad 1 ■ 1 9%: 

4# 47T 


- Apr 


(41) 
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TABLE 1* 

The Functions H„, Hi, Bt, H t , and //< 


H 

//u(u) 

ffi(u) 

//*(*) 

//>( u) 

tft ( v ) 

0.0 

+1.000000 

-1.128 38 

+ 1.000 0 

—0.752 

+0.50 
+ 48 

0.1 

+0.090 050 

-3.105 90 

+0,970 2 

— .722 

0.2 

+0,000 789 

— I.D40 48 

+0.883 9 

— .637 

+ ;40 

+ .30 
+ .17 

0.3 

+0.913 931 

—0,937 03 

+0.749 4 

— .505 

0.4 

+0.852 144 

-0.808 46 

+0.579 5 

- .342 

0.0 

+0.7 7S 801 

-0.649 45 

+0,389 4 

— .165 

+ ,03 

_ ojj 

0.0 

+0.097 070 

-0.485 52 

+0.195 3 

+ -007 

0.7 

+0-012 1120 

-0.32 L 92 

+0.012 3 

+ ,150 

— *20 

O.S 

+0.527 292 

-0.167 72 

-0+47 0 

+ 280 

- ,27 

- .30 

0.0 

+0.444 858 

-0.030 12 

-0.275 8 

+ ,362 

1.0 

+0.307 879 

+0.085 04 

-0.367 9 

+ .405 

— .31 

1.1 

+0.208 197 

+0.177 80 

-0.423 4 

+ ,41] 

— a28 

1.2 

+0.236 928 

+0.245 37 

—0.445 4 

+ .386 

— ^24 

1.3 

+0. 1 84 ,j20 

+0.289 SI 

-0.439 2 

+ ,330 

jg 

1.4 

+0.140 858 

+0.313 94 

-0.411 3 

+ .280 

- +2 

1.5 

+0.105 399 

+0.321 30 

-0.368 9 

+ .215 

- ,07 

— *02 

Ml 

+0.077 305 

+031573 

-0.318 5 

+ ,153 

L-7 

+0.058 570 

+0.300 04 

-0.265 7 

+ .007 

+ ,02 

\M 

+0.039 104 

+0.280 27 

-0,214 6 

+ ,051 

+ !o4 

1.9 

+0.027 052 

+0.256 48 

-0+6S3 

+ .015 

+ *05 

2,0 

+0,018 3156 

+0.231 726 

-0+28 21 

— .010 1 

+ .0,58 
+ .056 

2.1 

+0.012 1552 

+0.207 523 

-0,095 05 

— ,020 5 

2.2 

+0.007 9U71 

+0.184 882 

-0.068 63 

— .035 5 

+ 051 

2,3 

+0.005 04 L 8 

+0.164 341 

—0.048 30 

— ,039 1 

+ l043 
+ .035 

2.4 

+0.003 1511 

+0+46 128 

-0.033 15 

- .038 9 

2.5 

2.6 

+0.001 0305 
+0,001 1592 | 

+0.130 230 
+0.116 515 

-0.022 20 
-0.014 51 

- .036 3 

— ,032 5 

+ .027 
+ .020 
+ .015 
+ .010 
+ *007 

2.7 

+0.009 0823 

+0+04 730 

-0.009 27 

— .028 2 

2.8 

+0.000 3037 

+0.O94 653 

-0.005 78 

— .023 0 

2,9 

+0.000 2225 

+0.086 005 

-0.003 52 

- .020 1 

3.0 

3.1 

+0,000 1234 
+0.000 0671 

+0.078 565 
+0.072 129 

-0.002 10 
-0.001 22 

- .016 7 

— .013 8 

+ .005 
+ .003 
+ .002 
+ .00] 

3.2 

+0,000 0357 

+0.066 526 

-0.000 70 

— .Oil 5 

3.3 

+0.000 mso 

+0.0U1 015 

-0.000 39 

— .009 6 

3.4 

+0.000 009D 

+0.057 28J 

—0,000 21 

- ,008 0 

+ !ooi 

3.5 | 

3.6 

+0.000 0048 
+0.000 0024 

+0.053 430 
+0.040 988 

“O.ooo n 

-O.IJOO 06 

- .006 8 
— .005 8 

.000 

.000 

3,7 

+0.000 001 1 

+0-046 804 

“0.000 03 

— ,005 0 

!ooo 

000 

3.3 

+0.000 0005 

+0.044 098 

-o.ooo 01 

— .004 3 

3.9 

+0.000 0002 

+0.041 561 

-0.000 01 

- .003 7 

!ooo 

4.0 

+0.000 0001 

+0,030 250 

0.000 00 

-0.003 3 

0.000 


u 

//.(«) 

//*(«) 

V 


! Uu ) 

4.0 

4.2 

4.4 
a 0 
4.8 

+0.039 250 
+ .035 195 
+ .031 762 
+ .028824 
+ .026 288 

-0.003 20 

- .002 57 

- .002 05 

- ,001 66 
- .00137 

8,0 

8.2 

8.4 

8.6 

8.8 

+0.009 0300 
+ ,008 5852 
+ m & 1722 
+ ,007 7385 
+ .007 43 L 4 

-0,000 15 

- .000 13 

- .000 12 
- .000 1 1 
- *000 10 

5.0 

5.2 

5.4 

5.0 

5.8 

+ .024 081 
+ .022 146 
+ .020441 
+ *0181129 
+ ,017 582 

- .001 13 

- .000 95 

- .000 80 
- .000 68 
- .000 59 

9.0 

9.2 

9,4 

9,6 

0,8 

. + <007 0085 
+ ,006 7875 
+ *006 4967 
+ .006 2243 
+ .005 9688 

- .000 09 

- .000 08 
- .000 08 

- ,000 07 

- *000 07 

0.0 

0.4 

6,0 

6.8 

+ .016 375 
+ .016 291 
+ .014 312 
+ .013 420 
+ ,012 620 

- .000 51 

- .000 44 

- .000 38 

- .000 34 

- ,000 30 

mo 

10.2 

10.4 

L0.0 

10.8 

+ .005 7287 
+ .005 5030 
+ .005 2903 
+ .005 0898 
+ U04 0006 

- .000 00 
- *000 06 

- .090 05 

- .000 05 

- ,000 04 

7.0 

7.2 

7,4 

7.0 

7.8 

+ .011 8800 
+ .011 2145 
+ .019 5990 
+ ,010 0332 
+ .000 5110 

- .000 20 

- .000 23 

- ,000 21 

- ,000 19 

- .000 17 

3 1.0 
11.2 
11.4 
l 1.6 
11.8 

+ .004 7217 
+ .004 5526 
+ .004 3924 
+ ,004 2405 
+ *004 0904 

- .000 04 

- ,000 04 

- .000 03 

- .000 03 

- ,000 03 

Kfl 

+0.009 0306 

-0.000 15 

12.0 

+0,003 9595 

“ 0.000 03 


Courtesy , I>. L, ECirrin, Atlropfiysical Journal (Triivcrsity of CJhouko frosts), 108 1 [-1. J'j-ty 
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while in wave length units the classical damping constant yields 


2.55 




7 „(X) _ c_ Tc = 2 ire 1 
4tt vt 4ir Zmt? 


0.000059 A 


which is a constant independent of wave length. For X3933, 


Then 


3'(X) = 1.19i t {X) = AX B = 7.02 X 10' a 



AX, f _ 0,702 X H )- 1 
AXo 0.0202 


0.0035 


(42) 

(43) 

(44) 


We may now compute a* au with the aid of Table 1. For example, the 
value of a P fctQ for u = 0.4 is 

aja o = 0.85214 — 0.0035 X 0.80346+ (0.0035)* X 0.5795 = 0.84934 (45) 

From eqn. (33) with <j n = 4, g n , = 2, Ann* = 1.72 X 10*, we compute 

1 

' WHO 

(46) 


- 4 v i 79 v ins (3-633 X IQ-*)- _ 

<20 2 A g x 7T m x ( 1.392 x HP 


- 3.05 X 10“ i2 


Now consider the case in which both radiation and collision damping 
have to be taken into account. From eqns. (20J and (36) we find with 
log P 0 — 4.86, and A nn - = 1,72 X 10® that, 


and 


tf = 0,137 X 10* + 0.99 X 10* - 1.127 X 10* (47) 



1.127 X 1(F 
0.392 X 10 10 


= 0,0287 


(48) 


for the combined effects of natural damping and collisional broadening. 
The resultant values are given in Fig. 5. Notice how radiation damping 
plus collision damping gives a much larger absorption coefficient at 
great- distances from the line center than does radiation damping atone. 
Near the line center, Doppler broadening alone determines the absorp- 
tion coefficient. At distances much larger than AXn, the Doppler con- 
tribution is small; there collision and radiation damping fix 

To summarise: the Doppler motions of the atoms determine the shape 
of the absorption coefficient near the line center, whereas radiation and 
collision damping fix the absorptivity at greater distances from the line 
center. In the sun and similar stars, collisions primarily determine F, so 
that an accurate knowledge of the collision damping parameter p and the 
gas pressure P g is needed for the precise specification of a v throughout 
the layers that play a role in the production of absorption lines. 
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\\y. plot log ctjm against u and AX us abscissa Tor T = 5700° K. The solid curve 
applies to combined radiation and collkional broadening at a gits pressure of 7.2 X 10* 
dynes; the dotted curve applies for radiation damping alone 

6, The Formation of Absorption Lines 

1 he interpretation of the absorption line spectra of the stars requires 
the answers to two questions. In what layers are the absorption lines 
formed and what arc the physical mechanisms involved? Lot us con- 
sider these questions in turn: 

1 lie same strata that provide the continuous absorption also contrib- 
ute to the formation of the Fraunhofer lines. The ratio of line to con- 
tinuous absorption, l x /h t will differ for different elements. For neutral 
metals such as Ca l and Xa I in the sun, this ratio will diminish with 
optical depth because of increased ionization with increased temperature. 
1 he approximat ion is sometimes made by regarding such lines as formed 
in a reversing layer* which overlies a photosphere that produces a pure 
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continuous spectrum. This schematic model in which t he upper layer 
produces line absorption or scattering only, whereas all the continuous 
radiation comes from the photosphere below, is called the Schuster- 
Schwaraschild model. It is the one we have in mind when we speak of 
the “number of atoms above the photosphere,” i.e., the number of atoms 
required in the hypothetical reversing layer to produce lines of the same 
intensities as those observed in real stars. In the Milne-Edd i ngton 
atmospheric model, on the other hand, h/k\ is constant with optical 
depth, j,e, ? all strata are equally effective in producing line and con- 
tinuous absorption. This approximation is reasonably good for ionized 
metals, Ca II, Fell, etc., for which second ionization is not important 
in the relevant layers. 

The true situation for any line lies between the two extremes. The 
“reversing layer” and photosphere merge gradually into one another, and 
the factor that distinguishes the latter is the gradual increase in the 
opacity. 

We may regard the physical processes of line formation from two 
extreme points of view. One might, for example, suppose that a unique 
temperature completely determines the emission and absorption proc- 
esses in a given volume element, i.e., Kirch hoffs law holds. This condi- 
tion is called local thermodynamic equilibrium ( LTE ) and is sometimes 
referred to as absorption. From this point of view, the radiation from 
the center of a strong line, therefore, will correspond to the temperature 
of the uppermost stratum since l\ at this wave length is large and radia- 
tion reaches us only from the surface. In the nearby continuum, the 
bulk of the radiation comes from hotter, deeper layers. Toward the 
limb of the sun, the emergent radiation arises only from the uppermost 
layers both in the continuum and in the lines, and the lat ter should 
disappear. 

In the other extreme, the atoms are not in temperature equilibrium 
with the radiation field at all, but simply scatter quanta reaching them 
from (mostly) greater depths. Thus a particular light quantum may 
ho absorbed and re-emitted many times on its way through the at- 
mosphere, and since it may be thrown either forward, sideways, or 
backward, its chance of reaching the surface is small. A lino formed ac- 
cording to the mechanism of scattering* will have a black center unless 
it is weak. 

Most Fraunhofer lines arc neither black at the center nor invisible 
at the limb. Some lines, e,g,, the resonance line X4227 of Ca I, have low 
central intensities, about 3 to 5 per cent, whereas the infrared subordinate 
lines of 0 I are observed to fade out as the limb is approached. There 

* Milne labeled this process monochromatic radiative equilibrium (MRE). We 
prefer to call it simply scattering. 
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seems to be a tendency for resonance lines to favor ihe scattering merha- 
nism and high level subordinate lines to lean towards the LTE meHi- 
anism. 

Scattering requires that the absorption of a quantum be followed by 
the re-emission of the same quantum. 'Hie absorption of a strong reso- 
nance UnCj c.g,, X589G Na 1 or X422/ Oa I, is likely to be followed by the 
re-emission of the same quantum. Sometimes, however, an atom may 
be immediately ionized irom l he higher level and a resonance quantum 
disappears. Conversely, an ion may recapture an electron in the upper 
level and cascade downward with the rebirth of a resonance quantum. 

I he emission and absorption of subordinate quanta will not follow 
the scattering mechanism since upper levels are populated to a large 
extent by transitions from the ground level, by cascade from higher 
levels anti by recombination. For example, the (n = 2) - (n = G) ab- 
sorption transition in hydrogen (Eh) is not likely to be followed by the' 
inverse. W henever the re-emission of the particular quantum absorbed 
is improbable, scattering is unimportant and the LTE mechanism pre- 
vails. 

in the hydrogen spectrum, for example, Lyman a tends to follow the 
scattering mechanism, whereas the Rahner lines, ant! more particularly 
the Paschen and Brackett lines, will follow the LTE scheme. 

6. The Equation of Transfer for Line Radiation 

I he theoretical study of absorption line formation was initiated by 
Schuster and Sch warzschild many years ago and has been developed in 
mom recent times by Milne, Eddington, Unsold, Pannekoek, Minnaert, 
Strdmgren, Chandrasekhar, and others. A simple model atmosphere, 
stiatified in plane parallel layers, and subject to no largo scale or turbu- 
lent motions is postulated* Usually the formation of a given line is 
treated as though one can ignore all the other lines in the spectrum. 

The attack on the problem consists of two phases: (1) the determina- 
tion of the appropriate absorption and emission coefficients for the line 
and continuum from the data of atomic physics, and (2) the study of 
the outward flow of radiation through the atmosphere of a star of as- 
sumed chemical composition, surface gravity, and temperature. 

I he line intensity calculation can attain any level of complexity de- 
pending on the assumed initial conditions. First we need a standard 
solution lor the formation of a line under simplified self-consistent condi- 
tions, This standard solution can serve then as a basis for more elabo- 
rate treatments, wherein the deviations from our idealized model are 
taken into account. 

_ ^ e follow Eddington in setting up the fundamental equation. Let 
k denote the mean absorption coefficient so that f = fHp dx . Let k 
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denote the coefficient of continuous absorption in the neighborhood of a 
line and l the coefficient of line absorption. Both k and l depend on the 
frequency or wave length; / varies sharply across a line; k varies so 
slowly that it may be taken as constant in the neighborhood of the line. 

To derive the equation of transfer, we again fix our attention on 
events transpiring in an elementary cylinder of unit area and length ds 
placed at a depth x below the surface (see Fig, 2 of Ch. 7). In the dis- 
tance ds, 1(d) suffers a loss from both continuous and line absorption, 

viz ’ dl{0) = -U(6)p ds - ll(e)p ds (49) 

If the line radiation is simply re-emitted in the same frequency, simple 
scattering obtains. Often, however, while the atom lingers in the excited 
level, it may collide with a passing electron which carries away the excess 
energy in a superelastic collision (collision of the second kind). The 
atom may become ionized from the upper state, or further excited, or it 
may cascade to a lower level other than the initial one. We shall sup- 
pose that of the quanta initially absorbed, the portion (1 — e) is rc- 
emitted. The total number of ^-quanta absorbed in the cylinder is 


Ip ds | 1(0) dt*i 
of which the fraction re-emitted in dw will be 


S / J 


(i 


- c)l£pdsf 


1(d) do) — (1 — v)lJpds dw 


(SO) 


where J is given by eqn. (2) of Chapter 5. 

We must now take into account the fact that additional line emission 
is provided by inelastic collisions, by electron recaptures on the higher 
levels, and by cascading. In practice, the rate of these processes will 
depend on the local temperature T. The amount of energy emitted 
will be d,B(T)p ds, where B(T) is the Planckian function. If we set 
ds =— sec 0 i7.r, and add up the gains and losses in our elementary 
cylinder, we obtain Eddington’s transfer equation :* 

vm9 fk = + W ~ kB (r) - (1 - e)U - HB{T) (51) 

* An alternative form of this equation is often useful. W© think of the absorption 
occurring in the line as being compounded of two processes; a straight- scattering of 
the radiation, and a thermal absorption at the local temperature T(x)j followed by 
emission at the same temperature. We define a scattering coefficient 

8 - (I - e )t 

and a line absorption coefficient, a = ei, which refers to the thermal processes. Thus, 
l =8 + 5, and ( if 
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The optical (iepth in the line is defined by 

dt = (k + l)p dx 
The ratio of line to continuous absorption is 


If we introduce 


eqn. (51) becomes 


n 


l 

k 


= 1 + eg 
1 + n 


cosO - = / - LB(T) - (1 - L)J 
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(52) 


(53) 

(54) 

(55) 


The source function [compare eqn. (50) of Ch, 7] will he 


3 = LB(T) + (1 - L)J (56) 


We can grasp the physical significance of the source function perhaps a 
little more clearly with the aid of the following considerations. Consider 
our elementary radiating volume at an optical depth t in the line. The 

thermal emissivity in the continuum per unit solid angle is — jp ds = 

BmeGdr, the light scattered by the volume is (1 — e)Jlpd& = 
(1 — sec 6dr } and the thermal emission in the line is eBij sec Odr , 
Since dt = (\ + n) dr t the total emission of the volume element is 


[LB + (1 — L)J] dt sec 0 = g sec B dt (57) 

The contribution from this volume element is dimmed by absorption in 
the upper strata, the extinction factor being exp ( — 1 sec 0). The inten- 
sity in the line therefore is the integral over all radiating elements, viz., 

7(0, o) = jf ;0(f)c-'“' fl see 0 dl (58) 

Hy the method employed in the derivation of eqn. (59) of Chapter 7, wc 
find an expression for the mean intensity ./ to which a volume element, at 
f is exposed because of the emission of the surrounding strata. We obtain 

J = h - *|) dt’ (59) 

and 

3 = LB + 4 (1 - L) J Etdi' - il)a(t') dl' 


(60) 
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The flux irF at I will be computed with the aid of [cf. eqn. (00) of Ch. 7] 

F = 2 jf <1(0 W - 0 dt’ - 2 jf “ O dt' (01) 

where Ei and have been defined hy eqn. (9) of Chapter 7. 

Notice that eqn, (00) is an integral equation of the form 

fix) = g{x) +j h(x - y)f(y) dy (02) 

where rj and h are known functions, and / is to be determined. In general, 
g and h will be given in tabular form and the equation must be solved 
by an iteration method. 

The solution of eqn, (55) may be found if wc know the dependence 
of L and B upon t t the optical depth at the particular point in the line. 
Both L and */ depend strongly on (X — X 0 ), the distance from the line 
center, 

7. Solution of the Transfer Equation for a Constant Ratio of Line 
to Continuous Absorption 

Although numerical methods must be employed to solve eqn, (55) 
if L{1) is arbitrary, an exact solution may be found if L is constant with 
optical depth. For some purposes, however, it suffices to use a Schuster- 
Schwarzschild type of approximation with modifications proposed by 
Chandrasekhar. 

Analogous to eqn, (IDS) of Chapter 7 we now have: 

^ ~f x = (* + Dl - (*:+ d)B - (1 - z)l l (7 + /') (63) 

~ ^ {k = {k + l)I ' ~ ik + €l)Ii - o - $ l \ v + n ( fi4 > 

Here I, I’, B, k, and fall depend on the wave length. The flux tF and 
mean intensity ./ are defined with the aid of 

F - 2 £ Ip pi = ~ (I — V) (65) 

and 

J => ^(7 + /') (66) 

respectively, since n = 1 [cf. eqn. (106) of Ch. 7]. 

These equations must be solved subject to the boundary condition 
that .1 does not increase exponentially with l, and that 

V = 0 when l — 0 


(87) 
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since there is no inward flux on the outer boundary. 


|Cli. 8 
Also we shall 


suppose 

B <- a + hr (08) 

or 

# = /in + = a + pi (69) 

where f is the optical depth defined in terms of the mean absorption 
coefficient k (cf. Sec. 12 of Ch. 7). The subscript "0” indicates that the 
quantity is computed for t = 0. Let r denote the optical depth in the 
continuous spectrum at the spectral region in question. Then 


dr = j- dr 

Here dr is the dr, defined by eqn. (7) of Chapter 7. Let 


and 


M 


1 

l+i) 


a 


/,■ 

k 


(70) 


(71) 

(72) 


Then from eqn. (52) and from the definition of dr, 


Hence, 


dl — 


k + l , n 

, dr — . - dr 
k M 

(73) 

M _ 


v — — b 
n 

(74) 


Following the notation of Problem 3 of Chapter 7, let us write, 


where with it = hv/k'i\ 



£0 = u(l — e - “) -1 


Subtract eqn. (04) from eqn. (03) to obtain 


(75) 

(76) 


1 </(/ + /') 

VZ dl 


- (7 - /') 


(77) 


If we add eqns. (63) and (64) and employ eqns. (52), (54), (77), and 
(00), we find 


M = W - *) 


(78) 
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Now employ eqns. (07), (05), and (00) to obtain 
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F ’~V3 J ‘ 


( 73 ) 


for t = 0* Similarly from eqns. (77) and (GG) we find at t — 0 


Now lot 


v/3 

y = J - I) 


(80) 


(81) 


Then from eqn. (78) and the condition imposed on B by eqn. (09), we 
find 


= 3/ .. 

dl? 61 J 


or 


y = yoB-^ 7 j 
From eqns. (09), (80), (81), and (83) there results 

Solving for i/o, and employing eqns. (81) and (69) we find 


(82) 

(83) 

(84) 


J = a + pi 


(“-Tf*) _ 


e -V5rj 


i +VL 

Using eqn, (79), the emergent flux is computed from 

p _ ^v / 3L + 

i VL 


(85) 


( 86 ) 


In the continuum, L = M = 1, so that the residual intensity in the line 
is 

| VZL + \z:M 

r Z 6 £n 


r ~ b\ ~ 


4 . 1 xe 

VZ + 2 n 


1 + VL 


(87) 


which is the solution of the problem. For an adopted mean temperature 
and electron pressure we calculate first k and k. Then we find /, tj, and 
L as functions of (X — X 0 ) if e is known. Finally with the aid of eqn. (87) 
it is possible to compute r for selected values of (X — X u ) and draw the 
profile. 
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TABLE 2 

Thk First an t> Second Moments of Chandrasekhars //(,*) 

Function* 


L 

ATI 

a; 

1.0 

0.500000 

0.333333 

0.9 

0.515(50*1 

0.314357 

0*8 

0.533 154 

0.350787 

0*7 

0.553123 

0,370985 

0*0 

0.570210 

0.3874(36 

0.5 

0.003495 

0.407030 

0.4 

0.63063(5 

0.430922 

0.3 

0.078(574 

0.40 1423 

0.2 

0.735808 

0.503218 

0J 

0.825318 

0.569440 

0*075 

0.858734 

0.594404 

0.050 

0.901804 

0.(526785 

0.025 

0.5)04471 

0.07413! 

0.00 

1.154701 

0.820352 


^ £ ha f drafl ®khar r Journal (University of Chicago Press) 

106 ( 151, 1917, Table L 


Chandrasekhar has given an exact solution of the transfer equation 
for L = constant, in terms of his II functions and their first and second 
moments, f In place of eqn. (87), the expression for the residual inten- 
sity for pure scattering becomes 


r(A) = 


L™ r .8 n 

1 , 4n h + 3 /^“ 1 + 
3 3 Xn 


1 - L 
2V7, 



(88) 


where on and a* are respectively the first, and second moments of the II 
functions (see Table 2 ). For the center-limb variations, Chandrasekhar 
gives the following expression for the residual intensity: 


r(ft) 

where n = cos 8. 


L m 


Bn 

v + 5 — 
3xo 


*00 [* 


+ 


8 a 


+ 


1 - L 


ZIjXu < 2.‘\flj 




(89) 


8- Solution of the Transfer Equation for 7 Variable with Optical 
Depth 

(a) Method Based on Choice of a Mean Value of L and VX 

We might expect the assumption 13 = constant to hold for such a 
line as A3 93 3 of Ca 11 where both l and /; increase with increasing optical 

t See Radiative Transfer , p, 32 1 et soq* } especially his eons* (71) anti (70), II (a) 
is tabulated on page 125* 
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depth* Actual calculation (Sec, 9) shows that even for this line, ij varies 
with t. If the variations in n are not too large, Strdmgrcn showed that 
one can employ eqn, (87) with a VL and M defined by 



Vl^ 

jVLc- l! 2dz 

(90) 

and 

M = 

0 

f Me~ z dz 

(91) 

where 

J 

H 

* 0 

' 3 V ' 2 

Jo) T 

(92) 


The best procedure is to choose v7/ — by a process of iteration as 
illustrated in Sac* 9. We may employ eqns. (88) and (89) with the fob 
I o w i n g su bsti tutions: 

L ,„ _ LVL ; (1 - D - (1 - (vT )1 ; ^ (93) 

Given 17 (f), one computes L or VX for several points in the line profile 
by eqns. (90) and (91), and then obtains r(X) from eqn* (88) with the 
replacements as noted in eqn. (93)* The center-limb variations follow 
from eqns. (89) and (93). In the calculation of the center-limb varia- 
tions we note that L and vX will vaiy with p. Toward the limb, radia- 
tion is emitted from successively higher layers* Hence in eqn* (92), r 
must be replaced by r/g. 

The computed profile is sensitive to the choice of L 0 * Also the 
method requires that the variations of rj with optical depth be small. 
The method fails for the hydrogen lines in the sun* 

One difficulty is that the formulae (87), (88), and (89) rest on the 
assumption that B varies linearly with the optical depth, eqn* (68)* 
There are three possibilities for fixing the ratio bfa: 

(1) One can determine it from the variation of the Planck function 
with optical depth, using either the first derivative computed 
for some representative optical depth or the empirical value 
from the plot of B against r; 

(2) One may estimate it from the computed law of darkening for 
the continuum ; or 

(3) One may guess it from the observed law of darkening for the 
continuum. 

In his discussion of the sodium tl D Ji lines, I). Harris found that the con- 
stants in eqn. (88) had no relation to the constants in the limb-darkening 
law, as theory required that they should- Actually, a second-degree 
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polynomial in a - cos 0 is required to fit the observations. If the ratio 
b/a. was computed from the theoretical and observed law of limb dark- 
ening respectively, a considerable discrepancy resulted. 


(b) Method of Direct Numerical Integration 

A number of years ago Parmekoek suggested a method of direct in- 
togration of the transfer equation based on the Eddington approxima- 
toon. We divide cqn. (51a) by k, substitute dr = +kpdx, multiply by 

4^’ mte grate over all solid angles, and use the Eddington ./, II, and K 

with the understanding that these quantities here depend on the wave 
length [eqn. (07) of Ch. 7J. We obtain: 


dll 

dr 


(l + f)U - B) 


m 


ft 

If we multiply eqn. (51a) by co a0 ~ and integrate vve find 

f -( 1 +i T i )" 

In the Eddington approximation we assume 


(96) 


Hence, 

Hero k denotes the coefficient of continuous absorption in the neighbor- 
hood of the line. Also, 


js the coefficient of line absorption as distinct from the coefficient of line 
scattering 

s - 0 “ *01 (99) 

Let us express J, II, and II in units of B a (the Planck function evalu- 
ated for the boundary temperature). Denote the corresponding quanti- 
ties by primes. Then eqns. (94) and (97) are replaced by the expressions- 


(90) 

(97) 


A./' — 3(1 + t ?}//' At (100) 

Air = (J' - B') Ar (101) 

for lines formed according to the mechanism of pure scattering. To 
start the integrations we adopt an arbitrary J' a at the surface of the star 
1 he boundary condition 


in = h-n 


( 102 ) 


See. R| 
or 


THK FRAUNHOFER SPECTRUM 


267 


in = ~.n, (m3) 

(depending on whether we use (he Eddington or exact condition) will 
fix Hh. We then compute the increments AJ* and AIf f from eqns. (100) 
and (101) for a small step At, find new values of //' and J\ and continue 
the process. If has been chosen correctly, J r will approach B* 
deeper in the atmosphere. Usually ./ will deviate sharply from B and 
new </£ values will have to be tried until a solution is found. The cor- 
responding Illy will be the correct flux in the line. Finally, 

r(A) = (104) 

where the flux in the continuum, is obtained from the solution of 
eqns. (100) and (101) with 17 — 0. The method has the advantage that 
variations of B, e, and 17 with r may be taken into account exactly ami 
is readily adapted to punch-card and other modem computational 
techniques. 

(c) Solution of the Radiative Integral Equation by Iteration 

Instead of integrating the differential equation of radiative transfer 
directly, one may attack the corresponding integral equation (60). We 
follow a procedure suggested by Stromgren. Let 

Y - J - B (105) 

Then from eqns. (56) and (50) we obtain 

n + Ti + - t|)(l - L) Y dl' (106) 

B = - f|) *' (107) 

Here B } /i, Y, J, L, and t all depend on the wave length. Suppose that 
F(0 can be expressed as a series of terms of the form 

Y(t) = Y° + A l Y + A f y + • • • + A**F (108) 

where 

+ (109) 

and 

A"T = ijf Bi( \f - /[)(I - L) A = (T- L) A- 1 ? (110) 

The solution may be obtained as follows: First prepare a table of B(t) 
and compute Substitute Y° in the second integral of eqn. (106) to 
obtain A 1 F. Next calculate (1 — L) A l Y f evaluate A 2 Y f and continue 


Y =- 


where 
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the process until successive terms become negligible. Once Y is found, 
the source function may he calculated with the aid of cqn. (56) and the 
intensity of the emergent ray found from eqn. (58). The intensity in 
the continuum follows from cqn. (58) with L = 1. The evaluation of 
the integrals (107) and (110) is facilitated by approximation formulae 
of the type of eqns, (61) and (64) of Chapter 7. In eqn. (65) of Chapter 7 
li is replaced by the source function (56). The smaller the value of L, 
the slower the convergence of the series, eqn. (108). 

lhis method may be employed to treat the flow of continuous radia- 
tion in an atmosphere in which both thermal absorption and electron 
scattering occur [cf. cqn. (56) and Sec. 16 of Ch. 7], 

Finally, for the outer wings of a line, M. Minnaert and also A. Unsold 
ha\ e given important methods based on the idea of a weighting function 
(Sec. 10). 

The precise calculation of a line profile involves the following steps:' 

(1) Calculate a model atmosphere for an assumed hydrogen /metal 
ratio and known dependence of temperature on optical depth in the in- 
tegrated radiation f. I hus one finds the gas pressure, the electron pres- 
sure, and the absorption coefficient as functions of r. 

(2) The theory of the continuous absorption coefficient gives and 
k from which we find the relation between f and t, the optical depth at 
the wave length in question. 

(3) From the ionization and Boltzmann equations, calculate the 
fraction of all atoms of a given element capable of absorbing the line in 
question, N r /N The electron pressure and temperature are known 
as a function of t. 

(4) Calculate the fictitious absorption coefficient at the center of the 
line, ao, from eqn. (33). For an adopted abundance of the element in 
question compute N,at), where N r is the number of atoms per gram of 
stellar material capable of absorbing the line. 

(5) With the aid of the gas pressure, temperature, and the damping 
parameter p B (see e.g., eqn. (17)] calculate a [cqn. (31)] and AX<, [cf. eqn. 
(39)] as a function of optical depth. 

(G) From eqn. (37), with a and u = — — — — as parameters, com- 

AAo 

pute ax/«o at selected optical depths and values of X — X 0 . 

(7) Derive the line absorption coefficient, l\ — N 

V = F 

(8) If the variation of ij with optical depth is small, one may employ 
the method (a) ; whereas if ij varies over a large range in the relevant 
atmospheric layers (e.g., H in the sun) (a) cannot be used, and we may 
employ (b) or (c), or the method of weighting functions (Sec. 10). 


r«i 


■(-:)' 


and form 
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9* The Profile of the K-Line in the Solar Spectrum 

To illustrate some of the preceding formulae and methods we shall 
compute the profile of the Ca II X3933 (A") line. 

First, let us assume we can take rj constant throughout the relevant 
layers of the solar atmosphere and calculate r(X) by eqns. (87) and (88). 
We assume T — 5700°K, log P 9 = 4.80 (r = 0.0). From cqn. (47) we 
had & r — 1.127 X 10®, whereas K in frequency units is 1.145 X 10 7 . 
Also / = l x 1.19 = 0.793. For distances from the line center greater 
than 0.2 A, we may use the results of Problem 1, noting that B*/B e = 
V/jc — 9.8, to obtain 

ax = 19.8 X 10 l * (AX)-* (111) 

where AX is expressed in angstrom units. From the model atmosphere 
we adopt P c — 21 dynes. Furthermore, £ = Q.G5 at r = 0.6, and k = 
0.451 (we adopt Munch's estimate of n = 0.70 at X3933). With a 
boundary temperature T 0 = 4610°K we findxo = 7.94, and xofn = 11.3. 

An application of the ionization equation shows that calcium is 
almost all singly ionized. This means that effectively every one of the 
calcium atoms in the solar atmosphere will be capable of absorbing 
X3933. If N is the number of calcium atoms per gram of solar material, 

„_*S_44.0X10-"JL (112) 

If pure scattering obtains, c — 0, and L = M [cf. eqns. (54), (71)]. 
Upon the substitution of appropriate numerical values, eqn. (87) be- 
comes: 

0.58VX + 1.42L 

r = t= (113) 

1 + VL V 


TABLE 3 

Profile of X3933 for N = 1.8 X 10 18 


AX 

n 

L 

Approx. r\ 
»iqn. (87) 

ct\ 

fl; 

Exact r\ 
cqta. (88) 

0.5 

310 

0.0021 

0.030 

1.139 

0.809 

0.022 

1.0 

79.2 

0.0125 

0.074 

1.063 

0.699 

0.073 

2.0 

19.8 

0.048 

0.160 

0.907 

0.631 

0.150 

1.0 

4.95 

0.168 

0.337 

0.704 

0.524 

0.323 

0.0 

2.20 

0.312 

0.491 

0.674 

0.458 

0.471 

3.0 

1.24 

0.446 

o.aio 

0.621 

0.420 

0.60 

10.0 

0.70 

0.557 

0.699 

0.588 

0.396 

0.631 

15.0 

0.37 

0.731 

0.825 

0.547 

0.367 

0,813 

20.0 

0.20 

0.835 

0.89-1 

0.527 

0.352 

0.886 
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Tabic 3, computed for N = l.S X 10 18 , gives AA (distance from the 
line center in angstrom units), n, L, and r, calculated from eqn. (113) 
and the moments employed in the exact expression, eqn. (88). Fig. 0 
compares three profiles calculated for 0.9 X 10 1 *, 1.8 X 10+ 18 , and 
3.<i X 10 l * calcium atoms per gram of solar material, with the observed 
profile. Apparently the abundance of calcium lies between 0.9 and 1.8 X 
10 ls atoms /gram and a little closer to the latter. The deviations in the 
far wings arise partly from uncertainties in locating the continuous 
spectrum and partly from our assumption that the solar atmosphere can 
be regarded as a layer at a uniform temperature and pressure. The 
departure at the line center comes from the fact we assumed r. = 0, 
i.e., pure scattering, 1 he differences between I he approximate formula, 
eqn. (87), and the exact formula (88) arc small. 



Khs. G.— The Thxobbti cal Profile of X3933 for Constant „ 
(Total Flux) 


Hie solid curves give the profiles calculated by eqn. (88), the dashed curves those 
calculated by eqn. (87) for N = 0.0, L.S, and 3.(i X 10" atoms/gram. The dash-dot 
curve is the observed total flux as derived from Houtgasfs observations. Since 
pirn- scattering is assumed, agreement at the center of the line is not to be expected. 
Compare with Fig. 7 of Chapter 8, where Hie variat ion of 17 with optical depth is taken 
into account. 

Let us now calculate the A-line profile taking into account the varia- 
tion of n with optical depth. First we adopt a model atmosphere similar 
to that discussed in Chapter 7, and based on the chemical composition 
adopted in Sec. 9, Chapter 4. The model resembles those computed by 
Munch and Strbmgren except that helium has been included. The gas 
pressure at corresponding optical depths is greater, since helium con- 
tributes to the mass but not to the opacity of the layers. Throughout 
l he relevant layers k/ic is very nearly constant at 0.7. Table 4 gives the 
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adopted variation of 0 — lug log P c and k with the optical 

depth in the integrated radiation as argument. 


TABLE 4 

Data for Calculation of Profile of X3933 


r 

„ 50-10 

Tog P, 

Log l\ 

A* 

= 1 

n 

0.05 

1.056 

4,20 

0.40 

0.092 

69 

0.10 

L032 

4.33 

0.58 

0.124 

65 

0.15 

1.01 

4.45 

0.72 

0.159 

61 

0.20 

0,99 

4.55 

0.84 

0.193 

58 

0.30 

0,96 

4.67 

0.95 

0.248 

54 

0.40 

0.93 

4.75 

1.15 

0,306 

50.5 

0,50 

0.91 

4.80 

1.20 

0.325 

47.5 

0.60 

0,89 

4.85 

1.32 

0.431 

45 

0.80 

0.85 

4.91 

1.50 

0.530 

40 

LOO 

0.82 

4.95 

1.64 

0.583 

37 

1.40 

0,77 

5.01 

1.90 

0.967 

26 

1.80 

0.73 

5.05 

2,20 

1.28 

20.3 

2.0 

0.715 

5.06 

2.30 

1.40 

18.3 


With the aid of eqns, (9), (20), (36), (47), and (111), we obtain 

.,-2.41X10 + dll) 

where P a and T a refer to the gas pressure and temperature at an optical 
depth of 0.6. If there are AT(Call) ionized calcium atoms per gram 
of stellar material, the line absorption coefficient will be 


l = iV(OaIl)a x 


(US) 


Now iV(Ca II) will depend on the abundance of calcium and the stage 
of ionization. Throughout the layers of interest, which are assumed 
to he in radiative equilibrium, essentially all the calcium is singly 
ionized. Kven at an opt ical depth of 4.0, 92 per cent of the calcium is 
still singly ionized. For an element such as sodium, the variation of 
A'(Xa I)/iV(Na-total) would be important. The last column* of Table 4 
gives the smoothed values of 




JV(CalIK 

k 


(116) 


• Near the line center {-IX ^ 1A), only the uppermost layers will contribute. 
I fence we must include ij for the interval 0.00-0,05. Similarly in the far wings yj values 
lor r > 2.0 will In: needed. Lack of space prevents our inclusion of these calculations 
here* 
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for AX = I A where a* is taken from eqn. (114), and N is chosen as 
1.0 X 10 ta calcium atoma/gram. Values for the outer part of the line 
are found from the relation 

71 (AX) = (AX)* ( 117 ) 

The optical depth at any point in the line will he related to the optical 
depth in the nearby continuum by 

* = jf (1 + *) dr (H8) 

Since k/k. = 0.7 = constant, 

r = 0.7r (119) 

Because of the rapid increase of gas pressure with r, k rises more rapidly 
than ot\ and jj declines steadily with optica! depth. 

To evaluate the line profile by eqns. (87), (88), and (80) we must 
compute VL and L by eqns. (90) and (91). For the computation of these 
integrals one often may employ the 3-term approximation formula: 


where: 


j : 


e~ x f(x) dx ‘ 


+ #?/(#£) + q*f(xi) 


i 

X 

<t 

1 

0.-11577 

0.71101) 

2 

2.2043 

0.27852 

3 

8.290 

0.0103!) 


( 120 ) 


Example: (AX = 1) To obtain an initial estimate of choose the 
value appropriate to an optical depth t = 0.5 in the line, 


(1 + v )t « 0.5 (121) 

Since i} is near fl (see 1 able 3), L is chosen for r ^ 0.01, which gives 
L\ — 0.0137. See eqn. (»54), Then vX^ — 0.117. In this example. 


x — 


2v^3 

0.117 


(122), or 


(cf, eqn. 110) 


r = 0.0483.T 


(123) 
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The calculation according to eqn. (120) proceeds ns follows: 


n 

T 

*1 

L 

VL 

1 

0.0201 

73.0 

0.0135 

0.1 lfl 

2 

0.1 108 

64.0 

0.0154 

0.124 

3 

0.301 

53.8 

0.0182 

0.135 


A retrial with vX& = 0.118 reproduces vX^ = 0,118. For the compu- 
tation of L we have r — 0.0973,r, and L = 0.0150. 

In this fashion we compute L and vX for each point in the profile. 
Then we interpolate and a? from Table 2 with (vX) 2 as argument. 
Finally, eqn. (88), with the substitutions noted in eqn. (93), yields the 
value of r(X), the residual intensity in the line. 

The resultant profile differs but little from that obtained with a 
constant n computed for f — 0.6. In fact, the differences are com- 
parable with those found between observational determinations of the 
profiles. 

Instead of calculating r(X) by eqn. (88), we can compute r x ($) by eqn. 
(89), and integrate the profile over the disk of the sun, taking into ac- 
count the observed limb darkening at X3933. The r(X) profile computed 
in this way agrees reasonably well with the profile computed directly 
from eqn. (88} ; see Table 5. 


TABLE 5 

The Profile of X3933 in Integrated Sunlight 


AX 

vz 

L 

Of] 

Of* 

eqn- (88) 

rx eqn. (80) 

1 

0.H8 

0.0150 

1.049 

0.7301 

0,087 

0.085 

3 

0.353 

0.140 

0.7420 

0,5532 

0,272 

0.273 

G 

0.6 L8 

0.429 

0.6442 

0.4304 

0,586 

0.5(10 

0 

0.771 

0.045 

0.5777 

0.3880 

0.758 

0.790 

12 

0,755 

0.707 

0.5469 

0.3600 

O.S45 

O.S22 

15 

0.808 

0.838 

0.5320 

0.3560 

0.804 

0.010 

IS 

0.926 

0.883 

0.5231 

0.3406 

0.025 



When the computed profile is compared with the observed profile (cf. 
Fig, 7), it is found that in order to secure a good fit, the number of atoms 
should be increased to about 1.37 X 10 18 atoms per gram . He nce the 
AX’s in the first column of Table 5 should be multiplied by Vl.37 — 1.17. 
Similarly, a value of 1.55 X 1G 1S atoma/gram is found from the calcula- 
tions by the Stromgren iteration method. 

Let us now illustrate the Stromgren iteration method by calculating 
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Hip residual intensity of a point in the profile at A\ = 3 A at the center 
of the disk. By eqn. (117), 

(124) 

^ <J crivc 1 *» ruu<;tio » “ r r by e<|ti. (1 IS). The first two columns 
of L able 0 express this relationship. Table 4 gives T( f). Since T = 0.7f, 
and t is known as a function of r, we can express the temperature, or more 
precisely the Planekian function B(t), as a function of t. 

The emergent intensity in the continuous spectrum 1(0, 0) will bo 
given by eqn. (5) of Chapter 7. The ratio, B(t)/B(0), is known for the 
frequency under consideration as a function of r. If we set 6) = 1 
we shall define B'( 0) by the condition. 

1 = /#' (0) jf ~ | e~ rmeB sec 9 tb (125) 

We evaluate the integral in eqn. (125) with the aid of eqn. (120) where 
t see 6 = x. With see 8 = 1, we find B'(0, 0) = 0.0959. Column 3 of 
1 able 6 gives B(t) on this scale. The next step is to evaluate Ti(i) as 
defined by eqn. (107) with the aid of cqns. (61), (62), and (64) of Chap- 
ter 7. As a typical example, let us compute B for t = 0.2 by means of 
cqns. (61) and (64) of Chapter 7, and Table 7 of Chapter 7. 


t = 0.2 


Point 

t, = 0.051 

k = 0.109 

t + yi = 0.192 

( + fft - 2,707 

m 

0.100 

0.101) 

0.135 

0.303 

Weight 

a t = 0,0851 

rt 5 ■= 0.1278 

= 0.1532 

b. = 0.0468 


Then the second number in the 4th column of Table 6 is 

Ti(0.2) = 0,0851 X 0.100 + 0.1278 X 0.109 + 0.4532 X 
0-135 + 0,0468 X 0.303 = 0.101 

Column I gives B, column 5 gives (1 — IJ) and column 6 gives l’" = 
Ti ~ H - Wc liexl form llie product (1 - L)Y°, plot it on a graph, draw a 
smooth curve and compute A*F by means of eqn. (110) with the aid of 
cqns. (61) and (64) of Chapter 7, and Table 7 of Chapter 7. We then 
form (1 - L) A% compute A*F, and repeat the process until A"K is 
negligible. We then compute 7(1) from eqn. (108), and from cqns. (56) 
and (105) we get 

fl = /i + (l ~L)Y ( 126 ) 

Finally we calculate the intensity in the line by eqn. (58). By our choice 
of B’(0) in eqn. (126), the intensity of the continuum 7 C {0, 0) at the 
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center of the disk is unity, and h( 0, 0) is the residual intensity in the 
line* By eqn. (120) we find 

h( 0, 0) = r x (0) 

= 0*7113(0*416) + 0*2793(2.29) + 0,01043(6.29) 

- 0.711 X 0.121 + 0.279 X 0.328 + 0.0104 X 1.181 (U7) 

- 0.189 


We may calculate the values of the residual intensity r K (0) for other 
angles with the aid of eqns, (58) and (125). 



Fig* 7.— Comparison of Profiles of X3033 in Total Fltjx Computed 
for Variable t? by Different Methods 

The observational curve (dash-3 dots) is taken from the work of Houtgast, The 

solid curve was computed by eqn, (88) with L and VI replaced by L and Vt as in- 
dicated by eqn. (93). The dashed curve was obtained by Str&mgren’s iteration 
method, and the dash-dot curve is the latter corrected for noncoherent scattering. 

The emergent flux, n F, can ho obtained from cqn, (61) with the aid 
of an approximation formula [compare eqn. (65) of Oh, 7] which we may 
write as 

F{ 0) - 0.88393(0.397) + 0*11613(2.723) (128) 

- 0.8839 X 0.119 + 0*1161 X 0.378 = 0.1491 

Similarly the flux in the continuum is obtained from eqn, (65) of Chap- 
ter 7 as follows: 

FM - 0.8830 X 0.382 + 0*1161 X 2*802 = 0.6630 (129) 
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and the residual intensity in the line at 3A is 


277 


r _ F(0) 
F.{ 0) 


0*1491 
0 6630 


0*225 


(130) 


The iteration method converges slowly when tj is large. On the other 
hand, a precise line profile may be calculated for an arbitrary variation of 
ji and B(t). 

We find, for example, that the shape of the line is sensitive to the 
assumed k/k variation. 

The calculated profiles for different positions on the disk are shown 
in Fig* 8. The iteration method indicates that the line wings tend to go 
into emission at the limb* This result is in contradiction with that 
obtained by the mean value method, and evidently with the observa- 
tions as well (ef. Sec* 12)* The introduction of noncoherent scattering 
(ef. See, 11) tends to remove this discrepancy with the observations. 

Notice that the profiles calculated by eqn. (88) or (89) give zero 
mitral intensities since we assumed pure scattering. The non-zero 
central intensities of lines such a*s X3933 suggest that pure scattering 
does not obtain* If we take c different from zero, the computed line 
profile will have a finite central intensity, or conversely if we make the 
observed and computed central intensities agree, we can obtain an 
estimate of c* At the center of the line rj becomes very large, L ap- 
proaches e, and M [cf* cqn, (71) J approaches zero* Hence from eqn* 
(87), 

2 £V3e 

r “ ^V3 + i£sl + v^ (131) 

3 ' 2 n 


For a given value of r c we can compute r. For A3933, r c is about 0.08 
whence Ve would be 0,16 and e would be 0,026. 

Notice that the central intensity of the line depends only on the 
value of e and not at all on the abundance of the element in question* 
On the other hand, the intensity in the wings does depend on the abun- 
dance of the atom responsible for the line. 

A complete theory of absorption line formation would enable the 
prediction of r as a function of optical depth for any line. The problem 
is intimately connected with that of interlocking (Sec* 11). The forma- 
tion of each line has to be treated in connection with the energy level 
scheme of the whole atom. In general, e will tend to be small for res- 
onance lines like X4227 of calcium and larger for the subordinate lines, 
c.g*, the Pasehen lines of hydrogen. 


278 


ASTROPHYSICS 


ICIi. B 




Fig, 8, — The Center-Limb Variations in a3 ( J33 

We compared Houtgast's observations (circles) with the theoretical curves. At 
® - L5 and 3 the plotted points are interpolated from the observations. The 
solid curves give the profile computed by eqm (89) with the modifications suggested 
by eqn. (93), The dashed curve is computed by the iteration method, while the dot- 


See. 9| 


THE Fit ATX HOFER SPECTRUM 


279 




dash curve gives the latter corrected for noncoherent scattering. Notice that al- 
though there is fair agreement between the theoretical curves near the center of the 
disk, the curves show significant departures from one another toward the limb. The 
noncoherent scattering curve seems to give a better representation of the center-limb 
variations than does the completely coherent theory. The model atmosphere for 
the sun needs improvement. 
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10. The Method of Weighting Functions 

Many years ago Milne showed that in a stellar atmosphere where 
B<i> F c , and 7 varied with optical depth one could assign to each elemen- 
tary stratum a weight <7 (t) which determined how much that layer con- 
tributes to the emergent flux, whether in the line or in the continuum. 
This idea has been subsequently developed by Unsold and by Minnaert 
for the interpretation of weak lines or the far wings of strong ones. 

From eqns. (54), (56), (59), (98), and (99) we can write the integral 
eqn. (CO) in the form 


(ft + « + 8)5(0 = (ft + a)B( 0 + 


if* 


mm - *1) dt’ (132) 


In a weak line or in the far wings ( a + s)/jfc « 1. For the zeroth approx- 
imation we neglect the contribution of scattering and set ^j o (0 = /#( () 
under the integral sign on the right-hand side of eqn. (132). Then 

5lC0 = ifc+t+ S m + 2{k+ S a + s) JJ B ^m - t'\) & (133) 

Using eqns. (61) and (107) we compute the emergent flux T F(0) from 


*f(0) 


Now 


=J^ Mom) di 

-fr+H;«w+fsT7 


+ s 


B(t)E t (t) dt (134) 


dl = (fc + a + s)p (lx = (h + dr n + dr. (135) 

Expand in a Taylor series to obtain: 

E»{t) = E-.(t) + (t„ + t.) + ■ ■ - ( 136 ) 

= E 2 {t) - (r c + t.)E(t) 

where we have used eqn. (189) of Chapter 7 and the condition 
(a + s)/k <K 1. Then 


E( 0) 


-jr 

-jr 


B(t)/? 2 (t) dr + 2 /i(r)/i 2 (r) dr, 


T 


(137) 


E : (t) dr. J 1 


(r« + t,)B(t)E(t) dr + I Ei(t) dr, I B(t)E{\t — r'|) dr' 


The first term on the right represents F c ( 0), the flux iti the continuum 
divided by n. If we define 

/(*) = f B(x)E{x) dx (138) 


(138) 
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and notice that by integration by parts 
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X 


r a B{r)E(r) dr = r„/(r) 


lac 

lu 


X 


/(r) dr a = - 


X 


/(t) dr OJ etc. 


we obtain for the depth of the line 

Fc(0) ~ F(0) 


I - r = 


F e(0) 


= f*Qi( r) dr a + p 

Jo Jo 

B 


0-i(r) dr. 


dr +£ far) dr 


(139) 


ft(T) = [/(r) - B(r)E t (r)J (140) 

and 



0% represents the weighting function for absorption processes, G% that 
for scattering processes. The important point is that these functions 
may be calculated once and for all for a given model atmosphere. The 
atomic line absorption and scattering coefficients, a and s, vary with 
optical depth and with wave length across the line. Lack of space pre- 
vents our giving detailed illustrative applications. For these the reader 
is referred to papers by Unsold and by Minnaert. 

One interesting result is that the depth of the photosphere or the 
“number of atoms above the photosphere” varies with the wave length 
and with the excitation potentials of the energy states involved. It 
should be no surprise that a single optical depth cannot be taken as rep- 
resentative of all the lines of a stellar spectrum. For example, Strom- 
gren found that the correct total intensity of X33Q2 (the second line of 
the principal series of sodium) is obtained if 7} is calculated for an optical 
depth of 0.25, Sodium becomes ionized rapidly with optical depth in 
the sun. The Balmer lines or infrared carbon lines, on the other hand, 
arise from highly excited levels of less easily ionized atoms. These lines 
are formed in much deeper layers, 

■L C. Pecker has extended the method of weighting functions to per- 
mit the calculation of the equivalent width IV of lines of moderate 
strength. Thus 

IF ~jf 0(r)6(r)*tr(r) f o(t)] dr 


where (j(r) is the weighting function that depends only on the model of 
the atmosphere. The function b(r) depends on the ionization and exci- 
tation of the atoms capable of absorbing the line considered [the function 
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x(r) is deduced from the function fr(r)]. The saturation function is 
equal to 1 near the surface and decreases to zero at large optical depths, 
the stronger the line the more rapid the decrease of T. For weak lines 
* - 1 throughout the whole atmosphere. The quantity a, defined by 
eqn. (31), also varies with optical depth. 

11. Interlocking and Noncoherent Scattering 

I he theory of line profiles sudors from two important defects, inter- 
locking and noncoherent scattering. For convenience in the calculation 
of line profiles, we often set e = 0, i.e., we assume pure scattering. But 
e = 0 predicts profiles with black centers in contradiction to observa- 
tion. We can introduce an empirical value of e to make the observed 
and computed central intensities agree, but e can be computed by theory 
only if we have some definite mechanism in mind. The upper levels 
can be populated by captures from the continuum, by cascading from 
higher levels, or by collisional excitations. Collisions arc not likely to 
be important in the upper atmosphere of the sun, but recaptures in 
higher levels and cascading can become important for subordinate lines 
as Stromgren and others have emphasized. The Balmcr lines provide 
a good illustration. An atom may be raised from the ground level by 
the absorption of Lyman 0, for example. As it cascades to the second 
level it emits a X6563 quantum, so Ha will tend to be filled in. Woolley 
suggested that this interlocking effect might account for the observed 
central intensities of the Baliner lines. Shane found the sodium “/>” 
lines to have central intensities of 0.0.58 and 0.051. Dempster worked 
out a theory for the formation of these lines in which he took recaptures 
into account. With the aid of precise/ values he was able to account for 
about half the observed central intensity. The solar ultraviolet radia- 
tion field may explain the discrepancy, but at present no decision on 
this question is possible. 

1 he second important question is whether light absorbed in one part 
of the line is re-emitted at precisely the same part of the line. If this is 
true, as we assumed in our line profile calculations, the darkening in 
each frequency is independent of what happens in other frequencies. 

On the other hand, the re-emitted frequency may be correlated with, 
but not determined by, the absorbed frequency. Under this condition, 
which is called noncoherent scattering, re-emission is not the exact in- 
verse of absorption. When a transition occurs between two broadened 
levels, the atom is not likely to return to the same spot in the broadened 
lower level from which it started. 

W . Orthmann and P. Pringsheim showed that when mercury vapor 
is exposed to radiation of a narrow resonance line from an auxiliary mer- 
cury lamp, the profile of the re-emitted line is independent of perturbing 
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atoms in 1 ho auxiliary lamp and is determined only by the Lorentz widen- 
ing in the gas exposed to the radiation. Hence, we may conclude damp- 
ing by collision produces noncoherent scattering. 

The discussions by Spitzer, Woolley, and others show that nonco- 
herent scattering is to be expected in many absorption lines of astro- 
nomical importance. It has little effect on the total intensities of the 
absorption lines, but the cores of strong lines will be stronger than on the 
older theory. The profiles of the hydrogen lines in early- type stars and 
Shane’s data on the sodium “Z>” lines in the sun are qualitatively in 
harmony with the hypothesis of noncoherent scattering. 




Flo. !). — Noncoherent Scattering 


(A) A resonance line arising from a perfectly sharp lower level follows coherent 
scattering if the radiating atoms are at rest- (B) Noncoherent scattering occurs if 
both upper and lower levels are broadened by radiation damping, or by collisions us 
in (C) where re denotes the undisturbed frequency. 
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Following the discussion by Spitzer, let us first describe noncoherent 
scattering by atoms subject to natural broadening only, hi the first 
example (Fig, 9A), the ground level is sharp and the atom must emit the 
mine frequency as it absorbs. If as for subordinate lines, however, both 
upper and lower levels are fuzzy, as indicated in Fig. 9B, the atom may 
emit a different amount of energy than it absorbs. In the long run, 
the sum of the energies of alt absorbed quanta must equal the sum of 
the energies of alt emitted quanta. If the atom, upon returning to the 
ground level, emits a quantum of frequency less than the frequency of 
the quantum previously absorbed, then in the next capture of a quan- 
tum, the emitted frequency will be greater than the absorbed frequency, 
i,e., the atom acts as though it had a memory. In the end, the atom 
tends to smooth out all energy gains and losses. 

Doppler broadening leads to noncoherent scattering in a complicated 
way. If a moving atom absorbs a quantum from one direction and 
emits it in another, the absorbed and emitted frequencies are not equal, 
even if the scattering us viewed by an observer traveling with the atom 
is coherent. In the far wings, for frequency shifts that correspond to 
the root mean square velocity, the scattering can be assumed two-thirds 
noncoherent and one-t hird completely coherent. 

Pressure broadening is the most important source of noncoherent 
scattering. Suppose that the velocities of the perturbing atoms are 
small, so that the profile of the broadened absorption coefficient reflects 
the statistical distribution of the perturbers, Then, if the electron 
jumps to a higher level when a disturbing atom is nearby, the absorbed 
frequency v will differ from that of the undisturbed atom r 0 . When the 
electron returns to the lower level, the perturber may be far away and 
the atom will emit v 0 . The perturbing atom absorbs the excess energy 
to increase its own velocity. These considerations apply directly to the 
Stark broadening of hydrogen lines in hot stars. When the velocities of 
the perturbing atoms or ions are large, the problem is more complicated, 
but quite generally it appears that whenever pressure broadening pre- 
vails, scattering is completely noncoherent. Noncoherent scattering 
complicates the theoretical calculation of line profiles since it is necessary 
to solve an integral equation over all frequencies. 

1 lie physical theory of the redistribution of the re-emitted radiation 
is not too well understood. The simplest hypothesis is that the energy 
re-emission is proportional to the absorption coefficient and independent 
of the frequency distribution of the incident radiation. 

hollowing the discussion by Zanstra and Spitzer, one may suppose 
that if the line has a damping constant F, comprising a contribution F r 
due to radiation damping and a collision damping term r c , the fraction 
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flV/r* will lie re-emitted in the same frequency as absorbed (coherent 
scattering) while the rest is re-emitted with a frequency distribution 
proportional to the absorption coefficient. Then the usual equation of 
transfer, eqn. (51), must be modified for the fact that the fraction 
(l\ + |r r )/r of the absorbed radiation is redistributed over all fre- 
quencies. if the difference between the coherent radiation field J and 
the noncoherently scattered radiation characterized by J * is small, the 
effect upon the line profile may be evaluated. (See Fig, 8,) 

MUnch has derived an explicit solution for tj = constant and has 
shown that a forma! representation of the center-limb variation of the 
A'-line profile is obtainable. Unfortunately, the role of noncoherent 
scattering cannot be predicted entirely from theory and certain empirical 
adjustments are required. 

Further discussions have been given by D. Labs and by Suemoto, 
but the most satisfactory treatment is that by M. P. Savedoff who 
handles the problem of noncoherent scattering with and without selective 
absorption by iterating the exact integral equation for the average value 
of J over the line minus B, viz., J — B } where t and tj are independent of 
depth. Even for e = 0 the line profiles lie close to the pure absorption 
solut ion except near the line center. 

The qualitative effects of noncoherent scattering on the radiation 
field may be summarized briefly. In our discussion of the K-line pro- 
file we saw that ./^(r), while small at the surface, rapidly rose to the 
black body value with increasing optical depth. Away from the line 
center where the absorption coefficient is smaller, approached B P 
much more slowly. Noncoherent scattering cannot directly alter the 
total net flux in the whole line, but it can transfer energy from one fre- 
quency to another. Let us suppose Unit the mean intensity at the center 
of the line, J*(r) , computed for coherent scattering can be used as a 
starring approximation in the treatment of noncoherent scattering. 
Then, at large optical depths, radiation taken up by the line will be rc- 
emitted in the wings at a rate proportional to a v B p for each atom, since 
the redistribution is proportional to and the radiation field is B v 
at the center of the line. In other words, the re-emission is determined 
by what is happening at the center of the line where the energy density 
is B v (t) } rather than by J„(t), the average intensity at the frequency v 
in the line wing. Toward the line center «/„ approaches J n and the devi- 
ations from the coherent scattering picture arc not great. Near the 
surface, the energy absorbed in the wings tends to lie put back near the 
line center and there is extinction with no re-emission in the wings. 
Hence noncoherent scattering should show up as a combination of ab- 
sorption and extinction in the far wings of absorption lines. 
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12. Variations of Line Profiles Across the Solar Disk 

At different distances from the center of the solar disk we observe 
radiation from effectively different depths of the solar atmosphere. 
Hence line profile variations should reveal something of the stratifica- 
tion of the radiating atoms. Theory predicts that the behavior of the 
line wings is insensitive to whether scattering or absorption prevails but 
is sensitive to the varial ion of tj with depth. At the limb itself, the wings 
vanish for pure absorption, whereas lines formed in strict monochromatic 
radiative equilibrium may actually appear in emission at the limb! 
(Compare Fig. 8.) If we represent R,(r) by a linear expression, 

By = B\t (141) 

we find that to the violet of the energy maximum R, will be so large 
that. By will rise rapidly with r. A volume element in local thermal 
equilibrium near the surface will absorb a greater amount of radiation 
of frequency v than it will emit as thermal energy of the same frequency, 
since (he emission depends on the local temperature in accordance with 
Kirch hoff's law. On the other hand, purely scattering atoms will emit 
all the radiation absorbed at v in the same frequency v. Thus they may 
emit more energy than the atoms responsible for the continuous spec- 
trum, provided that the flux in the line is comparable with that in the 
continuum, a condition which is fulfilled for the far wings of the line. 
Hence the wings may appear in emission. On the other hand, to the red 
ol fho energy maximum in the spectrum, scattering may act to intensify 
the dark wings* 

( enter-limb variations of solar line profiles have been studied by 
many observers, among whom we may mention K, Schwarzschild 
A. Unsold, H. H. Plaskett, G. Highini, T. Itoyds, and A. L. Narayan, 
M. Mmnaert, R. 0. Redman, C. W. Allen, D. S. Evans, E. Cherrington, 
IX C, Shane, and J. Houtgast. The most extensive series is that of 
Houtgast who studied 23 representative lines of Fe I, Mg 1, Ca I, Or II, 
and Na I across the solar disk. In spite of great care, his observations 
show systematic differences from 1 lto.se of other observers, for example, 
from (he precise measures by C. D. Shane on the sodium “D” lines. 

I he central intensities of the strong lines simply mirror the ccnter- 
hmb variations in the continuous background. The variations in the 
fine wings are of great interest in tiie evaluations of the relative roles of 
scattering, absorption, and noncoherency. Towards the limb, scattering 
must predominate in the wings, since radiation is received from only 
(he uppermost layers. It follows that since it appears necessary to in- 
troduce an absorption coefficient to explain the profiles near the limb, 
we are really dealing with noncoherent scattering which transfers energy 
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from the wing towards the center of the line! Towards the line center, 
in accordance with our expectations, a formal representation by coherent 
scattering becomes possible, in order to explain the measured profiles, 
Houtgast found it necessary to invoke noncoherent scattering* On the 
other hand, Miss Tuberg’s detailed calculations of the center-limb vari- 
ations of X3933, Na “D,” and X4227 showed a general qualitative agree- 
ment with Houtgast’s observations without invoking noncoherent 
scattering* More recent work, however, suggests that noncoherent 
scattering does play a role* 

The most accurate study of center- limb variations in line profiles is 
C. JX Shane’s investigation of the sodium u D n lines by an interferometer 
method. lie measured the line profiles at the center of the disk and 
near the limb and showed the observations to be inconsistent with the 
assumption of an rj constant with optical depth, although a constant it 
would reproduce the profile at the center of the disk* The observations 
suggested an y decreasing with optical depth* Spitzer concludes that 
the profile variations found by Shane for sodium “/)” can be explained 
by appeal to noncoherent scattering. 

With the aid of the considerations of Sec* 11, we may correct the 
profiles calculated in Sec. 9 for noncoherent scattering. (See Fig. 8.) 
It appears that the center-limb behavior of the wings can be explained 
in at least a qualitative fashion* The behavior of the computed profile 
near the center of the line is quite unsatisfactory from both points of 
view. More accurate information on the ratio k/k and on the tempera- 
ture gradient in the uppermost layers is necessary, as well as an adequate 
theory of central intensities* 

Fortunately, the problem of center-limb variations in tine profiles 
can be attacked from another point of view, developed by IL Zanstra* 
A resonance line like X4227 of Ca I should behave like a classical oscil- 
lator with negligible true absorption. The scattered light should be 
polarized such that the intensity of the component along the solar radius, 
Jr, differs from that parallel to the solar limb, 1^ The difference, 
h. — J T expressed in units of the nearby continuum depends on the po- 
sition on the disk and the limb-darkening coefficient* Redman found a 
polarization effect in X4227 ten times smaller than the value predicted 
by Zanstra for pure scattering. The conclusion is that collisional damp- 
ing rather than radiation damping prevails for the line* The scattering 
is noncoherent; only a tenth of the radiation absorbed in the line wings 
is re-omitted in the same frequency; the rest is distributed over the en- 
tire line. 

A possible influence of the granulation upon the spectrum at the ex- 
treme limb of the sun has been discussed by Redman, who studied the 
Fraunhofer line spectrum, freed from chromospheric emission, less than 
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one second of arc from the limb. At this point, the weak lines are 
stronger than at the center of the disk, but tines with equivalent widths 
a bit greater than 0.13A become weakened at the limb, and the greater 
the intensity, the greater is the weakening. The ordinary Fraunhofer 
tine theory does not explain the result The clue to the puzzle seems to 
lie in the roughness of the solar surface associated with the solar granu- 
lation, which reduces the value of 6 of the emergent ray for observations 
near the limb. Quantitative estimates show that an apparent cos 0 of 
0 05 can b * changed to 0.20 by this process. These results imply that 
the effects of an unevenness in the solar surface cannot always be ig- 
nored in a precise theory of absorption line formation. 

In certain eclipsing binaries, center-limb variations of line profiles 
can be observed. We do not obtain the spectra of separate points of 
the star's surface, but merely the integrated spectrum of the nonedipsed 
portion of the primary/ Redman studied the changes in the line in- 
tensities from center to limb in the primary components of U Ocplici 
and U Sagittae. His observations and those of Otto Struve favor the 
conclusion that the lines of II and lie in late H stars are weak at the 
edge, although the Mg II lines appear not to vanish at the limb. Struve 
suggests that we see here an effect of Stark broadening in H and He 
which diminishes at the limb (because we observe only the highest lay- 
ers). Ihe vanishing of the lines is not a consequence of their being 
formed under LTE, If the latter scheme prevailed, the Mg II lines 
should disappear at the limb, 

13. The Curve of Growth 

In practice, it is often not possible to obtain profiles for all absorption 
lines of interest. Except for lines with rather broad wings observed with 
high dispersion, the profiles are always seriously distorted by the finite 
resolution of the .spectrograph. The total energy subtracted by the 
line, expressed in units of one angstrom of the nearby continuum, i.e., 
the equivalent width, is less seriously disturbed than the line shape by 
the finite resolution of the spectrograph and may he determined readily. 

How will the equivalent width (intensity) of a spectral line change 
as the number of atoms acting to produce it increases? The significant 
parameter is not simply A f , the number of atoms, but Nf t the number of 
atoms times the /value. When Nf is small, we observe only a small de- 
pression in the continuous spectrum. As it increases, the line center 
deepens and widens until, when Nf becomes very large, prominent 
“wings” begin to appear. We depict ^he process in Fig. 10a, which 

*Thc spectrum of the fainter component la superposed and its effect has to be 
subtracted from the measured intensities. The most favorable pairs are those stars 
where a small early- type primary revolves around a large late-typo secondary. 
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shows the growth of a line formed by atoms in a thin layer (Schuster- 
Schwarzschild model) according to the mechanism of pure scattering. 
The number, is so chosen that for this number of atoms above the 
(a) 


log NUMBER of ATOMS — > 

Fin, 10. — The Curve ok Growth for A3933 

(a) Theoretical profiles calculated for the Schuster-Schwar^schild model and pure 
radiation damping show how the shape of the line changes as the number of absorbing 
atoms increases. The number No = 3.4 X IQ 11 is so chosen that the optical depth at 
the center of the line for N 0 atoms, Zo, will be 1, N denotes the number of atoms 
above the photosphere. The curves are calculated with A = 1.66 X 10*. 

(b) From t he integration of the profiles of Fig. 10(a) vve obtain log IF which wo 
plot against log N t the number of atoms above the photosphere. Curves are given 
for a = 0,0035 and 0.02S7 [cf. eqns. (44) and (48) of Chapter 8). 

photosphere, the optical depth at the center of the line, which we call 
Xq, will be 1. When N is less than lOQAIo, the Doppler effect is dom- 
inant in fixing the line shape, and the line profile is bell-shaped. For a 
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time, W grows very slowly with A r ; then the damping wings begin to 
appear. At 1000 A 0 the line shows a combination of the bell-shaped 
Doppler profile and incipient “wings,” Beyond N = 10,00(W fl , the 
wings are marked, and finally they alone fix the value of IF. in the 
calculation of the above profiles we have assumed radiation damping 
only. If collision damping occurs, the wings become developed for 
smaller numbers of atoms. 



Fig, 11, — Theoretical Curve or Growth for the Milxb-Edoimgton 

Model 

I h is is the set of curves calculated for 77 = f ^ For other valuer of the 

parameter B 0 fli x one may employ corrections to log ^ (see Table 8 ), Curve I, 
log a = -[ . 0 ; curve II, log « = - 1 .4; curve Til, log a =* - 1 .8; curve J V, log a = -2.2; 
curve V, log a - -2,ti; curve VI, log a = -3.0. (Courtesy, Marshal Wrubel, Axtrv- 
physical Journal, University of Chicago Press, 109, 71, 1949.) Calculations for the 
Schuater-Schwarzschikj model are also being carried out by Wrubeh 

We could construct the relation between W and the number of atoms, 
i.e,, the curve of growth, from a diagram such as Fig, 10a by measuring 
the areas under the curve and plotting the resultant log W against log 
For example, wo could calculate the profile of X393S by the method 
of Sec, 9 for different values of log N t measure the area of the profile W> 
and plot H against the number of atoms. The results of such a calcula- 
tion are shown in Fig. 10b where we have carried out computations for; 
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(1) pure radiation damping with a = 0.0035 and (2) collision plus radia- 
tion damping with a — 0.0287. Notice that, for small numbers of atoms, 
[F is proportional to N ; later t he c urve flattens out and finally IF varies 
as A r , or more precisely as ViVT, 

Wc emphasize that the curve of growth is a plot of IF against A T f f 
not simply AT, In practice, wc measure the equivalent widths of lines 
whose relative / values are known, and plot them against/. This opera- 
tion defines an empirical curve whose comparison with the theoretical 
curve of growth may serve to fix N t the number of atoms acting to pro- 
duce the line. In practice it is necessary to know also the effective 
damping constant 

Fortunately, to a sufficient degree of accuracy, we can calculate the 
curve of growth once and for all analytically. The curve is relatively 
insensitive to the atmospheric model and to the details of the lino shape. 
The equivalent width of a line is given by 


IF 


= J (l -t) d\ = - 


r) du 


(142) 


where r is the residual intensity, AA 0 is defined by eqn, (39) and u is 
defined by eqn. (29). Various workers have calculated curves of growth 
with the aid of different assumptions about r, Unsold used Minnacrt/s 
empirical formula, and Menzel employed the Schustcr-Schwarzschild 
model The most elaborate calculations are those of Wrubel, which are 
based on the Milne-Eddington model and Chandrasekhar's eqn, (88). 
It is supposed that the Planckian function H depends linearly upon 
the optical depth at the wave length in question in accordance with 
eqn. (141), The calculated curves are for different values of the damp- 
ing constant a, defined by eqtis* (30) and (31) and the parameter 


lh = 8 Tix 
Bi 3 xu 


(143) 


Of, eqns, (141), (72), (76), (68), and (75), They arc calculated for pure 
scattering and refer to the total flux from the star, Wrubel has also 
calculated theoretical curves for the radiation from the center of the 
disk [cf. eqn* (89)], As ordinate one employs 


. IF c 
log — - 
Xu 


(144) 


where v is the most probable velocity of the atoms; and as abscissa the 
quantity, log iju, where 

Nao 


Vn - 


(145) 
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Here of 0 is given by eqn. {33) , k is the continuous absorption coefficient 
at the wave lenglh in question, and N is the number of atoms per gram 
of stellar material capable of absorbing the line in question. 



TIhj empirical curve of growth for vanadium, titanium, and iron as derived from 
line intensity measures at 1 he center of the disk is compared here with 1 he theoretical 

curve calculated for the center of the disk. Ordinates are log j abscissae are essen- 
tially log tj c — 1-90. (Courtesy, Leo Goldberg and Keith Pierce.) 

A different curve of growth is found for each damping constant and 
choice of Since Bo/Bi varies along the spectrum and we nor- 

mally combine lines measured over a considerable wave length range 
into a single curve of growth, it is expedient to use a single curve of 
growth for a fixed Bq/Bi and to apply a correction Arjn to iju, depending 
on the value of Bq/Bi at the wave length in question. 

To utilize the theoretical curve of growth we measure the equivalent 
widths of a group of lines whose / values arc known. 

From the spectral type we can usually estimate the temperature and 
electron pressure sufficiently close to obtain a good working value of 
v and k {sec Oh. 7). Then for each line we may calculate log m/N and 
\Y c 

^ \v r mi * P* ot our P°* nts on the theoretical curve by a horizontal 
shift.* The amount of horizontal shift will determine N ♦ This quantity 

* A vertical shift is sometimes necessary— this means that our choice of v r the 
kinetic velocity of the atomy, is in error. Some source of Doppler broadening in addi- 
tion to purely thermal motions must enter. See See. 15. 
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will depend on the ionization equilibrium, I he temperature, and the 
abundance of the element in question. In principle, from the curve of 
growth we should be able to determine the temperature of the atmos- 
phere and the abundance of the constituent elements. 

Example: Let us illustrate the curve of growth procedure by a dis- 
cussion of spectral line intensities measured in the main sequence £2,5 
star, 7 PegosL The effective temperature is taken as 20,000° K (Table 12 
of Oh. 7), and from a consideration of the model atmosphere that seems 
to represent the profiles of the hydrogen lines (Sec, 16) we may choose 
log P* = 2,90 at an optical depth of 0.6. The observed equivalent 
widths are derived from measures upon coud6 plates taken at the 
Mount Wilson and McDonald Observatories, and Cassegrain spectro- 
graph plates obtained at the Dominion Astrophysical Observatory. 

As a typical example let us consider 2 s 2 2/j-3s — 2s 2 2p-Zp transition 
array in O II. The strengths of the individual lines may be computed 
in terms of the parameter as explained in Chapter 5, 

Let / denote the weighted average / value for the entire transition 
array computed according to the rule (see p. 132): 


/ = 




£ aJ f ) 


S? r-mc 1 „ 

3 he* ** X 


(H6) 


where Si is defined by eqn. (85) of Chapter 5, and is the sum of the 
weights of all the levels in the 2$-2p 2 Zs configuration. For a particular 
transition let us define a quantity 


t(aj ; a’J') = f ^ f 8 = f(aJ ; a‘J') (147) 

Here S/ES is the strength of the multiple! in terms of the strength of 
the whole transition array. Notice that 


etJ 9 ) = A r f (or J ; *'J r ) (148) 


where Nj , is the number of atoms in the level J\ J(aJ; ctj*) is the true 
/ value for the transition, and N is the number of atoms in the whole 
configuration; hence 


7rv_ 3 c _ NijaJ ; a'r) 

WlC fcPpV/V & 


(149) 


In Oil, /(3s - 3p) - 1,14, S/2S = 12/90, and s/2s - 0.14 for 
X4317.16. Hence the f for this line is 


f(4317) = 1.14 X X 0.14 = 0.0213 

In the construction of the empirical curve of growth we would like 
to treat together all the lines of the 3s — 3 p transition array. Different 
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terms, however, have different excitation potentials and consequently 
Hieir populations will depend on the temperature. We allow for this 
effect by referring our calculations to the 4 P term (excitation poten- 
tkl = 22,90 volts). H T = 20,000°K, the corrections for the higher 

terms, computed from the expression, < x - 22.90), are as follows: 


Term 

Energy 

(wave numbers) 

Energy (volts) 

Boltzmann 

Correction 

3*(‘P) 'P 

185,100 

22.90 

0 


180,040 

23.33 

-0.11 

3s('/>) */; 

20(i p 072 

25,55 

-0,07 


That is, we allow for the Boltzmann correction for the higher levels by 
treating them as though they had the same excitation potential as the 
</ J level but smaller / values. For example, we add -0.1 1 to the / val- 
ues of all lines arising from the -P level. 

Table 7 lists the wave length, J', J, log ~L, log log f, and the 
Boltzmann correction. Next we compute for oxygen, 

“ i -™^ f - 1 - 31xlo ""(i®o) f < 15 °> 


since v — 4,55 X 10 s cm/sec for this element. Here X is expressed in 
Angst rom units. 

It is necessary now to introduce the effective continuous absorption 
coefficient which we shall take as the sum of the contributions of true 
absorption corrected For negative absorption and electron scattering, 

k* — k* + <r (151a) 

(ef, Ch. 7, Sec. 4), Similarly the mean effective absorption coefficient is 


— k* + a 

We may now compute 

= S (l — e^ u ) 
Bi 3 fee u 


(151b) 


(152) 


where u is defined in Problem 3 of Chapter 7, 
possible to compute 


lo g f= l ogg 




For each line it is now 


TABLE 7 
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tor the present illustrative example we shall suppose the lines are 
formed according to the mechanism of scattering , although the absorp- 
tion mechanism may be better for s - p and p - d transitions. We 
shall employ WrubeFs curves of growth. 


TABLE S 

Correction - to Loq tj to Reduce to a Single Curve of Growth (— - - 

\Bi 3 , 

A Loo ij as Function of Loo — - and — 

Xy Hi 


Rp 

B\ 

hog — — = - L0 
Xu 

0,0 

+ 1.0 

0*4 

+0.16 

+0*22 

+0.22 

0.8 

+0*07 

+0*11 

+0.11 

12 

+0.01 

+0.02 

+0.02 

LG 

—0*03 

-0,03 

-0.03 

2.0 

-0*06 

-0.07 

-0.07 

2.4 

-0.09 

-0.10 

-0.10 

2*8 

— 0.11 

-0.12 

-0.13 

3*2 

-0*13 

-0*14 

-0.14 

3.G 

-0*14 

-0.17 

-0.15 


A more complete table is given by M. Wrabel, Ap. J > 109, GG, 19-19* 

In order to use a single theoretical curve of growth for all the lines, 
let us choose the one given for B\s/B\ = 4/3 and derive corrections 
A log r, to be applied to log a\/k, for /Jo/13, values other than 4/3. The 

A log i) corrections (Table 8) depend on log ~ which is near 0.00 for 

A# 

most of the Lines in this star so that a single correction curve may be 
used without fear of appreciable error. Then we introduce an vj e de- 
fined by 


log Tic — log &q — Q(x — xo) + log N + A log rj — log k § (153) 

as the abscissa of the curve of growth* The last two terms depend only 
on the wave length, whereas the first two must be computed for each 
line. We write: 

lo 6 = log <*; + A — fl(x - Xo ) (154) 

where 

A = A log if — log k. 


is given in the last column of Table 9. Column 9 of Table 7 gives 
- log Ve /N for each observed 3s - 3p line of 0 II, while the last two 

columns give the observed equivalent width W and log — . 

\v 
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Calculation of a = A Loo ij — I^oo k t for Curve of Growth 
Calculations* 


X 

Xo 

Log MX) 

Bo/Bi 

A log v 

A 

3300 

2.60 

0.86 

2*44 

-0.1Q 

-0.96 

3500 

2*45 

0*91 

2.92 

-0*14 

-1*05 

<3650 

2.35 

0.95 

3.32 

-0.15 

-1.10 

>3650 

2*35 

0*35 

0.85 

+0.09 

-0*26 

3800 

2*26 

0.39 

0*94 

+0.07 

-0*32 

4000 

2.14 

0.44 

1*10 

+0.03 

-0*11 

4200 

2*0-1 

0*47 

1.24 

0.00 

-0.47 

4400 

1 *95 

0*53 

1*44 

-0.02 

-0*55 

4600 

1*86 

0.57 

1.63 

-0*04 

-0.61 


1*79 

0*61 

1.84 

-0*06 

-0.67 


* The first column given the wave length; the second column gives ** = w(l — e u ) 1 
where u = hvfkTi. Here T'o = 16*SOO°K, The effective absorption coefficient kt (col, 3) 
and its mean value, k* = 2.75 ure calculated by the methods described in Chapter 7* 
BJB\ (col. 5) i 9 found from eqn* (152); A log v (col. 0) is interpolated from Table 8. 


log % 



We plot log — against log j* (cf. Table 7) anti fit Hie points to the theoretical 
Xu N 

curve of growth by a horizontal shift* Log rj £ is indicated at the top; log t jJN at the 
bottom* 
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H e now plot log — against log ~ on transparent paper and fit the 

plot to the curve of growth by a horizontal displacement, ru this way 
we find log N = 14.45 for the number of 0 II atoms in the 2p 2 3s con- 
figuration per gram of stellar material. 

If we denote by N,. r the number of atoms in the rth level of the sth 
stage of ionization, the combined Boltzmann and Saha equation, eqn. 
(14) of Chapter 4 may be written in the form 

X.,r) + ^ log T -f 

log _ Q 4g _ Iog p c (155 j 

yr t 9 

whert' /. is the ionization potential of the atom in the sth stage of ioniza- 
tion, B. +l (T) is the partition function for the (s + 1) stage of ionization, 
!7r., is the statistical weight of the level or group of levels, s, whose 
excitation potential is xa.r- I 1 or the 0 II 2p*3s configuration, g ra = 30 
B. +i {T) = 10.20, (J - xr..) = 12.12 ev. With T = 20,000°K, log N = 
logN,, t = 14.45, eqn. (155) gives log N, +1 P C = 21.49. Other ions in 
their various stages of ionization may be handled in the same way. In 
the computation of a 0 , we employ / values calculated from the tables of 
Bates and Miss Damgaard. Table 10 shows the results of the calcula- 
tions. It gives the configuration and term to which the transitions are 
referred and the data needed for the application of eqn. (155). Notice 
that the 0 II lines give the number of 0 III ions multiplied by the 
electron pressure N ( 0 III)P C ; the Si III Hues give N ( Si IV) P c , etc. 

Since silicon and sulfur appear in two stages of ionization, we can use 
the ratios of S IV/S III, and Si V/Si IV to cheek our assumed tempera- 
ture and electron pressure. From the sulfur data we find that for 
7 = 20,000°K we would need an electron pressure greater than 10 s dynes 
to explain the above ratio, while silicon would suggest a lower electron 
pressure. For the purposes of our illustrative calculation, however we 
shall retain T = 20,00()°K; log P £ = 2.90. 

I 1 inally we must allow for the distribution of atoms among the ■various 
stages of ionization. For example, most of the oxygen atoms are in the 
ground configuration of Oil, while the high-level Oil lines give the 
number of doubly-ionized oxygen atoms. From an application of the 
ionization equation we find that we must correct log N(0 III)P Q by 

the factor, log- !I) = 0.85, to get the total number 

of oxygen atoms multiplied by the electron pressure, viz., log N{0)P c . 

Successive columns of Table 1 1 give for each ion, log N. n P e , derived 
bum the observed lines; 5 log N, the correction necessary to reduce the 


-fe --*?**- 


Sec, 13) 


THH FRAUNHOFHK SPHCTRUM 


299 


TABUS 10 

Abondanobs op the Ions* 


Ion 

Configuration ami 
Reference Term 


t — X'.r 

Log 

Log jV 


HI 



3.38 




CTL. 

2#f}Si&PD 

-0.53 

0.30 

13.45 

21.00 



2® a ( t S)3p*P 

-0.31 

8.02 

14.05 

21.98 



2a2 p(*P)M*F 

-o.os 

0.07 

13.05 

20.04 

21.09 


*D 

-0.83 

0.57 

13,07 

20.80 


*P 

—0,61 

0.29 

13.07 

21,15 



m 

—0.53 

0.34 

12,00 

20,74 


N II 

3a(»P + *P) 

+0.02 

11.09 

14.09 

21.58 



3pm 

+0.02 

9.10 

12.88 

21.40 

21.55 


+ *D + *F) 

-0.55 

6.34 

13 .38 

21.52 


0 II 

2p*( 3 P)3d*P 
2p' (*P)3p*P 

— 0.87 

0.17 

13.88 

21.72 



— 0.04 

9.25 

14.25 

21.57 

21.61 


2p*(*P)3s'P 

-0.17 

12.12 

14.45 

21.49 


Mg II 

3?D 

-0.70 

6,14 

13.77 

21.79 

21.95 

PP 

— 0.-18 

5.01 

13.03 

22.10 

Al III 

PD 

-0.70 

7.80 

12.52 

20.11 



PF 

-0.85 

7.03 

12,65 

20.15 

20.07 


PP 

-0.48 

10.58 

12,84 

19.90 


Si III 

PS 

+0.15 

14.39 

14.00 

20.80 

20.83 


i'F 

-1.00 

7.40 

13,39 

20.79 

Si IV 

PS 

0.00 

21.00 

12.29 

17.20 

17,45 


5H> 

-0.70 

8.95 

H.72 

19.04 

PHI 

■ PS 

0.00 

15.48 

12.49 

18.9: 

18.05 



-0.70 

15.00 

12.98 

18.62 

8 II 

Sp'ip'IP 

-0.00 

7.42 

13.05 

21.45 


S III 

Spits' P* 

0.00 

17.23 

13.35 

19.27 

19,37 


Sd'D 

-0.70 

10.00 

14.10 

19.47 

Cl II 

Sp'is'l) 

-0.43 

7.77 

12.95 

20.83 

20.75 


ip'P 

-0.01 

7.43 

13.05 

20,5: 

A II 

3p*4PD 

-0.14 

10.70 | 

14.00 

21.12 



Sp'StPD 

-0.84 

11.15 

14,50 

21.18 

21,45 


3p*4p*Z> 

— G.G 1 

7.82 

14,20 

21.84 



* Adrophygicul Juurnal (University of Chicago Press) 109, 2f>2, 1949. 
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number of atoms in the ionization stage (s + I) to the total number of 
atoms of that element for T = 20,0Q0°K, log J J C = 2.90; logA r P e , and 
finally the abundance relative to oxygen. Errors in the measured line 
intensities together with uncertainties in the theoretical /values limit 1 he 
attainable accuracy . We need good theoretical calculations of the ab- 
solute strengths for the observable transition arrays. It is evident that 
deviations from LS coupling and configuration interaction must be taken 
into account. 


TABLE II 


Abundances ok Light Eijsmknts in 7 Pegasi* 


Ion 

Log 

5 lug N 

Log NI\ 

Relative 

Number of Atoms 

C II, 

21,00 

0,08 

21.17 

0.05 

X II.. 

21.55 

0.26 

21.81 

0.23 

Oil 

21,61 

0.85 

22.49 

LOO 

Mg II 

21.95 

0.00 

21.95 

0.31 

A1 III 

20.07 

0.43 

20.50 

0.0 U 

Si III 

20.83 

0.58 

21.41 1 


Si IV 

17.45 

3,93 

21.38/ 

0.09 

pm 

18.65 

0.84 

19.40 

0.0011 

s 1 1 

21.45 

0,02 

21.47 \ 


SHI 

19.37 

1,32 

20.(59 / 

0.04 

Cl 11 

20.75 

0.0 1 

20.70 

0.02 

A II 

21,45 

0.02 

21.47 

0.10 


Astro phystial Journal (University of Chicago Press), 109, 262 , 1949 . 


Another calculation (carried out with the aid of a model atmosphere 
that reproduced the profiles of the Balmer lines) and in which the vari- 
ation of t lie line and continuous absorption coefficients with optical 
dept h were taken into account gave the relative abundances of O t N, and 
C as 1.0, 0,2, and 0.12. These results show that the effects of stratifica- 
tion cannot be neglected, I he best possible atmospheric models are re- 
quired, together with improved observational data. The situation with 
respect to y Pegasi f and a number of other 0 and B stars should be 
greatly improved with the analysis of carefully calibrated high disper- 
sion eoude spectrograms recently secured at the Mount Wilson Ob- 
servatory. 

14. Excitation Temperatures of Stellar Atmospheres 

In 1 of Chapter 6 we mentioned that in addition to the effective 
temperature and color temperature of a star (which is really not a tern- 

i -v* ®> ni Pheatioiift may bo introduced in y Pegasi by its radical velocity varia- 

bility {^b kin/ ecu) which places it among the variables of the 0 Cams Majoris type. 
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perature at all but a parameter in a representation of the stellar energy 
distribution by Planck’s formula), we could define an ionization tem- 
perature and an excitation temperature. The ionization temperature 
reproduces the observed ratio of atoms in successive stages of ionization, 
whereas the excitation temperature is defined by the distribution of 
atoms among excited levels. More precisely, the excitation temperature 
is the parameter employed when Boltzmann's formula is used to repre- 
sent the distribution of atoms among the excited levels. If the stellar 
atmospheres were in local thermodynamic equilibrium, the effective 
ionization and excitation temperatures would closely agree. 

We may find the excitation temperature of the sun with the 1 aid of the 
solar curve of growth. In 1934, C. W. Allen obtained an empirical curve 
with the aid of measures made at Canberra. Menzel and Unsold inde- 
pendently derived correct theoretical curves respectively for the Schus- 
ter-Schwarzschild model and for the empirical Minnaert formula for 

— - — = — 1 — — 

1 — 1 — r D ttoox 

where rc u is the number of atoms “above the photosphere" and is the 
central intensity. 

Let N a denote the total number of atoms in a given ionization stage 
and Nj the number in an excited level, j. We suppose that NjfN u can be 
expressed by Boltzmann’s formula, eqn. (1) of Chapter 4, with some 
excitation temperature T. Consider two lines, X and X', that arise from 
levels of excitation potential Xi and x/ respectively, and whose relative 
/ values are known. Knowing the equivalent width of each line, we can 
read from the curve of growth the corresponding ^4 and 17;. Prom eqns, 
(32), (145), and Boltzmann's formula (writing 170/ as 17, etc.) we find 

1 , , XW 5040/ , x 

log ; — lOg l?i - Ujg jT ~ (X — X) (l^b) 

where the primed and unprimed symbols refer to quantities connected 
with levels j and i t respectively. The first term on the right-hand side 
may be calculated for each line since the absorption coefficients, k and k\ 
the statistical weights, g and g', and the/'s are known. The coefficient 
for 1/T is known, and since we have log ijj — logij; from the curve of 
growth we can find the temperature. In practice we usually employ a 
number of lines whose relative / values are known and for which the 
excitation potential of the lower level differs from one group to another. 
We group the lines according to x and solve for T by least squares. 

Table 12 summarizes the results of a number of these investigations. 
Possible Fe 1 may give a higher excitation temperature than Ti I, but 
the result is not conclusive. Substantial differences seem to arise when 
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account is taken of the variation of the absorption coefficient with wave 
length and the data are analyzed with the Milne- Eddington rather than 
with the Schuster-Schwamchild model. 


TABLE 12 

Tub Excitation Tbmpbraturis or toe Sun 


Aut hority 

Reference 

Fc I 

Til 

VI 

H. R. King 

(i) 


4J0TK 


Menzel, Baker 

(2) 

4150 ± 50°K 

4350 ± 200 


and Goldberg 

(3) 


4400 


K. O* Wright 

Oi) 

•1900 ± 125 

4550 ± 125° 


R. U, King and 

(5) 


5100 ± 200° K 

K. O. Wright 

Goldberg and 

(0) 

4770 

4040 ± 290 


Pierre 

A, R. Bandage 

(7) 



5110° ± I90°K 


(U Ap. 87, 40, 1988; lsborotory f values and Unsold's curve of growth. 
m f 1 theoretical / values and curve of growth based on Schuster* 

Sehvarzschild model, 

(3) Ibid., /-file sum rule for Ti I* 


(4.3 A P'J' 99 , 249, 1944; laboratory gf values, curve of growth based on Schuster- 
behwurzsehild model. V right found It impossible to represent the F© I and Ti I data 
with the same excitation temperature* 

(53 Ap. J. 106, 224 1947; 1 a tars tory / values by R. B. King, curve of growth based 
on Bchuatc r-behtra rzseh ilct model. 

(Cl Based on laboratory / values and Milnc-Eddington curve of growth calculated 
for the center of the disk with variation taken into account* From lines with au ex- 
citation potential from 3-5 volts, the excitation temperature is (KXJO^K* 

(i 3 Ap. J* 111, 575, 1950; the effect of the temperature gradient in the solar atmos- 
pheres was investigated by constructing a t heretical curve of growth from line profiles 
calculated with the aid of Munch’s model atmosphere* 

More recently. A. R, Bandage and A* J. Hill {Ap. J. 113, 525, 1951) have derived 
the ^citation temperature from Or I lines with laboratory of values. They find 
i merft - <5*90 K, which is considerably lower than determinations from other elements. 

Mmnaert predicts that excitation lempcraiurcs determined by the usual methods 
from faint lines should vary between 5200°K and 6700°K according to the atomic levels 
compared* 

For a summary of temperature determinations from molecules see J. Himacrts. 
Ann. d A p. 10, 237, 1947* 


The excitation temperatures tend to fall below the effective tempera- 
tures in b and A stars as well as in the sun. For example, Sirius 
whose effective temperature is about W,QQ(FK f has an ionization tem- 
perature of about 8700° K, and an excitation temperature of 0000-7G00 o K, 
K. 0, \\ right's very careful discussion of the supergiant a Persei suggests 
that different elements have different excitation temperatures and that 
the ions show a lower temperature than do the neutral atoms. In super- 
giant atmospheres such stratification may be perhaps anticipated. 

Molecular bands sometimes prove useful for excitation temperature 
determinations. J wo methods are used: (a) a comparison of different 
vibration bands of the same band system; (b) a comparison of individual 
rotational lines of a given electronic vibration band. 






(Courtesy, Andrew McKdlar and Graham Odgors, Dominion Aatrophysical Observatory, Victoria, R. t\) 
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With the dispersions ordinarily applied in stellar spectroscopy, the 
component lines of an individual band are not resolved and method (a) 
is the only one available. For bands of low intensity, 


W,(v" - v>) = JVo - v') 


(157) 


where the energy of the low vibrational level E(v f/ ) is given by eqn. (22) 
of Chapter 2. The transition probability /(*/' — i/) has been calculated 
by Hutchisson for symmetric molecules such as C% and the formulae are 
still qualitatively applicable to molecules such as CN which are almost 
symmetrical. They are not valid, however, for molecules such as OH, 
TiO, ZrO, etc,, in which the component at oms have appreciably different 
masses. McKellar and Buscombe determined temperatures of the 
carbon ii-type stars from the relative intensities of Ct and CN vibration 
bands of the same sequence. They employed both the Hutchisson theory 
and laboratory / values, and found temperatures in good accord with 
values inferred from the colors of these stars. The approximation that 
the band absorption is proportional to the number of absorbing molecules 
seems to be reasonably good for bands of moderate intensity for which 
McKellar estimates the equivalent widths of the individual lines to be 
about 0. 1A- 

Method (b) may be employed with high dispersion material such as is 
obtainable for the sun. If the bands are weak, the intensities of the 
individual rotational components will be 


W,(J) 



B(T) 


(158) 


where /(J), the / value for a line characterized by J s is known from 
theory, E(J) = BJ(J + 1) is the energy of level ■/, g{J) — 24 + 1 is 
its statistical weight, and B{T) is the partition function of the molecule 
Zq{J)er E i J)ikT . Since /J, I f \ and E are all known, measures of equivalent 
widths as a function of */ will permit a determination of the excitation 
temperature. Physicists and chemists have employed this method to 
find the temperatures of arcs, flames, and glow discharges. In practice 
the method is applicable only when high dispersion data are available, 
e.g,, in the case of the sun, where Bilge found an excitation temperature 
of 4300°K from the intensity distribution in one of the solar X3883 
cyanogen bands. More recently (1940), L. Riitzer, from measures of 
14 doublets in the (0-0) R branch of the CX band, found an excitation 
temperature of 4490 ± 100°K, while Miss Adam from a study of the 
Ct Swan band found 1550°K, Roach obtained 4840 ± “>50°K from the 
OH band. 
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•I. Hunaerts determined the excitation temperature and the abun- 
dance of molecules of ON, ('ll, C* NTT, and Oil in the solar atmosphere 
from the equivalent widths of the lines of CX, OH, and C s and from the 
calibrated Rowland intensities of lines of XII and OH. He constructed 
curves of growth and analyzed the data with the Sehuster-Schwarzschild 
m .° o - The reaultant excitation temperature, in the neighborhood of 
4 ;j00 IC, is in good accord with the value derived from the atomic lines 

15. Some Problems of the Curve of Growth— Turbulence 

The curve of growth consists of three parts, the Doppler part wherein 
the equivalent width W is proportional to Nf, the Hal portion where W 
increases slowly with Nf, and the damping part where W grows as V^V/r. 
For a star like the sun we adopt a most probable kinetic velocity, v, 

on the basis of its effective temperature, calculate log “ c and plot it 

against log vn/N. We then tty to fit the empirical curve to t lie theoretical 
curve by a horizontal shift, a procedure that is usually satisfactoiy for 
main-sequence stars like the sun. 

Struve and his co-workers found that the empirical curves derived 
for giants would not fit the theoretical curves unless one supposed that 
v was much larger than the effective temperature of the star would sug- 
gest. The curves of growth for 17 Leporis [T, = 10,000°K), and e 
Aurigae (/„ = 6500°K) resemble the theoretical curves, except that the 
values of v indicated would correspond to kinetic temperatures of 
30,000,000° K and 2,000,000°K. Thus, either the kinetic temperature 
of the gas is unaccountably high or there is a large-scale motion of the 
gas; the latter effect is often called turbulence. The kinetic temperature 
o would be replaced by V defined by: 

■ where £ is interpreted as the turbulent velocity, the actual speed of large 
jets or masses of the gus. Struve found £ to be 07 km/sec for 17 Leporis, 
and 20 km/sec for e Aurigae. The line profiles lend further support 
to the idea that large bodies of gases in these stellar atmospheres are mov- 
ing with speeds much greater than the thermal motions of the atoms 
themselves. The weak lines are broad and shallow. The strong lines, 
unlike those in dwarf stars, show no wings but are bell-shaped. 

The spectrum of S Canis Majoris presents difficulties of another type 
brom the conventional curve of growth, Miss Steel found a turbulent 
velocity of about 5 km/sec, while Struve points out that the profiles of 
the strong lines require a turbulent velocity of 30 km/sec. In the spec- 
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trum of Aquilae, M. and B. Schwarzschild and W, S, Adams find a 
turbulent velocity of 4 km/sec from the curve of growth, whereas the 
line profiles give a turbulent velocity of 12.2 km/sec, if we interpret the 
broadening as arising from large scale gas motions and not from rotation. 
What are the reasons for these discrepancies? In stars such as 17 Leporis, 
the individual moving elements of gas arc probably small compared 
with the mean free path of a light quantum, i.e. f small compared with the 
depth of the photosphere. Hence masses of gas moving with different 
velocities absorb at different distances from the center of the line and a 
broadened profile and increased equi valent width results. On the other 
hand, in the atmosphere of a star such as the Cepheid, ^ Aquilae, 
Sehwarzschild suggests that the linear dimensions of the turbulent 
elements exceed the depth of the effective photospherie layers. The 
profile is broadened but the equivalent width is not increased. The 
apparent increase of £ with W in <5 Canis Majoris remains puzzling, how- 
ever. 

Wrubel has recently discussed the influence of the turbulence spec- 
trum upon line profiles and the curve of growth. A large variety of 
eddies occur simultaneously. The velocities characteristic of the small 
eddies (whose diameters are less than the thickness of the layers respon- 
sible for the absorption lines) will fix the turbulent velocity found from 
the curve of growth, whereas the line profile may reflect the velocities of 
larger masses in the atmosphere. Wrubel found that the difference 
between the turbulent velocities obtained from the curve of growth and 
those obtained from the line profiles suggested that much energy is 
stored in large eddies, that are of a size about 2.5 times the thickness of 
the layers responsible for the absorption lines. Possibly the turbulence 
is nonisotropic. From measures of the equivalent widths and central 
intensities of faint lines close to the limb, O. W. Allen concluded that 
there exists in the solar atmosphere a large-scale nonisotropic turbulence 
with a vertical velocity of about 1.7 km /sec and a horizontal velocity of 
about 2.8 km/sec. 

Su Shu Huang and Struve have used the relation between equivalent 
widths and half-widths of absorption lines to derive turbulent velocities 
for both large and small eddies.* 

As Struve emphasizes, the proper study of line intensities in stellar 
spectra should utilize, insofar as possible, the profiles of the lines as well 
as their total intensities. In this connection we may refer to the 
investigation by Spitzer, who studied the broad asymmetrical lines in 
certain A/- type supergiants. In these stars the continuum cannot be 
located and we must work with the line shapes themselves, which would 


Ap. J. 112, 410, 1952. 
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8 * v * vaJue ® uf y corresponding to enormous temperatures, but here 
again the concept of turbulence permits a rational explanation of the 
observations. 

a,mospherea show complications other than turbulence 
l hus. K. O. W right found indications that in the atmosphere of « Persei 
the ones of neutral metals, which seemed to show greater damping con- 
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I'l*;. 15.- Changes in Intensity or the Chromospheric A' Line 
Durino the Egress of the J!)5 [ Eclipse of 31 Cyqni 

Thp . '“Karithm of the equivalent, width of the K line, as measured upon plates 

VowL' m m l>f 0hst ' rva(or y, is plotted against the Julian date. 

. 1 ■ oipid decline after the end of the geometrical eclipse (October 14, 1451) and 

n'n S 2^^m t f flUCtUat, T'" S ' ,I?° 5 li,U ' i,WJlnl(! ™ry weak about November 21 
j, ■ ■ •T.," 4 ', ' f " 11 ’! 1 ro '*• f ) subsequently l>e«une st ranger before disappear 

MbaM 10 comp8rabIe with r — ! 


Sl an Is and excitation temperatures than those of ionised metals were 
formed m deeper layers than were the lines of the ionized metals 

Probably our best clues to the structure of supergiant atmospheres 
will come from studies of eclipsing systems such asf Aurigaeor 31 Oygni 
where a K supergiant eclipses a B-type companion, or VV Cephei where 
an M supergiant hides a much smaller F star. Olin Wilson finds that the 
density gradient in the atmosphere of f Aurigae is much less steep titan 
l ie hypothesis ol hydrostatic equilibrium would predict, in other words, 
the atmosphere of the giant K star cannot be in mechanical equilibrium 
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at its effective temperature. Prom curves of growth constructed for 
different levels of the atmosphere, Wilson finds some evidence tor an 
increase of turbulence with height, but the increased turbulent velocities 
themselves do not suffice to support the distended atmosphere as Mc- 
Crea had suggested long ago for the solar chromosphere. Evidently we 
must discard the picture of an atmosphere in static equilibrium and 
adopt in its stead some kind of a dynamical picture. The behavior of the 
chromospheric K line in the K- type component of 31 Cygni illustrates 
this point As the B star emerges from eclipse, the wings of the K line 
produced in the chromosphere of the cool star rapidly weaken and the 
line shows a square profile corresponding to a turbulent velocity of about 
20 km /sec* As the line further weakens it shows a structure consisting 
sometimes of a single line, at other times of a line and a companion of 
variable intensity and velocity displacement. The equivalent width of 
the main component varies irregularly. Probably the extended atmos- 
phere of the giant star consists of a multitude of prominences in more or 
less rapid motion with respect to one another. 



log 7 ) 


Fig* Hi* — S chematic Curves op Growth for Giants and Dwarfs 

In the (dashed) curve of growth for the giant, the fiat portion is raised by turbu- 
lence but the damping constant is small. In the (solid) dwarf curve, turbulence is 
small but damping is large. 

Generally, we expect the curves of growth for giants and dwarfs to 
differ as shown in Fig* Iff. In the giants, turbulence often raises the 
flat portion, although the damping constant may remain comparable 
with the classical damping constant, 7 , because of the low density. In 
dwarfs, on the other hand, the flat portion frequently corresponds to a 
kinetic temperature close to the effective temperature, while the damping 
portion requires a V much greater than 7 * 
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I lie uncertainty in the damping constant introduces corresponding 
uncertainties in abundances derived from strong lines. Furthermore in 
, beat determined curves of growth there are small hut significknl 
departures from the theoretical curve. 

L. Goldberg and K. Pierce and also K. O. Wright have found that 
the damping portion of the curve of growth rises more steeply than v^V 
as though r increased with the intensity of the line. Also, damping 
constants determined from lines arising from the high levels were sys- 
tematically larger than those found from resonance and low level 
lines. 

In the analysis of the later type stars, difficulties arise because of 
blends and uncertainty m locating the continuum. For the study of such 
spectra, Pannekoek and van Albada suggest that instead of estimating 
the blends of each line, one should calculate the theoretical intensities 
of all lines and then combine them to form synthetic blends. The in- 
tensity of each blend appears as a function of 6 parameters, the mean 
absorption coefficient, the temperature, the degree of ionization, the 
Doppler width (thermal motion plus turbulence), resonance plus col- 
hsional damping, and the uncertainty in the continuous background, 1 1 
would he practicable to carry out such analyses with spectra of only the 
highest dispersion, liller’s and Lewis's studies of the profiles of the 
calcium lines in the spectrum of the A'O dwarf e Eridani demonstrate 
that in the near ultraviolet of such objects one must deal with line shapes 
rather than with equivalent widths. 

16. The Hydrogen Lines and the Interatomic Stark Effect 

Ihe hydrogen lines which are present in the spectra of most stars 
and which dominate the spectra of the A stars cannot be treated by the 
curve of growth method. Outside the narrow Doppler core, the broaden- 
ing is of the lloltsmark or statistical type rather than the discrete-en- 
counter type. Neighboring ions and electrons may produce strong 
momentary electric fields which disturb the hydrogeuic energy levels 
and result in an increased absorption coefficient in the wings. These 
interatomic fields are distributed at random in direction ami time and 
may fluctuate over a considerable range in a short time. 

In 1913 Stark showed that when a field of the order of 10 s volte/cm 
is applied to incandescent hydrogen, the Balmer lines split into a number 
of components. Lo Surdo, soon thereafter, observed the splitting of 
lines emitted in the cathode dark space of the discharge tube. The 
change in energy of a given level is expressible by an equation of the form 


52' = aE + bE * + cE 3 + ■ . . 


(160) 
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If 6T is measured in c.g.s. units and E in electrostatic units, the value of 
the first order Stark coefficient will be 


° = ike n{n '- ~ ni) 


(161) 


where n is the total quantum number and % and n% may assume values 
from 0 to n — L If E is measured in kilovolts/ tan, and X in ems, the 
shift in wave length will be 

= (K0643A 2 [n(fta — nO — n f (n % — n[)]B (162) 

Notice that the number of components and the absolute value of the 
Stark splitting increases with higher members of the series. 



Notice the extremely broad wings and shallowness of the (4 7) hydrogen transi- 
tion, Stark effect is pronounced and since the line is formed close lo the mechanism 
of local thermodynamic equilibrium, it has si high central intensity, (McMath- 
Hulbort Observatory, University of Michigan.) 


These expressions apply to an atom radiating in a uniform constant 
field E . The electric fields in stellar atmospheres, however, arise from 
rapidly moving charges and are neither uniform nor constant with time. 
What will be of interest to us in the calculation of the line absorption 
coefficient is the probability that perturbations from surrounding charges 
will displace a given Stark component by an amount between oA and 
d\ + rfX. In hydrogen, we need consider only the first order or linear 
Stark effect which produces a symmetrical splitting of the line. We 
shall be particularly interested in the large shifts which determine the 
absorption in the wing. Within a sphere of radius /?, let there he K 
charged particles. The probability of finding all K of these within a 
radius r is, of course, 

and the probability that no one of the K charged particles lies within 
the sphere of radius r is [1 — (r/if) 3 ]*. Then the probability that at 
least one of the K particles falls within the sphere of radius r is 
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" here we havo compared the expansions (1 - *)« and e~ n and have 
noticed that 

HW = A' 


«-here .V is the number of perturbing chuges/om* Hence the prob- 
ahihty that at least one particle falls in the shell r to r + dr is found bv 
differentiation : J 

where d V = <r>dy (163) 


-flT 


and 


~ rlN = 1 


(164) 


determine the mean separation r n of the two perturbing particles. The 
“average” field corresponding to the distance r 0 will he 


Efl = r *2 = 2.60tdV*t* (16,5) 

1 he above treatment (due to Russell and Stewart) has been amplified 
1>V a more detailed discussion by Holtsmark which takes into account the 
simultaneous action of several particles, and shows that the factor 2 60 
should be replaced by 2.61. Here N refers to the number of heavy 
charges (ions); the contributions from the electrons to the observable 
line profile usually have been neglected.* We find 

_ /PAm 

ft- 46.8^) (16 6) 

where the ionic pressure P, is expressed in dynes and E is given in eleetro- 
static units. Under most circumstances the ionic pressure P; will equal 
tho electron pressure P, v . 

A charged particle approaching a distance r from the atoms produces 
a displacement of the with Stark component, 

A, = a n E = ~ (167) 


* Outride of the Doppler cores of the lines, the chief cause of broadening is the 
MaiMiral action of the ions: radiation damping can be neglected. The electrons 

iw'.'o rt ‘,' to J th ® “ llision damping theory, since they move so rapidly’ 

( l C the statistical, steady-field, Holtsmark theory cannot be applied to them. Our 
pi (■sent theory of Stark broadening is inexact in that the action of the electrons is not 
taken m to account. G. Odgers, Ap. 116, 1 1-1, 1962, suggests that the electrons 
may contribute noticeably to the broadening of Hy at large distances (—20 A) from the 
If Ltw i j 11 ^ the Holtsmark probability distribution overestimates the effects 
,l 11 r S5 11 C0ln P ans0n o{ the observed and computed profiles of Ily in 

he late O stem, * Ononis and 10 Lacertae, Ann Underhill, ibid., p. 446, suggests that 

fiatiSlf n? dB R t °lf ,VC T r0 ' V pr,mrii - Margaret K - Arogdahl finds that modi- 
heat ions of the Holtsmark theory are required for H«, Hft and Lyman «. Happily 

outer nln f fheck lias been made by Jurgens who finds that the 

. '. I, P \; , hm p ? fi,cs f,t t,u ‘ Holtaomrk theory very well indeed. The 

should U ‘ e flr ‘‘ !,r,,lillenwl b y () tber processes as theory predicts they 
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where 



Av _ AX t*q E 
Aph AXo r 1 Bt 


(198) 

(109) 


Hence the statistical probability of a displacement AX of a certain com- 
ponent us found from eqns. (193) and (169) to be 

ww = ir a/2 exp (-r 3/2 ) (i7o) 


or, more precisely, in accordance with the exact Holtsmark theory, 

Wifi) « + 5*10Gj8)“ a/ * + I4.43j3 -3 + - ■ ■ (171) 


for large For small ft we may use the exact t heory (cf. Table 13) . 

In a uniform field, Eo f every hydrogen line will be resolved into a 
number of symmetrically spaced components, each of which has a unique 
displacement AAo (nj Hatting) . In a stellar atmosphere, each of these 
components will be spread out into a broadened distribution about the 
static field position, \ n AXo(/ii« 2 ^I^)- The final absorption coefficient 
will be proportional to the properly weighted sum of the individual 
curves. Our chief interest is in the wings of the line, which at least for 
the Balmer series, are produced by momentary fields corresponding to 
0 values much greater than 1. When we sum over the components of a 
Balmer line, we may write the asymptotic form of the absorption coeffi- 
cient per atom as 

« (AX) - (AX)-« = 321c. (AX)- S « (172) 


where c n has to be found by the theory of the Rtark effect. We tabulate 
the c n values for the first four Balmer lines from the work of Venvcij, 
and t he / values according to Menzel and Pekeris: 


Line 


H a 

Hy 

ns 

e„ X L0" 5 

3.15 

0.887 

0.446 

0.322 

/ 

0.0408 

o.iura 

0.04407 

0.02200 


A somewhat superior formula may bo obtained by including the next 
term in the asymptotic expansion. Recently, Miss Underhill has cal- 
culated the profile of Hy in 0 stars, where she finds that the shape of the 
line is determined mostly by thermal Doppler effect, by radiation and 
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collision damping of the dispersion type, and by turbulence if any exists. 
Stark effect is dominant, however, for main-sequence stars cooler than 
25,000°K. 

TABLE 13 

The Holts mark Function 


0 

W(J3) 


WQ3) 

d 

mi j) 

0 

0.00 

2.0 

0.339 

6.0 

0.024 

0.5 

o.on. r i 

2.5 

0.257 

S.0 

0.0105 

1,0 

0.271 

3,0 

0.166 

10.0 

0.0055 

1,5 

0,304 

4,0 

0.080 

15.0 

0.0019 


* From Verweij. Pub. Artron . 1ml. Amsterdam No, 5, 


1 he confluence of the lines near the limit of the lialmer series shows 
the influence of the Stark effect. The hydrogen lines gradually coalesce 
toward the higher series members and, for some maximum value of n, 
* hey will cease to be distinguishable from one another. The intormolec- 
ular Stark effect widens the lines until they overlap and cannot be 
resolved with any spectrograph. Between the last resolvable line whose 
quantum number is n m and the series limit, the spectrum looks oon- 
tinuous. Inglis and 1 eller showed that n m was related to the number of 
broadening charged particles per cm 3 by the relation 

log N = 23.26 * 7.5 log n» (173) 

hor 7 less than lOYn™, N denotes the number of ions plus electrons, 
whereas for T greater than 10 Vn™, N denotes the number of ions only, 
since the electrons move too rapidly to contribute to the line broadening 
appreciably. Struve and Unsold demonstrated the usefulness of this 
criterion in distinguishing giants and dwarfs. In the dwarf atmospheres, 
the electron and ion densities are much greater t han in giant atmospheres, 
and therefore n m is smaller. 

Example: In the spectrum of 10 Lacertae, Struve has listed the Balmer 
lines up to n = 14. By eqn. (173) log A T = 23,26 - 7.5 X 1.15 = 14.63, 
Since 7 = 20,600 K > IQ 5 /#™ for this star, AT here refers to the number 
of ions. This gives us an upper limit to the electron and ionic density as 
we cannot be sure that some kind of turbulence does not enter to widen 
the lines, and cause n m to be smaller than it should be. 

In the spectrum of x Orion is, n m is about 23. The temperature of this 
star is 20,400°K. Hence logV c = log = 23. 2G - 7.5 X L36 = 
13,06, and the corresponding electron pressure, computed from 

= N f: k r I is 32 dynes, much smaller than for a main-sequence star of 
the same spectral class. 
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With the aid of eqn, (172) we may compute the profile of a hydrogen 
line provided we know the variation of T, P VJ k, and k\ with optical 
depth. As Verweij, Miss Underhill, and others have pointed out, we 
cannot reproduce the observed profiles if we assume an atmosphere of 
constant density and temperature. 

The line absorption coefficient per gram of stellar material will de- 
pend on the number of hydrogen atoms in the second level, N o> From 
eqn. (14) of Chapter 4 

log ir~ = -3.380 + 2.5 log T - 1.08 - log P t (174) 

iV o,s 

In a type star, the number of hydrogen ions N i will equal the number 
of hydrogen atoms, since hydrogen is nearly all ionized. For a numeri- 
cal application let us consider H5 and suppose that the number of hydro- 
gen atoms per gram of stellar material is 4.19 X UP. When numerical 
values are introduced with the aid of eqns. (172) and (174), the absorp- 
tion coefficient in the wing of 115 will be 

log l K ~ log N [uax+2 log 7%— 3.5 log T +3.385—2.5 log AX — 10,72 (175) 

The variation of T, P c and the continuous absorption coefficient Ax will 
depend on the atmospheric model. As an illustration let us consider a 
star with a boundary temperature r l\ = 16,800° K and calculate profiles 
for assumed log g — 3.50, 3.80, and 4.10,* We calculate i? and then use 
the methods of Sec. 9 to derive r(X), To fit the center of the profile, we 
may determine c empirically, as has been done in Table 14 which com- 
pares the observed profiles of Hi in y Pegasi with one calculated by 
eqn, (88). Actually c should be close to 1; the smaller empirical value 
implies that the boundary temperature is probably much lower than we 
have assumed. The agreement seems best for log g = 3.80, although a 
slightly higher g and temperature seem possible. 

A more rigorous treatment, which would be indicated for stars of 
higher temperature and lower surface gravity would require an analysis 
similar to that given by Miss Underhill for Hy in the 0 stars. 

Verweij employed Pannekoek's model atmospheres to make exten- 
sive calculations of Stark broadening. The calculated profiles are sensi- 
tive to surface gravity; a g value low enough to represent the cores of 
the lines gives a poor prediction for the wings. Out io about 5A from 
the line center in the A dwarfs, the Verweij theory predicts a wider core 
than is actually observed and the observed wings are broader than the 

* Ap. /. 109, 244, 1949. The atmospheric model given there in Table 7 for 
log g ** 3.80 hi is been substantiated by the calculations by Miss McDonald who 
finds an over-all variation in the flux of about 5 per cent in the range of optical 
depth 0,2 to 2.0. 
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calculated ones. Noncoherent scattering may account for some of the 
discrepancy. 

The profiles of the Balmcr lines in supergiant stars suggest absurdly 
low surface gravities as though the atmospheres of these stars are not in 
[ iy d rest at ie equilibrium. 


TABLE 14 

Comparison of Observed and Computed Hydroqbn Link Profiles in 

y Pegasi* 


AA 

Obaervtxl r 

Computed r 

Iaj - 3.50 

= 3.80 

= 4.10 

0 

0.38 

0.38 

0.38 

0.38 

J 

0.51 

0.52 

0.49 

0,47 

2 

0,62 

0.04 

0.58 

0.50 

3 

0.70 

0.7-1 

0.97 

0.04 

4 

0.76 

0.81 

0.75 

0.71 

6 

0,85 

0.80 

0.85 

0,81 

8 

0.00 

0.04 

0.SH1 

0,88 

,0 

0.04 

0.96 

0.94 

0.03 


* A xtrophysical Journal 109, 244, 1049. 


17. The Helium Lines in Stellar Spectra 

Helium, as well as hydrogen, exhibits the Stark effect in stellar spec- 
tra. With fields of 15-25 kilovolts/cm. certain lines such as X4713.3, 
A4437.5, and X3613.6 show the quadratic Stark effect. Collision damp- 
ing by electrons produces the hroadening, and we may apply the con- 
siderations of Sec. 4 of Chapter 8. With the aid of eqns. (9) and (11) 
and the collision parameter rp, = 0.(14 (appropriate for n = 4), we find 

r = 38.8C 2/3 V l/ W c (170) 

where C is found from the quadratic Stark coefficient for the line. The 
oidinury curve of growth analysis then permits the determination of the 
number of atoms/gram acting to produce the line (see Table 15). 

1 he behavior ol the strong lines of the diffuse subordinate series 
2 3 / J - n 3 D. 2'P - n'D is much more complicated. The fluctuating in- 
teratomic fields (10 3 — 10 4 volts/cm) cause a displacement of these lines 
to the red, the shift being small for early members of the series and large 
for the later members. The electric fields cause the appearance of lines 
forbidden by ordinary selection rules, e.g., 2p - 4 /, 2 p - 5/, etc., which 
fall to the violet of the diffuse series lines. 

Many years ago Struve noticed that X4471(2 a / > - 4 3 D) was flanked 
by the forbidden line, X4469.9(2 a /> - 4 V), in the spectra of certain B 
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TAP 1.10 15 

Heuuu Linus in y Peg as t 


Irvel 

A 

W 

V 

a 

Log N. 

l-og N{2*F) 

2 *P 

4713.3 

0.255 

1040 

O.Oiil 

15.99 

15.00 

2'P 

4437.5 

0423 

10.111 

0.32 

15.56 

1041 

2 l S 

30 13.6 

0,05!) 

11,46 

0.92 

15.01 

15,88 


Moan ** 16.00 


Column (!) gives the lower level of the line listed in the second column. W denotes 
the equivalent width in angstroms. The fourth column gives log V computed from 
ocpi. (176) and the fifth column gives a, defined in nqn. (81). Column 6 gives log N r 
where N r is the number of atoms in the lower level. In the last column these numbers 
are reduced to the number in the 2 5 P level at 2G„000°K by Boltzmann's equation- From 
the mean value of log jV(2 5 P) f eqn. (14) of Chapter 4 and the assumption that hydrogen 
is the most abundant gas in the atmosphere, we find a H/He ratio of about 25. 


stars* This line appears in the laboratory discharge tube when the 
electron density is appreciable. Simultaneously the p — d lines arc 
broadened while others are unaffected. Since the stellar helium lines 
showed the same behavior, Struve concluded there was good evidence 
for an interatomic Stark effect arising from charged particles. Subse- 
quent work by Goldberg, Foster and Douglas, Unsold, Mrs. M. IC. Krog- 
dahl and Struve has confirmed this idea. 



Fig. 18. — Tracing of A447I in y Pegasi 

Notice the forbidden A4469.95 component in the violet wing of the J / J — *£> Iran- 
riition. (Courtesy, McDonald Observatory.) 

The laboratory experiments of J. S. Foster showed that with increas- 
ing electric field strength, the permitted X4471(2 3 P — 4 3 />) line shifts 
to the red, while X4470 is displaced to the violet. The intensity of the 
latter grows with increasing field strength at the expense of X4471, until 
at fields of 100 kev/cm it approaches equality with X447L For fields 
less than 15 kev/cm. the Stark effect is quadratic, whereas for fields 
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greater than 15 kev/cm the effect is linear. Thus, X447I displays “dis- 
crete” collisional broadening (quadratic Stark effect) plus Doppler 
broadening near the line core, and statistical Holtsmark broadening in 
the wings where the linear Stark effect prevails. The wave length of 
the stellar forbidden helium line X4469.92 corresponds to a vanishingly 
small field strength when the line is produced in a static laboratory field. 
To match the observed stellar intensity, an appreciable static field would 
be required and this field would shift the line appreciably in position. 
In other words, the stellar line appears at the zero static-field position 
but with an intensity that corresponds to an appreciable static field 
strength. The answer seems to be that in an ionized gas where the 
electrostatic field comes from the ions and free electrons, its effect on 
the energy levels differs from that of a static laboratory field. In con- 
tradiction to wha( is observed in the laboratory, ihc space between 
X4470 and X4471 tends to be filled because of the broadening effects of 
collisions, as Struve pointed out in 1938. 

Recently, Mrs. Krogdahl has given a quantum mechanical treatment 
of the colMon&l broadening of helium lines by proton encounters. She 
has shown that when the broadening is produced by the interatomic 
fields, a zero displacement of the X4470 component is to be expected. 

Some years ago, Goldberg discussed the behavior of the He I absorp- 
tion lines in the B stars with the aid of the curve of growth. He as- 
sumed that in dwarfs, Stark effect broadened the lines whereas in the 
supergiants, turbulence prevailed, and he was able to show that the ob- 
served intensities could be accounted for, quantitatively, without any 
need for deviations from thermal equilibrium. 

The Stark effect of the He II lines in the 0 stars may be handled 
quantitatively like that of hydrogen. 

Fortunately, laboratory studies of the Stark effect in hydrogen and 
helium at high temperatures and electron densities can be made with the 
stabilized whirling- water arc (see Sec. 23) or with the previously men- 
tioned (page 230) whirling hydrogen gas arc. With pressures in the 
neighborhood of one atmosphere and temperatures near 12,000°K, the 
electron density is in the neighborhood of 8 X 10 1C elect rons/cm 3 and 
the broadening produced by the interatomic fields is enormous. Only 
the first six or seven members of the Balmcr series arc visible, the higher 
members are smeared out. The spectrum recalls that of a white dwarf 
star, except that in the latter the broad hydrogen lines are observed in 
absorption. The experimenters employ the broadened profiles of Ha 
or to estimate the electron densities in the arc; from measures of the 
absolute line intensity they then derive the temperature by the Saha 
equation, G. Jurgens has made a quantitative test of the Holtsmark 
theory for the Stark broadening of lines from Ha to 115. W. Lochtc- 
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Holtgreven and W, Niesen examined the applicability of the IngHs- 
Teller equation (173). As long as n m exceeds seven this equation gives 
the right order of magnitude although it seems to give too few electrons 
hv a fact or of about 2 at the densities they employed (N r ~ K) 1 *). They 
suggest that the term 23.2(5 be replaced by 23.40. 

Using a discharge tube filled with helium and with a small trace of 
hydrogen present, it has been possible to study quantitatively the broad- 
ening and shifting of helium lines as well as the appearance of forbidden 
components. The profiles and intensities of the hydrogen lines serve to 
fix the temperature and the electron density. 

18* Stellar Rotation 

'['he spectral linos in many early-type stars are broad and diffuse. 
For example, among the A stars the lines in a Aquilae or a Piscis Aus- 
trini are fuzzy compared with the lines in a Lyra e or a Ganis Majoris. 
The reasons for believing these lines to bo washed out by rapid axial ro- 
tation are: (1) The line widths are proportional to wave length which 
suggests a Doppler origin to the broadening, i.e., the observed line shape 
represents the superposition of line profiles from different parts of the 
disk of a spinning star, At longer wave lengths, the lines become wider 
and shallower and lines which are normally strong may even become 
practically invisible. Thus Shajn found the strong visual Fe II lines to 
be “washed out” in the spectrum of a Aquilae, (2) The relative in- 
tensities of lines in multiplets are the same as in nonrotating stars* This 
relation would not hold if the lines were widened by turbulence. (3) The 
lines in spectroscopic binaries of short period and large amplitude are 
always broad and diffuse. (4) Consider an eclipsing system just before 
primary minimum. If the orbital revolutions and axial rotations arc in 
synchronism, as is usually true for close binaries, the uneclipsed segment 
of the bright star has an additional motion away from us because of its 
rotation. The rotational motions measured in this way (Rossi ter and 
McLaughlin), as well as the line profile variations (discussed by Struve 
and Elvey for Algol), give speeds very similar to those deduced from an 
analysis of the broadened lines outside of eclipse. 

The measured velocities usually range up to 250 or 300 km/sec, while 
speeds as high as 400 or 500 km/sec are found in stars such as Pcrsci. 
The corresponding kinetic energy of rotation, 

E = \KkPM 

where K is the radius of gyration, w is the angular velocity, and M is 
the mass, is of the order of 10 47 ergs. This quantity is comparable with 
the total amount of radiant energy stored within the star. 
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Main-sequence st ars of spectral classes 0, B, A , and early F show 
the largest rotations; the late F’s rotate slowly, and in the G’ti rapid ro- 
tation occurs only in spectroscopic binaries. Supergiants of all types 
and normal giants of type F and later never show rapid rotations. The 
space velocities of the stars are not correlated with their rotational 
speeds; the axes appear distributed at random. 

To deduce the rotational velocity from the broadened profile, Struve 
and Elvey supposed that the intrinsic profile radiated by a small area 
of the surface is essentially the same as t hat emitted by a nonrotating 
star of the same spectral class and luminosity. Each clement of (he 
surface radiates a profile r,{X - X 0 ) shifted by the Doppler effect from 
the undisplaced position by an amount v\ 'c. The resultant profile, 

n = J Jr(\ - X n ± ? x) dx da 

is obtained from an integration over the entire disk of the star. Now v 
is a function of x and y, and reaches its maximum, v T , when y = 0 and 
* the radius of the star. For a constant x, the component of the rota- 
tional velocity in the line of sigh) is constant. Hence it suffices to divide 
the apparent disk of the star into a number of vertical strips and sum 
over a set of displaced profiles, each multiplied by the area of the ap- 
propriate strip. For each trial rotational velocity a profile is constructed 
and compared with the observed profile. The excellent agreement be- 
tween the observed and computed profiles strongly suggests that the 
diffuse lines in tj Orionis, « Aquilae, « \ irginis, a Piscis Austrini, and 
other such stars are broad because of rapid axial rotation. Carroll has 
shown that both the rotational velocity, v, and the true profile can he 
deduced from the measured profile since the rolationally distorted line 
retains certain features of the undisturbed profile. 

Struve points out that the centrifugal force at the surfaces of certain 
oi these spinning stars approaches thal of gravity, a fact which supports 
the idea that the shells observed around some of the fastest rotating B 
stars arise from rotational instability. In accordance with theoretical 
expectations such shells arc unstable and soon disintegrate. For ex- 
ample, that of 7 Cassiopciae disappeared after a few years. The shells 
around other stars, apparently not too different from that of 7 Cassi- 
opciae, however, have lasted many yearn, e.g., HI) 193182. Not all 
rapidly rotating stars show shells or bright lines, e.g., jj Ursae Majoris, 
a \ irginis, or a Aquilae show no signs of such appendages. 

Among the li stars in the Pleiades there is a greater proportion of 
rapidly spinning objects Ilian among B stars chosen at random. These 



Fro. 19(a).— Luminosity Effects at Hy in A -Type Spectra 

Notice the weakness of the Hy line in II D 223385, an A 2 aupergiant similar to 
a Cygni and its great strength in the dwarf, ei 1 Geminorum. The micro photometer 
tracings show Hy to Ire much wider in a 5 Geniinomm than in 0 Aurigac A, although 
the differences are not conspicuous to the eye. 
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stars arc involved in nebulosity and Struve regards it as possible that 
the rotational speeds were built up from the infall of interstellar mate- 
rial, On the other hand, the stars themselves may have thrown <»IT the 
material. 

19. Stellar Magnetic Fields 

Strong magnetic fields exist in sunspots, but the general magnetic 
field of the sun (such as exists) appears to be small and variable in in- 
tensity. The possibility that other stars, however, may have general 
magnetic fields could not be excluded, and 11. W, Babcock guessed that 
one might observe appreciable fields in the rapidly spinning A and F 
stars. For this study he selected peculiar sharpened A stars, which 
possibly were objects in rapid rotation with axes directed towards the 
observer. He secured eoude spectrograms with a double analyzer in 
front of the slit so that two parallel spectra of the star, analyzed for 
right- and left-handed circular polarization, respectively, are photo- 
graphed simultaneously. If the field is similar to that of a uniformly 
magnetized sphere and the axis is pointed toward the observer, the ob- 
served spectral lines will tend to be split into two groups of components, 
of opposite circular polarization. The separation will depend on the 
magnitude of the magnetic field, the atomic transition, and the wave 
length of the line, Babcock found a field of 1500 gausses in 78 Virginia 
while a A'O control star showed no such effect. 

Among the stars investigated was the spectrum variable BJ) 18° 
3789 (HD 125248), A0p f where Morgan found that Eu II and Cr II 
lines exhibited periodic intensity changes in opposite phase. Observa- 
tion showed the magnetic field to vary in phase with the intensities of 
the lines of Eu II. When the lines were strongest the field would attain 
7000- 8000 gausses and when they were weakest, it reached 6000 gausses 
in the opposite direction. A. J. Deutsch has listed the peculiar A stars 
that show periodic line intensity variations; very likely such stars will 
also be found to possess variable magnetic fields.* One of the most 
striking effects of the magnetic field will be to increase the equivalent 

* Quite apart from the sjxsctnim variations, these stars show abnormally narrow 
Call lines. The Si 11 lines, X4128, A4131 are often unusually strong. Morgan was 
able to divide these stars into subgroups with strong lines of various elements, e.g., 
Mn, Eu, Cr, and Sr. In C&niun Venaticorum, Struve and Swings found the rare 
earth lines to show periodic changes in velocity as well as intensity. This star also 
shows a variable magnetic field. Deutsch found that the line width increases sis the 
period decreases in the magnetic variables. Presumably the (>eriod of rotation is cor- 
related with the period of magnetic variation. Lines of different elements may be 
intensified in different regions on the star and iis the star rotates these regions are 
brought sucoesmvely into view. 
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widths of many of the absorption lines, without any increase in the num- 
ber of atoms in the photosphere. To understand this phenomenon let 
us con8 |der, as an example, an iron line sucli as X4325( a /' , 2 — *G§) 
When viewed along the direction of the magnetic field, the line will i, 0 
split into ten circularly polarized Zeeman components. The absorption 
coefficient of each one of these components will be washed out by the 
Doppler effect and instead of a half-width of about 0.03A, the over-all 
spread of the pattern will give the line an effective half-width of about 
0.12A, 

therefore, the net absorption coefficient of the atom is spread over 
an appreciably greater range of wave length. The curve of growth for 
such a magnetically widened line will differ appreciably from that of the 
undisturbed line. The initial 45° rise will continue longer and the flat 
portion will set in at a higher value of the equivalent width. Hence the 
effect on the intensities will be greatest for linos that would normally fall 
on the flat portion of the curve of growth, since in the magnetic star 
such lines may fail in the region where it' is proportional to N. The 
actual intensity of the line will depend on the magnetic field of the star 
the number and separation of its Zeeman components as compared to 
its Doppler width, and the initial intensity.* For example, X4205, 
Fu II, has 23 components spread over a range of nearly three times that 
of a normal Zeeman pattern. In a field of 8000 gausses, Babcock finds 
the equivalent width of this line to be changed by a factor of about 
eight. The huge intensity variations in stars such as HD 125248 prob- 
ably arise at least in part from such magnetic intensification. 

What is the origin of these fields? Babcock suggested that the ob- 
served Zeeman effect arose from the magnetic field of the whole star 
rather than from large spots, which on the sun at least tend to occur in 
pairs of opposite polarity. Hence the whole star must show u definite 
magnetic polarity, correlated perhaps with its sense of rotation The 
variable fields are difficult to understand. M. Schwarzschild proposed 
an interpretation based on a system of standing hydrodynamical waves 
of magnetized material. Since the electrical conductivity of ionized 
gases is high, the magnetic field must be dragged along with the mate- 
rial in its motion (cf. Ch. 9). In this picture, there exists a permanent 
field of many thousands of gausses deep below the surface, overlying 
which is a zone of gas which screens the underlying layers and in which 
the field is variable. To obtain the observed magnetic amplitude it is 
necessary to assume a velocity amplitude of the material of the order of 

its 6t! Vll e TIT 0f /T Vlh a PP r °P riate to each line would depend on 

paftor , he fie , ld - !l > the analysis of the spectrum of such n slur it 

md m,nVr U |t m0 ° S,C1 r f T Kllra "ho* Zeeman patterns are known 

ancJ analyze them according to their individuul curves of growth. 
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1 km/sec. This quantity is comparable with the velocities observed by 
Swings and Struve in the atmosphere of the magnetic variable a 2 Canuin 
Yenaticorum. The Schwarzschild theory looks promising, but the enor- 
mous permanent field required below the surface, perhaps as much as a 
million gausses, presents a difficult problem for the theory of stellar 
structure. 

Cowling finds that a large internal magnetic field is not necessary to 
produce rapid oscillations. A satisfactory theory of magnetic stars has 
not 3 r et been developed. 

20* Absolute Magnitude Effects 

Empirical studies first established the important fact that the spectra 
of the stars include important clues to their true luminosities. Miss 
Maury noticed that stars of the same Henry Draper spectral class often 
showed marked differences in line sharpness* From a study of the 
proper motions, Hortzsprung showed that the sharp-lined stars Miss 
Maury had indicated by “c” were intrinsically brighter than the broader 
lined objects indicated as “6” or "a.” 

Adams and Kohlsehtitter firmly established the spectroscopic differ- 
ences between giants and dwarfs and laid ihe foundation for l he de- 
termination of spectroscopic parallaxes* Subsequently, Adams and Joy 
and their colleagues determined the spectroscopic parallaxes of many 
hundreds of stars. As the spectroscopic data and trigonometric paral- 
laxes improved, the accuracy increased until at the present time the 
probable error of a Mount Wilson spectroscopic parallax is about 0.4 
magnitude. Lindblad and his colleagues made important contribu- 
tions, especially in the use of low dispersion material and in the applica- 
tion of quantitative photometric methods. In recent years considerable 
work has been done on this problem by W. W. Morgan and J. Bidelman 
at Yerkes, P, C. Keenan at Yerkes and Perkins, J. Nassau and van Al- 
badaat Cleveland, the Vyssotskys at Virginia, Miss Hoffleit at Harvard, 
and others, chiefly as an aid to galactic structure studies. 

The spectra of stars of the same spectral class and different absolute 
magnitudes differ in four characteristics: (1) Color effects or energy dis- 
tribution; giants are redder than dwarfs of the same spectral class* 
(2) Sharpness of the lines, or u c n characteristics. (3) Intensities of 
lines not used in the determination of spectral class. (4) Intensities of 
bands such as CN, In early-type stars, the interstellar lines are also 
helpful. Colors alone might be employed if we could eliminate the 
effects of space reddening, while line sharpness is a qualitative rather 
than a quantitative criterion. With spectra of intermediate and high 
dispersion, criterion (3) is most important, while (4) can sometimes be 
used with very low dispersion spectra (sec page 324). 
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In practice, the determination of the absolute magnitudes of stars of 
the same spectral class proceeds as follows: (1) From an intercomparison 
of stars of known absolute magnitude, lines are chosen that appear to 
vary with intrinsic stellar luminosity. (2) The intensity of each magni- 
tude-sensitive line with respect to a neighboring non variable line is 
estimated. (3) From calibration curves derived from stars of known 
absolute magnitude, the ratio of the intensities of variable to nonvari- 
able lines are converted to absolute magnitudes. In practice one em- 
ploys a procedure similar to Argelander’s method for variable stars. 
One estimates intensity differences on a step scale and reads the cor- 
responding absolute magnitude from a calibration curve. The ratio of 
4215 Sr II to 4250 Fe I is often employed as a luminosity criterion in 
classes F to A\ 

The establishment of absolute magnitude criteria in practical appli- 
cation depends somewhat on the type of instrument employed. The 
most suitable criteria may differ for various dispersions. The use of low 
dispersion limits the number of lines that ran be employed but enables 
the observer to reach fainter stars. \V. \V. Morgan has demonstrated 
that good absolute magnitudes can be obtained with low-dispersion 
(110 A /mm) spectra, the Morgan-Keenan-Kellnian atlas suggests use- 
ful criteria that can be employed with plates of moderate to low dis- 
persion. 

On the theoretical side, the problem is to give a rational explanation 
of absolute magnitude effects in terms of surface gravity and tempera- 
ture, Although many of the observed effects have been explained by 
theory, others have not been interpreted anti calibrations must be car- 
ried out empirically. We do not yet know enough about stellar atmos- 
pheres to predict precisely the change in line intensity from a dwarf to 
a supcrgianL 

In the hotter stars, hydrogen furnishes useful absolute magnitude 
criteria; we have already mentioned how the number of observable Bal- 
mer lines makes possible the separation of dwarfs and superpants, 

1 heory predicts and observation confirms that in stars hotter than 
1 0,000° K, the number of atoms above the photosphere capable of ab- 
sorbing the Balmer lines will be the same in supergiants and dwarfs. 
The appearance of the hydrogen lines will differ markedly; in the dwarfs 
the earlier members will be broad, whereas in the supergiants they will 
be relatively sharp. Over a small range of spectral class, the equivalent 
widths of the Balmer lines longwards of X3880 depends strongly on ab- 
solute magnitude. 

In class F the first few Balmer lines show minor absolute magnitude 
effects, whereas in later classes the observed differences are not well un- 
derstood, The Mount Wilson observers found that supergiant iTs may 
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be separated from giant K'$ by the strengthened Balmer lines in the 
former. In fact, the Balmer lines appear to be much stronger than we 
would predict for the effective temperatures of these stars and thermo- 
dynamic equilibrium. 

Other line ratios have frequently been employed as absolute magni- 
tude criteria. In M stars perhaps the most important criterion is Ga I, 
\A221 {cf. Fig. 7 of Ch. 4), which is the strongest line in the spectra of 
the dwarfs. In stars of increasing luminosity it progressively weakens 
until in the supergiants it is less intense than the absorption lines on 
either side. 



Fro. 10(b).-— Tra Mean Relation Between the Equivalent Width op 
H y in Axostkgh! Units and Absolute Magnitudes 

(Courtesy, it. M, Petrie, Dominion Astrophysics! Observatory, Victoria, B. C.) 


We recall that for lines on the square-root portion of the curve of 
growth, i.e., lines for which the wings determine the total intensity, 
pressure br oaden ing may play an important role since a\ in the wings 
varies as In dwarfs the damping constant F, being essentially 

the collisioual damping constant, is proportional to the density. Even 
if the number of atoms above the photosphere of a supergiant and a 
dwarf were the same, the vastly greater* density of the dwarf atmosphere 
would so increase the damping constant in the wings of the line as to 
augment substantially the total intensity. In the sun the damping con- 
stant for resonance lines is of the order of ten times the classical value, 
and in M dwarfs it may be much greater, Lindblad found the X4227 
line in red dwarfs to be asymmetrically broadened, probably because of 
the formation of quad-molecules such as are observed in sodium vapor. 

Keenan and Nassau point out that by comparing the depth of the 


334 


ASTROPHYSICS 


[Oh. ft 

A1227 line with the intensity of the continuous spectrum on both sides 
of the line it in possible even with low dispersion spectrograms to sepa- 
rate not only giants from dwarfs, but also supergiants from giants. 

Lindblad showed that with accurate spectrophotometry, the cyano- 
gen hand intensity is an excellent absolute magnitude criterion. lie 
measured the intensity in terms of exposure ratios needed to give the 
cyanogen band and neighboring spectral regions the same blackening. 
With the cyanogen criterion one can employ dispersions so low that the 
atomic lines are invisible. In fact, Keenan showed that with good 
standard spectra the accuracy can be as great as that of methods re- 
quiring much higher dispersion.* lie obtained spectrograms with a dis- 
persion so low (425A/mm) that the bands looked like atomic tines and 
their intensities could be estimated as one usually estimates line inten- 
sities. 

Keenan discussed the theoretical variation of band intensity with 
absolute luminosity with the aid of model a I mosp bores computed for 
dwarfs, giants, and supergiants. He adopted Kuiper's temperature 
scale for giants and dwarfs, estimated the temperatures of the super- 
giants from their colors, and took the surface gravity from the Russell- 
Moore formulation of the mass-luminosity law. For the more luminous 
stars, lie adopted an effective gravity equal to half the computed gravity, 
lie assumed the same relative abundances of 0, C, and N as had Russell, 
calculated model atmospheres in the usual way, and derived the number 
of molecules above the photosphere with the aid of the theory of disso- 
ciative equilibrium. He found good qualitative agreement between the 
predictions of theory' and the observations. 

Keenan emphasizes that in separating giants and supergiants, it is 
necessary to have accurate spectral classes. 

The (3-band, a composite structure of molecular bands and atomie 
lines, is a useful criterion in class M. The break in the spectrum at 
A4308 corresponding to the red end of the G-band becomes much more 
pronounced as the luminosity increases (Nassau and Keenan). 

The theoretical interpretation of absolute magnitude effects will prob- 
ably be approached best by the construction of synthetic spectra with 
the aid of / values and damping constants based to some extent at least 
on solar data and model atmospheres. Such an approach has been sug- 
gested by van Albada. Since most absolute magnitude work is done 
with low dispersion material, one must allow for the instrumental as well 
as the intrinsic blending of the lines. For a detailed discussion of abso- 
lute magnitude effects, the reader is referred to the basic papers of Adams 

. ^ fl the supergiants, tlui maximum inlcnsily of Uio cyanogen band occurs at type 
, i ^ Mi?ar At. In types latter than A I, the band is weaker in supenriantB 

than in giants 
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and Joy and their collaborators, and of Lindblad and bus colleagues, the 
M organ-Keen an-Kellman Atlas, and subsequent articles by Keenan, 
Nassau, van Albada, and others. 


21. Molecules in the Solar Atmosphere 

A discussion of the Fraunhofer spectrum would bo incomplete with- 
out a reference to the molecules in the solar atmosphere. We have men- 
tioned molecules in connection with the problem of the dissociation 
equilibrium and the splitting of the spectral sequence and again in con- 
nection with the temperature determination of the solar atmosphere. 
H, I). Babcock has given an excellent summary of the results up to 1945, 
and we shall review his work here briefly. 

Babcock used both disk and spot spectra in his search for molecular 
lines. The identification of solar bauds is complicated by their super- 
position on the rich atomic spectrum of the sun, by blends among them- 
selves, and by inadequate laboratory data. The band spectrum of even 
a single electronic transition may be bevvilderingly complex. Further- 
more, certain radicals (partially dissociated molecules), not yet observed 
in the laboratory, may be found in the sun. Unidentified molecular ab- 
sorption bands in sunspots are more numerous than those which are 
recognized. Under the best conditions, much of the sunspot spectrum 
shows no true continuous background at all. Rather, it consists of many 
faint absorption features arising from the superposition of delicate lines 
too faint to be seen separately, which are probably molecular in origin. 

The forbidden “A” band of atmospheric oxygen illustrates the de- 
pendence of the visibility of a band head upon the abundance of the 
responsible compound. With an air path of 100 km when the sun is low, 
the head of the band is sharply defined on the violet edge, but with an 
air path of only three meters, the absorption spectrum shows only two 
doublets in the P branch of the band, 40A to the red of the head. The 
lines of the fl branch are weaker than those of the P branch and thus 
disappear first with decreasing abundance. Thus the absence of a given 
hand head does not always mean the molecule in question is certainly 
absent. Many faint lines in the solar spectrum may be remnants of 
bands arising from the ground state of rare molecules or abundant mole- 
cules in excited levels, 

Babcock calculates the relative number of molecules, S, above unit 
area of the photosphere by the method given by Russell and compares 
the results with the observations. Among the new molecules Babcock 
found in t he sun isOa, which is represented by bands involving transitions 
from the vibrational levels 18 21 to 0, 1, 2, The lower members of this 
baud system, which must be very strong, all fall in the inaccessible ultra- 
violet. The compounds now identified in the sun are OH, NH, 0^ CII, 
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CN, CO, SiH, MgH, Ct, TiO, MgO, ('ail. BH, ScO, AlO, Zr<), YO, 
M^'i ■ It is of interest that the molecules give us our only clues to 
the existence of boron and the halogens in the sun. Other compounds, 
which are not observable in the sun, but which must be very abundant 
aie I!*, XO, biO, and X». Babcock believes that in the sunspots, lines 
arising from the high vibrational levels of XO and N, may become visible- 
under favorable conditions. Lines of the pure vibration bands of CO 
have been observed with the aid of the lead-sulfide cell in the infrared 
solar spectrum. 

It is of interest that H. D* Babcock found in the disk spectrum of 
Hie sun all of the 18 identified compounds that appear in the spots. 
There is evidence, however, that many compounds appear in spots that 
do not appear in the disk at all. 

Roach developed a method for the determination of lop; .V/ (where /V 
is the number of molecules above the photosphere) for the molecules 
C X T Ca, CH, XII, and OH by the use of single resolved rotational lines. 

1 he determination of N itself, unfortunately, requires a knowledge of 
the absolute / values which are not yet known for most of the lines of 
interest. Lyddane, Rogers, and Roach estimated / values for CH, NH, 
and Ci from the experimental values for OH and CX, and derived molec- 
ular abundances in the solar atmosphere with an estimated temperature 
of 50Q0°K* Ilunaerts has employed more homogeneous observational 
data and the actual excitation temperatures of the molecules themselves 
to obtain abundance estimates. I hese results can be improved mark- 
edlv by laking into account the stratification iu the solar atmosphere. 
The CH and CX bands, for example, are found in different layers of the 
solar atmosphere. In this connection we should mention Gordon Xew- 
kirk^ careful study of the CO vibration-rotation bands which not only 
assists in the determination of the carbon and oxygen abundances but 
also gives helpful dues to the structure of the uppermost portions of the 
solar photosphere. 

22. The Abundances of the Elements as Derived from Astronomi- 
cal Data 

1 he quantitative determination of the chemical composition of the 
sun and stars has occupied the attention of a number of astronomers 
since the pioneer work of Henry X orris Russell a quarter of a century 
ago. 1 he observational techniques and the theoretical interpretation 
of the data have gradually improved over the course of the years, and it 
is now possible to give a reasonable self-consistent picture of the abun- 
dances of the dements. 

Abundances have been estimated in a large number of celestial ob- 
jects, many of which appear to have abnormal compositions. Let us 
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first examine objects of supposedly “normal" composition, namely, the 
sun and certain early-type stars. The reason for including the early- 
type stars is that it seems to be possible to get information on certain 
light elements whose lines do not appear in the solar spectrum, e.g., 
neon, or which are represented by weak subordinate lines, e.g., oxygen 
or carbon. 

TABLE 10 

Abundances of Chemical Elements, Deduced from Astrophysical 

Data 


Element 

LogiV 

Element 

Log N 

H 

13,27 

Sr ....... . 

4*37 

H a 

3.8a 

Y 

4.55 


12.41 

Zr 

3*54 

Li 

2.57 

Nb 

3*51 

Be 

2.8 

Mo. ....... .. 

3.12 

R 

60 

Ru * , * . . 

2.7 

c 

9.23 

Rh.. 

1*5 

\ 

9,49 

Pd 

2.1 

0 ...... 

10.00 

Ag 

2.0 

F 

7.7 s 

Od 

3.2 

Xp 

10.01 

In. 

to 

Na 

7.69 

Sn. 

2.2 

Mg 

9.05 

Sl> 

t.8 

Ai ... 

7.67 

Ba. 

4.02 

Si * 

8.80 

La 

2*8 

p 

7.08 

Cc. ..... 

3.4 

S 

8,52 

Pr 

1.6 

Cl 

8.3 

Nd 

3.0 

A 

9.0: 

Sm 

2.5 

K 

6,39 

Eu 

2.4 

Ca 

7*72 

Gd 

2. L 

Sc 

4.42 

I> y 

2.6 

Ti 

6.05 

Er 

1.1 

V 

5.27 

Tm 

1.5 

Cr. 

6.Q8 

Yb .... 

2*0 

Mn 

6.55 

Lu 

2.0 


8.48 

Hf 

1*4 

Co 

6*14 

Ta. 

1.0 

Xi 

7.14 

W 

1,2 

Cu * 

5,77 

Os 

1.5 

Zn 

6.26 

Ir 

0.8 

Ga .*,»».,*.*...**,**** 

3.2 

Pt 

2.6 

Gc. 

4*2 

Hk 

4.35 

Rb . * . 

2*8 

Pb 

3.8 






Table Hi was compiled from the following sources: RusselTs pioneer 
investigation which embraced all elements whose lines could be identi- 
fied in the solar spectrum still provides the only information for many of 
the heavier elements. Unsold used the curve of growth method and 
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such / values as were available. Menzel and Goldberg employed a some- 
what similar type of analysis using the same data. Minnaert, deduced 
abundances from the intensities of the weak lines of a number of ele- 
ments. This work has been extended recently by Claas who has analyzed 
1 he weak lines with the aid of a model solar atmosphere. 

Turning to the stellar data, the writer has utilized Unsold’s results 
for r Scorpii together with Ins own data for 10 Lacertae (which was 
analyzed by Unsdld’s method), for eleven B stars treated with the aid 
of Wrubei’s curves of growth, and for y Pegasi which was studied both 
by the curve of growth and by the model atmosphere methods. These 
stars embrace a range in excitation tempera! ure from 1S,000°K to 
30, 000° K! 

The agreement between (he various determinations appeal’s to be 
reasonably good for the more plentiful elements. .Some scatter is found 
for hydrogen and helium. The Ii stars later than B0 tend to give very 
high hydrogen /oxygen rat ios which are probably spurious. Keenan and 
Hynek find a hydrogen /oxygen ratio of about 1000. The ratio of hydro- 
gen to the metals can he found for the solar atmosphere with some pre- 
cision since the negative hydrogen ion contributes the continuous 
absorption. The abundance of lithium is taken from the work of Green- 
stein and Richardson whose determination is in good agreement with 
that by Claas. For beryllium and boron we rely on the old estimates by 
Russell. Numerous estimates exist for carbon, nitrogen, and oxygen, 
and all determinations will be substantially improved with better/ values 
and model atmospheres for the sun and stars. The estimate of the ahum 
dance of fluorine is taken from the data of the gaseous nebulae and is to 
be regarded as highly uncertain. The abundance of neon is taken from 
the data for 10 Lacertae and r Scorpii. Sodium, magnesium, aluminum, 
and silicon are well represented in the sun and stars, and our mean values 
should he reliable. An abundance determination of phosphorus is avail- 
able only lor y Pegasi, as is true also for chiorine and argon. Sulfur is 
observed in a number of stars. The metals, from potassium to zinc, 
are well represented in the sun and for these and heavier metals we 
utilize exclusively (he solar data. Determinations by Unsold, by Men- 
zel and Goldberg, by Minnaert, and by Claas are generally in good 
agreement, although Claas appeal’s lo derive an astonishingly high 
abundance for titanium. The measurement of absolute/ values will be 
oi great help for many of these elements. The chromium determination 
is by Hand age and Milt corrected for Es lab rook’s recent revision of the 
absolute / value for this metal. Since for Fe I the absolute / value deter- 
mination by Kopfermann and Wessell is adopted, the abundance of iron 
is somewhat lower than that given by Unsold, Minnaert, or Claas. For 
strontium, yttrium, zirconium, molybdenum, barium, mercury, and lead 
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we may utilize data by I nfold or by Claas. For the other elements it is 
necessary to employ the estimates made by Russell many years ago. 

Independent estimates of the abundances of elements such as (\ X, 
and () may be made when the molecular line intensities of GO, I'X, CH, 
etc., are analyzed in greater detail 

Table 17 gives for comparison the composition of a planetary nebula. 
The chief difficulty here is that the target areas for collisional excitations 
of the observed forbidden lines are unknown (all we can give are upper 
limits) anti we must allow for the distribution of atoms among different 
stages of ionization. For any one element only a few stages of ionization 
are observed. Further complications are introduced by the nonuniform 
or filamentary structure of the nebulae. The gaseous nebulae appear to 
have about the same composition as the stars, as Bowen and Wyse 
pointed out some years ago. 


TABLE 17 

Estimated Abundances of Elements in the Planetary Nebulae 


Element 

Log N 

Element 

Log N 

H 

13.11 

F 

as? 

He 

12,51 

Xe. 

0,97 

C 

9.0 

8. . . 

9.0 1 

N 

9.33 

Cl 

8,11 

O 

10.00 

A., 

8.01 


A point of considerable interest is whether stars of population Types I 
and II have the same composition. From a comparison of high velocity 
(Type II) and low velocity (Type I) F dwarfs, M. and B. Schwarzschild 
conclude that the abundance of carbon relative to the metals is about 
2,5 times larger in the high velocity F dwarfs than in the low velocity 
dwarfs. Also the U/Fe ratio appears to be about twice as large in these 
stars of population 11 as in those of population L J. W. Chamberlain 
and the writer found the H/Fe and H/Ca ratios lo lie of the order of 
10 times larger in subdwarfs, which are Type II stars, than in normal 
(Type 1) dwarfs. That is, the spectroscopic peculiarities of the Type II 
stars, the strengthening of the CH bands and the weakening of the CN 
bands and metal lines can be explained by a general reduction in the 
abundances of the heavy elements and a somewhat smaller reduction in 
the abundances of the elements of the oxygen group, relative to the 
abundances for the Type 1 stars, Schwarzschild, Spitzer, and Wild! 
suggested that these differences might be explained if we supposed that 
the Type II stars were formed from the initial gaseous medium, whereas 
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the Type 1 stars were formed Utter from denser interstellar clouds that 
\wto made up largely of grains which wore richer in heavier elements. * 
Many lype I stars as well as Type II objects appear to show ab- 
normalities of composition. Greeustein’s analysis of the F stars showed 
that the differences between (he spectra of “metallic lino” and "norma!” 
/' stars could be described as an abundance deficiency of elements which 
have a second ionization potential between 12 and 16 ev. Such differ- 
ences are probably due to differences in atmospheric structure rather 
than real abundance differences. Rudkjobing suggests that the metallic 
stars could be interpreted as objects whose atmospheres are in radiative 
equilibrium whereas “normal” F stars are objects whose atmospheres 
arc in convective equilibrium. The “rare-earth” A stars, which are usu- 
ally spectrum variables may owe their strange spectroscopic properties 
to magnetic fields rather than to abnormalities in chemical composition. 
Yet other stars such as HD 1G0641, studied by W. W. Morgan and 
. P. Bidelman; HD 12448, studied by Popper; v Sagittarii studied by 
Greenstem, and HD 30353, which was discussed by Bidelman, appear 
to be deficient in hydrogen, although helium is abundant. Likewise, 
the Wolf-Rayet stars appear to be deficient in hydrogen. They appear 
to fall into two sequences, a carbon-oxygen group and a nitrogen group t 
although at least one Wolf-Rayet star, HD 45166, appears to have a 
normal composition. Likewise, the late- type stars appear to fall into 
two families. In the R and N classes the carbon abundance seems to 
exceed that of oxygen. It Coronae Borealis, whose spectrum was an- 
alyzed by Berman, also is a star of the carbon group. In the M and S 
classes, oxygen is more abundant than carbon, but titanium is strong in 
class M t \\ hereas zirconium is strong in class S. Merrill pointed out t hat 
the lines of relatively heavy elements tend to be favored in iS-type spec- 
tra as compared with Af-type spectra. Additional examples of abun- 
dance anomalies may be found in the literature. 

23, Problems of the Fraunhofer Spectrum 

We conclude this chapter with a list of some of the outstanding prob- 
lems in the study of the dark-line spectra of the stars. First we enu- 
merate some of the basic physical data required: 

(I) Experimental relative and absolute / values of lines of many 

^ 1 ttppwns that the ratio of hydrogen to the metals may vary from cue group 
of type II objects to another. Some high velocity stare differ relatively slightly from 
lype I objects in this respect. The sub dwarfs may represent an extreme variety of 
lype II objects as perhaps do the members of globular dusters. As judged by the 
hydrogen lines and other criteria, the subdwarfs appear to be too early in spectral 
chess for their colore. A similar effect is observed in the stare of globular clusters, 
where objects whose colors correspond lo spectral class K have spectra that more 
nearly resemble those of stare of dass F. An enhanced hydrogen to metal ratio ap- 
to &£COUiit for those auojoolios. 
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elements, particularly for transitions arising from high levels, 
are urgently needed. 

(2) Further experimental studies of / values and dissociation con- 
stants of molecules arc desired. 

(3) Theoretical / values for transition arrays such as 3p — 3d, 
3d — 4 /, etc., in fight elements will be very valuable. Not only 
should deviations from LS coupling be taken into account, as 
in the calculations of Garstang, but configuration interaction 
ought to be allowed for. Bates has shown how good approxi- 
mations to the radial quantum integrals can be found for the 
lighter elements, 

(4) Oollisional clamping constants are urgently needed for l he im- 
portant lines of abundant elements, not only for resonance 
transitions, but also for high level lines as well. Some of these 
damping constants could be determined experimentally; others 
might he amenable to theoretical treatment. 

An important advance t hat may permit the determ i nation of absolute 
f values and damping constants (at least for high-level lines of light de- 
ments in various stages of ionization) has been the development of I he 
whirling-water are. In this device an arc is struck between two carbon 
rods placed on the axis of a quartz tube 1/2 to 4 inches long and about 2 
inches wide. Near the center of the tube a stream of water is injected 
tangentially in such a way as to form a whirling sheet of water over 
the inner surface of the tube. The stream of water shields the sides of the 
tube from the intense heat of the arc that dissociates and ionizes the 
water vapor near the center of the arc. "Flic arc is struck along the bom 
formed by the whirling stream. With the arc cooled by a fast -flowing 
ami whirling stream of water, currents of 1600 amperes may be drawn 
and temperatures measured from 10,000 C, K to 50,000°K. From the 
profiles and intensities of the hydrogen and oxygen lines produced in the 
tube, the temperature and electron density can be measured as a function 
of arc current and distance from the axis. The transition probabilities 
and damping constants of oxygen in various stages of ionization, for 
example, can he determined by comparing the lines with those of hydro- 
gen, Other gases or soluble substances can be mixed with the stream 
of water so that / values for a variety of elements may be studied.* 
The stud 3 r of the solar atmosphere would be helped by the following 
observations: 

(I) The study of line profile variations across the disk by photo- 
electric photometry or other methods of higher precision than 
phot ographic photometry. 

* Fur mi account of the experimental apparatus, sou, e.g., H, Maecker, Zcita.f* 
Fhyis. 129, H)g J 1951; W. Lochtc-Holtgre ven , Observatory 72, 142, J952. 
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(2) The center-limb variations of weaker lines, especially near the 
edge of the disk. 

(®) Photographs of the ultraviolet solar spectrum obtained from 
rockets fired above the ozone layer of the earth's atmosphere. 
A few such observations, covering the region occupied by the 
resonance lines of Fe II, Cr II, V II, Mg II, and other metals 
have been obtained. Blending is so serious that in order to in- 
terpret the spectrum it is necessary to construct synthetic spec- 
tra which are then compared with the tracings. 


The Mg II pair at X2800 is the strongest feature of the spectrum. 
When allowance is made for the greater opacity of the solar atmosphere 
in this region, the number of active atoms is found to be much greater 
than the number of Call atoms acting to produce the H and K lines. 
At no point do we observe the true continuum; only the bottoms and 
portions of the sides of strong absorption lines are seen. Spectra of 
higher resolution are needed to simplify the question of line identification 
and interpretation. Also, spectrograms covering the far ultraviolet and 
soft X-ray region are urgently needed. 

Solar radiation at Ly a(X12l(M) and at other regions in the far ultra- 
violet has been measured by photon counters flown in aerobee rockets. 
Tousey finds that the intensity distribution in the ultraviolet falls far 
below that of a 0000° K black body and at X2200A is less by a factor of In. 
Friedman, Lichtman, Byram, and Chubb found intensities at X12H0A 
and at XloOOA to correspond to black bodies at G000°K and 4500°K 
respectively, while the intensity at X2050 corresponded to T = S000°K ± 
300°K. From XI 1 80 A to X1300A, Ly a contributed essentially all of 
the solar radiation. A University of Colorado group photographed 
Ly a in emission snperpased on a broad absorption line. The rocket 
was fired about 15 minutes after the end of a flare and while the bright 
plages were still prominent on the sun. The X rays, presumably pro- 
duced in the corona, may have a broad energy distribution with a max- 
imum near X320A with an upper limit to the energy near 7A, 

A fundamental problem is the interpretation of line intensities in (be 
solar spectrum in terms of the structure (model) of the solar atmosphere, 
and the basic physical processes in the line and continuum. The treat- 
ment of individual fine profiles is to be preferred to the statist ical curve 
of growth procedure, which conceals much useful information that in- 
dividual lines might disclose. If the lines are so weak that only their 
total intensities may be measured, one may group them according to 
excitation potential and calculate line profiles for each group with the 
aid of a model atmosphere. From the integration of these theoretical 
profiles one may then construct a curve of growth for each multi plot- or 
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excitation group. In this way, the effects of stratification can he taken 
into account. In this connection wc mention Minnaerfc’s work on faint 
Fraunhofer lines and a recent analysis of the spectrum of y Pegasi. 



The 2\S f — 2 S P° transition from the mcta&t&ble 2\S level appeals weakly in absorp- 
tion at the center of the disk (cos 0 — 1.00), but strengthens toward the limb 
(cos 9 = 0.242), because it is essentially of chromospheric origin. (McMath-Hulbeit 
Observatory, University of Michigan.) 

Furthermore, the basic theory of stellar line formation needs improve- 
ment. Fluorescence and noncoherent scattering must be taken into 
account whenever necessary. At the present time no adequate theory 
of central intensities is available. With reference to stars other than the 
sun, there is an urgent need for better data on the intensities of their 
dark-line spectra. The experiments of Hiltner and Code at the Yerkes 
Observatory indicate that it is possible to trace the spectrum of a bright 
star directly at the telescope with the aid of a photoelectric cell. Al- 
though the general features of the spectra of dwarf stars appeal* to be 
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understood, giants and supergiants provide many difficult questions 
since their atmospheres differ from (hose of main-sequence stars in a 
number of significant respects.* If f Aurigae or ill Cygni are typical, 
the atmospheres of giant and supergiant stars may not be in hydrostatic 
equilibrium a I all, but may consist of large masses of gas hurled upwards 
as jets and streamers. Such jets may dissipate their energy as shock 
waves as perhaps do the granules in the solar photosphere. What is the 
physical nature of these probable large scale motions which have been 
identified with turbulence”? Why do some stars show large turbulent 
velocities and others none at all? 

One of the most puzzling features of the spectra of giants und super- 
giants is the so-called Russell- Adams phenomenon: the apparent en- 
hancement of line arising from high energy levels in the spectra of cool 
stars. Hydrogen is the most conspicuous example, but subordinate 
metallic lines also show the effect. 

We need a quantitative theory of absolute magnitude effects, although 
a belter understanding of giant and supergiant atmospheres is probably 
a prerequisite. Such a theory might enable the detailed prediction of 
the behavior of a line like Ca I X4227 as a function of surface gravity. 

In conclusion, we should emphasize that the spectroscopic differences 
between stars should be examined with a view to finding out how well 
they may be explained by different physical conditions. 

PROBLEMS 

1. Verify that in the far wings of the line, u > S, 

„-g£f.-L - r are* 4 r 

' mc " (p - vo)- 3m 2 c 4 (p - v t y- U ' n y, 
and 

ax = 16.5 X 10-“/« ~ TT^Vw 

7r (A — Xo)* 

2. 11 the infrared hydrogen lines are formed according to the 
mechanism of local thermal equilibrium, what would be the central 
intensity of Brackett y, X21655, in integrated sunlight? Assume the 
sun radiates like a black body, T = 5750°K in this region. 

_ 3. For the sodium "D” lines, X5889 and X5896, p = 4.6 A (T = 
5700°K). With A = 6.8 X It) 7 , calculate, a 0 , AA„, S', and a for log 
P tt = 4.86. 

4. If kx/k = 0.76, compute the residual intensity in A5889, r x , for 
AX = 0.10A, 0.20A, 0.4A, 0.6A, 1.00A, and 1.20A, for T = 5700° K and 
log P v = 4.86 by eqn. (88). 

* Possibly the lines of neutral and ionized atoms arise from different layers so that 
It tey are really not comparable at all. 
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5. Assume the -same model atmosphere a* employed in See, 0, com- 
pute l/k, and the profile of X58S9, for k, k — 0.7G- 

6, Solve eqn. (51) for / k constant vvith the aid of the Eddington aj)- 
proximatioii and derive the source function 

7* Compare theoretical profiles of A 1227 in the atmosphere of a giant 
and a dwarf M0 star. 


Star 

T 

bog Pc 

Log 

Mass Above 
Photosphere 

Giant 

3400°K 

-2.0 

4.70 

1.6 gin /cm 5 

Dwarf. 

3600°K 

+0.30 

3.70 

1.0 gm/cm* 


The van der Waals constant C [erf. eqn. (19)] is 4.-14 X 10 w . 
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Mitchell, A., and M. W. Zemansky. Resonance Radiation and Excited A toms 
Cambridge: Cambridge University Press, 1934, p. 322, 

Unsold, A. VicrteL der Asir . GeseL, Leipzig 78, 213, 1943, 

The application of empirical damping coefficients to the interpretation or solar 
line intensities is discussed, for example, by: 

Allen, C. W. MM. 100, 4, 1940. 

4, Theory of Absorption Lines 
See, for example: 

Eddington, A. S. M.N. 89, G20, 1929. 

Chandrasekhar, S. Op. cif., chap, xii. 
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Applications of the theory of absorption-line formation have been given by for 
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^ ^ lu? met * 10ti of weighting functions, which is important Tor weak lines is discussed 

Unsold, A., and W. Kurz. Zeits./. Ap. 26, 200. 1949. 

Hunger, K. Zeits. f. Ap. 28, 245. 1951, 

M innaert, M. H.A.N. 10, 339. 399, 1948; 11, 51, 1940. 
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Woolley, li. MM. 98, 624, 1938, 
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Spitzbb, L. Ap. J. 99, 1, 1944. 

MOnch, G, Ap. J . 109, 275. 1949. 

Labw, D, Zeits. /. Ap. 28, 150, 1951. 

Have doff, M., Ap. J . 116, 500, 1952. 

The polarization of X4227 at the limb is discussed by: 

Redman, R. O. M.N. 101, 266, 1941; 103, 329, 1943. 

Eanstra, H. M.AT. 101, 250, 273, 1941* 
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Effect of electron scattering on spectral lines is discussed by: 
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Edmonds, Frank. Ap.J. 112, 307, 1950. 

For studies of center-limb variations in ihe line intensities see, for example: 

Redman, R. O. MM. 103, 174, 1943; 96, 188, 1936. 

\dam, M. G. MM. 98, 1 12, 1938; 100, 595, 1940. 

Allen, C. W. MM. 109, 343, 1949. 

Bruogencatk, P-, H. Gollnow, S, GOnthkb, and W. Stroh meier. Zeits. f , Ap. 26, 
51, 1949 (Balmier lines). 

Voigt, H. H, Zeits. f. Ap. 27, 82, 1950 (Mg lines). 


5. Curve of Growth and Tntcrpretatwn of Total intensities 

(a) The theory is given by: 

Unsold, A, Op. cit. t p. 264. 

Menzel, 1>. H. Ap.J. 84, 462, 1936. 

Wrdbbl, Marshall. Ap.J. 109, 66, 1949; 111, 157, 1950* 
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Aller, L. H. Ap. J. 96, 321, 1942; 104, 347, 1946; 109, 244, 1949. 

(2) F, (7, and K Stars — 

Green stein, J. L. Ap.J. 95, 161, 1942; 107, 15], 1948; 109, 121, 1949, 

Sandage, A. It., and A. J. Hill. Ap. J. 113, 525, 1951, discuss the Cr 1 lines m the 
sun. 

Claab. W. J. Utrecht Researches 12, 1 P 1951, 
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J.R.AJ5.C . 40, 183, 1946; 41, 49, 1947, 
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Stri ve, 0., and C. T. Elvey. Ap. J. 79, 409, 1934* 

Huang, Hu Shu. Ap. J. 112, 309, 418, 1950. 

Struve, O. Ap.J. 104, 138, 1946. 

Writhe l, M, Ap* J. 112, 424, 1950. 

(d) The Analysis of the atmosphere of the giant star £ Aiirigae is given by: 
Wilson, 0. C. Ap.J. 107, 126, 1948. 


6* Hydrogen and Helium Lines and the Stark Effect 

(u) For the theory of the Stark effect see: 

Mink qw ski, It GeigcrScheel II andhu ch der Ph ysik 2 1 , 38i i . 1 929* 

White, H. E* Introduction to Atomic Spectra. New \ork: McGraw-Hill Book Go., 
Inc., 1934, Chap, 20. 

Incus, D. R., and E. Teller. Ap. J. 90, 430, 1039* 

Krogdahl, M* K. Ap. J. 102, 64, 1945; 105, 327, 1947; 110, 355, 1949. 
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(Ij) The hydrogen lines in solar and stellar spectra are treated by: 

Verwbu, S, Publ. A si con. Instil. Amsterdam 5, 1930, 

Panxekoek, A, M.N. 98, 694, 1938. 

VAX Diex, K. Ap. J. 109, 152, 1949. 

UK Jager, C. Utrecht Researches, 13, I, 1952, 

Underbill, A. Publ. Dom . Ap . 06s. 8, 385, 1951. 
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Elvky, C. T, Ap. J. 69, 237, 1929. 

Goldberg, L. Ap . J. 89, 623, 1939. 

Unsold, A. Zeiis. f. Ap. 23, 75, 1944. 

7 . Similar Rotation 

A general account of the observations and their cosmogonic significance is given 

by: 

Struve, O. Pop, Aslron . 53, 201, 259, 1945, 

See also 

S letter AK t A. Ap. J . 110, 198, 1949. 

Chandrasekhar, B. } and G. MOnch. Ap * Ill, 142, 1950. 

8. Magnetic and Peculiar A Stan 


A survey of the peculiar A stars has been given by: 

Dbutbch, A. J. A p. J. 106, 2R3, 1947. 

Observational studies and interpretations of the magnetic stars are described by: 

Babcock, H. W, Ap. J . 106, 105, 1947; 108, 191, 1948; 110, 126, 1949:114, 1, 1951: 

P.A.S.P, 69, 1 12, 260, 1947; 60, 245, 1948. Nature 166, 249, 19.50. 

Schw ARzscniLD, M. Ann. d'Ap. 12, 148, 1949. 

Cowling, T, G. M.N. 112, 527, 1952. 


9. Absolute Magnitude Effects 

The earlier Mount Wilson work is summarized in t he following papers by Adams 
and Joy and their collaborators: 

Ap.J. 46, 313, 1917; 63, 13, 1921; 66, 262, i922; 64, 225, 1926; 81, 187, 1935. 

A bibliography of the Swedish work is given by: 

Lixdbl.au, B. Ap. J. 104, 325, i946. 

The modern classification is based on: 

Morgan, W. W., P. C. Keenan, and E. Kellman. An Atlas of Stellar Spectra. 
Chicago: University of Chicago Press, 1943. 

The use of molecular bands is discussed, for example, by: 

Keenan, P. C. Ap. J. 93, 475, 194 L 


Sec. 23] THE FRAUNHOFER SPECTRUM 

10. Molecules in Stellar Atmospheres 


339 


(a) Solar Atmosphere 

Babcock, H. I). Ap. J. 102, 154, 1945. 
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11 . Abundances of the Elements 

Summarizing accounts of the problem are given in 
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Brown, Harrison. Rev , Mod. Phys. 21, 625, 1949. 
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SO LA K Ph E NO M ENA 


1. Introduction 

Wo begin our discussion wit In ;i review of whafc can be learned from 
direct photographs of the sun. The solar disk is not uniformly bright 
but shows u pronounced limb darkening. In Chapter 7 we showed how 
this darkening was a consequence of the temperature gradient in the solar 
atmosphere; the light from the limb reaches us from higher and cooler 
layers than the radiation emergent from the center of the disk. 

Under conditions of good seeing we find that the bright surface or 
photosphere is resolved into small bright granules, which have been 
likened in appearance to rice grains, and which cover 50 to (it) per cent 
of the surface. The most striking features of ali are the sunspots, re- 
frigerated regions characterized by strong magnetic fields. Unlike the 
granules which occur everywhere on the solar surface t hey are confined to 
well-defined zones from 5° to 40° on either side of I he equator. Near the 
limb \vc often observe in the sunspot zones large areas which are brighter 
than the surrounding photosphere. These are called faculae. 

At times of solar eclipse, when the bright photosphere is hidden by 
the moon, we observe the outer envelopes that surround the sun, the 
chromosphere, a fiery-looking ring with numerous filamentary pro- 
tuberances called prominences and the mufih fainter pearly corona which 
extends millions of miles from the sun. At times other than those of 
solar eclipse the prominences may be studied with a spectroscope with a 
widened slit, with the spectrohelioscope, or with the polarizing mono- 
chromator. The brighter portions of the inner corona can be studied 
under exceptionally fine atmospheric conditions with the coronagraph 
invented by Lyot. 

The spectroheliograph, devised independently by Ilalc and Dcs- 
hindrea, enables one to photograph the disk of the sun in the light emitted 
iu one of the dark lines of the Fraunhofer spectrum. For example, one 
may use the I! and A' lines of ionized calcium, the lia line, the D s helium 
line, or any other sufficiently strong line. Spectroheliograms are usually 
obtained in the light of Ha or Ca II “K" and differ in appearance de- 
pending on the part of the line utilized. Near sunspot groups are lurge 
bright areas called “plages faculaires” by Desiandres. They are some- 
times called bright fiocculi. The faculae, observed in white light near 
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Fig* 1* — Sunhrots and Granules 

Photographed by Janssen June 22, 1885. (Courtesy, Meudon Observatory.) 



Fig. 2. — -Speceroh e li oghams in Hydrogen and Ionized Calcium 


Left: The monochromatic picture in the Light of Ua shows the plages and promi- 
nences projected upon the disk as filaments. 

Right: Notice that the plages in the light of the center of the K line are much more 
brilliant than in Ha* The fine structure of Hie background appears coarser* 

October 5, 1947, 7 U 32“ G.C*T. (Courtesy, L. d’Azambuja, Meudon Observatory*) 




Kit;. 3— Thb Cheat Sunspot Group O hsekveu on Feu, 2, HM(j 
(Courtesy, Seth U. Nicholson mid J, O. Hicbv, Mount Wilson Gbservatoiy.) 
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the limb, coincide with Hie most intense portions of the plages.* Else- 
where on the disk are often seen large sinuous dark filaments or dark 
fiocculi, prominences seen in projection {see Fig, 2). 

2* Solar Rotation 

Observations of sunspots and other phenomena establish that the 
sun does not rotate as a rigid body. The rotation period is shortest at 
the equator and increases towards the higher latitudes. The daily 
angular motion of solar rotation as determined from the motions of 
faculae, plages, sunspots, and filaments, and by radial velocity measures 
of Ha, X4227, anti the lower level lines is plotted against heliograph ic 
latitude in Fig. 4, 


LATITUDE 

Fio. 1. The Rotation op the Sun 


* In the light of the center of the K line the plage is larger than the facula. Spec- 
trohetiograms taken a short distance away from the center of the line show ‘ £ faculae" 
over the whole disk very similar to the white light form observed at the limb. 
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Measurements of the solar rotation from the position of spots on the 
disk were made many years ago by Schemer, Carrington, S poorer, Faye, 
and others. Chevalier and Maunder observed the rotation of the faculae 
and Fox measured that of the flocculi from spectroheliograms obtained 
at Yerkes. The d’Azambujas have determined the solar rotation from 
the long-lived 6 laments. W. S. Adams, Dimer, and others carried out 
extensive measures of the solar rotation from the Doppler shift in the 
Fraunhofer spectrum at the limb of the sun. Tf opposite limbs of the 
sun are observed, the lines are shifted to the violet on the approaching 
limb and to the red on the receding limb. Hot at ion measurements by 
the Doppler shift can be carried to latitudes as high as 75°; the solar 
rotation diminishes smoothly from a period of 24.0 days at the equator 
to 32.0 days at a latitude of +75°. The rotational speeds of the centers 
oi the strong Ha and X4227 (Ca I) lines (which originate in the upper 
layers of the solar atmosphere) appear to diminish more slowly with 
latitude, Lyot's measures of the wave length of the green coronal line 
on the east and west edges of the sun show that the corona rotates in (he 
same direction as the rest of the sun and with the same speed. The solar 
rotation period does not vary with lime. 


3. Solar Granules and the Hydrogen Convective Zone 

The solar granules have diameters of the order of 1" to 2" (Keenan), 
and half-lives of Ihe order of two minutes (Grotrian and ten ttruggen- 
eale). The contrast between the granules and the background is greatest 
in the ultraviolet and depends on the wave length in such a way as to 
indicate the granules arc of the order of 100° hotter than the “dark” 
interstices. 

Any theory of the granules must account for their sizes, lifetimes, and 
distribution over the solar disk as well as the fact that they do not appear 
to change in size or appearance wit h the solar cycle. The most promising 
theory is based on the assumption that the photospherie layers, which 
are in radiative equilibrium, are underlaid by a stratum in convective 
equilibrium. 

It is shown in Chapter 10, See. 5, that if the temperature gradient 
required for the transport of energy by radiative processes exceeds Ihe 
temperature gradient corresponding to adiabatic equilibrium, the region 
where this occurs will become unstable and go over into a condition 
where the energy is mostly transported by large scale convection cur- 
rents, Below the level of the photosphere, hydrogen, which is the most 
abundant element, becomes ionized and an unstable convection zone 
results. 

Theoretical calculations by Unsold and by Biedentopf show that the 
convection layer model gives a rational explanation of the sizes and 
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lifetimes of the granules and the differences in brightness between the 
granules and their background. The analysis is largely based on the old 
Prandtl concept of turbulence elements which, as we have discussed in 
Chapter 3, is somewhat inadequate. 

The solar granules appear to offer an interesting application of the 
concept of 1 lie spectrum of turbulence. The direct measures of the mean 
random velocities lead to a value of 0.37 km sec (Richardson and 
Schwarzschild). This value refers to granules of the order of 2" or 
1500 km diameter. From line profiles, G, W. Allen derived a turbulent 
velocity of 2.8 km sec, at the limb and 1.7 km /sec at the center, however. 
The main contribution comes from elements of the size that have the 
highest velocity. Hence the turbulent velocity from line profiles corre- 
sponds to the maximum of the curve that relates turbulent velocity and 
element size. On the other hand, the turbulent velocity from the curve 
of growth, which Schwarzschild and Richardson adopt as 1.7 km/sec, 
refers to elements smaller than the thickness of the effective reversing 
layer that is responsible for the lines used in the curve of growth. Since 
these atmospheric layers are of the order of 80 km thick, the relevant 
element diameters may lie about 20 km. 

Richardson and Schwarzschild concluded that the turbulent elements 
of highest average velocity arc about 150 km in diameter, i.c., about one 
tenth of the diameter of the observed granules and equivalent to the 
height of a layer in l he photosphere by which the density would drop 
by a factor c. The value of 1.7 km /sec derived from the curve of growth 
falls beyond the maximum in the spectrum of turbulence, where the 
sizes of the elements are small. 

The observed granules show a random brightness difference of 0.0*54 
magnitudes at X5800, corresponding to a temperature difference of 64°K, 
Apparently, the most contrasty features on the sun have not been re- 
solved and ihe temperature differences may amount to as much as 400° Iv 
for elements at l he maximum of the spectrum of turbulence. 

From an analysis of the velocities of the granules by the statistical 
theory of turbulence, Frcnkiel and Schwarzschild find (hat the turbu- 
lence spectrum does not decrease with increasing size (>2700 km) of 
the turbulent elements, but actually increases and appears to have a 
secondary maximum at 15,000 km. 8,5 lienee two separate driving 
mechanisms may be in action. One, the thermal instability of the 
strata jusl below the photosphere, gives small size turbulence elements. 
The other may correspond to very large eddies below the photosphere, 
or may represent large-scale, randomly excited, free oscillations in the 
outer layers of the sun* 


Ap. J. 116, 122, 1952. 
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One further point merits attention. The convection zone cannot 
extend to the top of the photosphere since the limb-darkening measures 
(ef. Oh. 7) indicate that, the uppermost strata are in radiative equiliit- 
num. Keenan showed that if we suppose that convection sets in at an 
optical depth of about 2/3 we can secure good agreement with the 
observations. 

4. Sunspots 

Sunspots consist of a dark central area, or umbra, surrounded by a 
somewhat brighter section called the penumbra— characterized by 
filaments of granules radiating from the umbra. The sizes and shapes 
of the spots vary greatly, but the percentage of large to small spots is 
nearly constant with the phase of the cycle. 

Usually, spots, of apparently common origin, appear in a group. A 
typical group appears as small spots, apparently formed from small pores 
between the granules, extending 3° or 4° in longitude. Two main spots 
develop, grow rapidly, and separate in longitude to a distance of 10° or 
more. The following spot attains a maximum size in three or four days, 
while the leader (which acquires the larger size) takes a week or nine 
days for its full development. Often smaller spots develop within the 
group. After attaining maximum size, a typical spot declines more 
slowly, taking weeks or even months. The following spot breaks up 
into several spots which shrink and disappear in a few days or weeks 
while the leader survives as a single spot which gradually fades away in a 
few weeks or months. 

The largest spot group observed on the sun (January to May 1946) 
has been described by Nicholson and Hick ox of Mount Wilson {see Fig. 
3). It consisted of two large spots with complicated umbrae and a 
number of smaller spots. The group was so large that two days were 
required for the solar rotation to bring it into view. Both of the large 
spots were roughly oval in shape; the preceding spot was 02,00(1 miles 
long and 35,000 miles wide, and the following spot was 90,000 miles long 
and (i(),<XK) miles wide. They were 40,000 miles apart; hence the total 
length of the group was nearly 200,000 miles. The total area of the 
group, six billion square miles, comprised 0.0054 of the sun’s visible 
surface. When the group returned to the cast limb on the next rotation 
its area had diminished but it had spread out to over 30° in longitude, or 
moic than 220,000 miles, this great spot group made four transits 
aetoss the disk, and was seen last on May 8 on the west limb, 99 days 
after it was first seen on January 29. The last remnant was a small 
stable spot, 10,000 miles in diameter. 

A Tuny years ago llale noticed the vortical forms of gaseous filaments 
on 1 1« spec tr oheliograms, which suggested material flowing into the 
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spots. St. John’s measurements of the displacements of the hydrogen 
lines confirmed the inward and downward motion of material, although 
he found no cyclonic motions. Moderately strong lines, ol Rowland 
intensity 10 to 40, showed no shifts. On the other hand, Evershed’s 
measures of lines of Rowland intensity —1, —2, or —3 indicated matei ini 
flowing out of the spot tangent to the solar surface at rates up to 
2 km/sec. Kvershcd and St. John studied stable spots, whereas Abetti 
found from short-lived spots that the gases responsible for the weak 
lilies flowed outward along vortices opposite to the sense of the hydrogen 
vortices and with speeds of rotation of the order of 1 km, sec. How are 
these observations to be reconciled? 

At the center of a strong line, e.g., Ha, we see to small optical depths, 
i.o., we observe radiation from great heights in the atmosphere. In a 
weak line, on the other hand, the radiation reaching us comes from much 
lower layers, i.e., from the photospheric levels. The centers of lines of 
intermediate strength represent radiation from intermediate layers. 
Hence the high- and low-level atoms appear to have oppositely directed 
vortical motions. The motions of the vortices on the Ha spectrohclio- 
grams appear lo follow the sense of terrestrial cyclones in four fifths of all 
examples, i.e., the direction of rotation is clockwise in the southern hemi- 
sphere and counterclockwise in the northern hemisphere. This fact 
suggests the motions arise from Coriolis forces rather than from some 
other cause such as magnetic or electrical forces. 

The temperature ratio of sunspot to photosphere follows from a com- 
parison of their respective rates of emission of energy, the intensity 
distribution in their respective continua, and changes in line intensity 
from spot to photosphere. 

Pettit and Nicholson compared the fluxes of spot and photosphere 
by means of a thermocouple. They found a flux ratio of 0.47 which 
would imply a spot temperature of about 4700°K. The true ratio may 
be actually smaller, because of scattered light from the photosphere, 
in which event an even lower temperature is implied. 

The brightness of the umbra and penumbra varies from spot to spot. 
The larger spots have a tendency to be darker, but the size of the spot 
does not tell the whole story. Korn found the intensities of the umbrae 
to range from 0.05 to 0.85 that of the photosphere— corresponding to a 
temperature range from 3920°K to 5010°K. 1 he intensities in the 
penumbra range from 0.52 to 0.82 that of the photosphere, implying a 
temperature range from 5210°K to 5580° K. 

Finally, we may estimate the excitation and ionization temperature 
of a spot from a comparison of selected spectral lines in the spot and 
photosphere. The scattering of photospheric light into the spot image 
by the earth’s atmosphere, the appearance of weak molecular lines in the 
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spot spectrum, and the splitting and polarisation of lines in the magnetic 
field of the spot— all serve to complicate the problem. Miss Moore used 
eye estimates of intensities interpreted with the aid of the Howland 
scale calibration. From a comparison of the same lines in spot and 

photosphere one can obtain oO = ^ x 5040. Here T is the 

excitation temperature of the photosphere, V that of the spot. Miss 



Fig. 5. — Sunspot Numbers 

The most conspicuous feature of the solar cycle is the variation of the number or 
sunspots with a period of 1 1,5 years. Note the unequal heights of the various sun- 
< rtCay ' D - H ‘ MenZ1 ‘ 1 - 0ur S " n > Cambridge: Harvard fuiversity 


Moore found 50 -- 0.19 ± 0.01. Similarly, the lines of neutral and 
ionized atoms, employed in connection with the Saha equation give 
the electron pressure variation from spot to photosphere. Miss Moore 
found the ratio of the electron pressure in the spot to that, in the photo- 
sphere to be 0.0 ± 0.1. If the ionization temperature is taken as equal 
to that of excitation, the spot temperature is 1720°K. 

More recently, ten Bruggencate and von Klilber determined the 
excitation temporal ure of sun spots by a curve of growth method. They 
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employed iron and titanium lines and modified the curve of growth to 
allow for the influence of the Zeeman effect. Their investigations gave 
spot temperatures of the order of 38Q0°K to 3900°K, presumabl}' because 
they studied large spots. They found 4.3 times its much neutral titanium 
above the spot as above the photosphere but only 0.87 as much 'I i II. 
There are more atoms/ cm 1 above the spot than above the photosphere 
because the opacity of the gases in the spot is lower. The electron pressure 
in the spot appeared to be about 4 per cent that of the photosphere. 

A quantitative comparison of the spectra of spots and photosphere 
must take into account the fact that the Zeeman effect varies from line 
to line. Therefore the statistical treatment via the curve of growth is 
inadmissible. We should compare individual lines in spot and photo- 
sphere with due regard for their particular Zeeman patterns. 

From a study of the X51G5 carbon band, Richardson found bO = 0.17 
anti spot and photosphere temperatures, 4500 ± 400° K and 5300 + 
400°K, respectively. 

If the refrigeration oF the spots is to be interpreted in terms of rising 
gases cooling by expansion, as Russell and others suggested many years 
ago, l he spots should be considerably darker towards the limb than at the 
center of the disk. Observations by Richardson and by Wanders and 
Wormed show the darkening to the limb to be the same in the spots as 
in the photosphere ; thus the temperature gradient follows the radiative 
equilibrium law, at least in the outer layers. 

On the basis of a more detailed theoretical study, Thackeray has 
also concluded that there is no way of reconciling an adiabatic equilib- 
rium in the spots with a radiative equilibrium in the photosphere. 


5. Magnetic Fields of Sunspots 

The vortical structure observed cm Ha spectroheliograms suggested to 
Hale that it would be w orth while to look for magnetic fields in the spots.* 
An observational test of this hypothesis could be made immediately. 
Some twelve years previously, Zeeman had shown that spectral lines 
radiated by atoms in a magnetic field were split into a number of com- 
ponents, polarized in a distinctive fashion. 

With a high dispersion spectrograph and analyzers of polarized light, 
Nicol prisms, quarter-wave plates, etc,, Hale was able to demonstrate 
that each spot possessed a magnetic field, and that these fields were 
large by terrestrial standards — of l he order of 3000 to 4000 gausses. 
One may measure not only the magnitude but also the direction of the 
field. An outward-field direction would mean that a north-seeking or 
positive pole would be urged outwards. Hale denoted sunspot polarities 

* Later work showed these vortices to be analogous to cyclones on the earth, i.e., 
purely hydrodynamical phenomena. 
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afi R or V. For R polarity a particular polarized component of a line 
in a spot of positive polarity is displaced towards the red. With the 
same apparatus the same line component in a spot of negative polariiv 
would be shifted toward the violet. 

Hale and Nicholson classified spots in three groups* unipolar f bipolar 
and complex. Unipolar spots are single spots or groups of spots with 
the same magnetic polarity. In their simplest form, bipolars consist of 
two spots of opposite polarity; the line joining them makes a small angle 
with the equator. The preceding spots of such pairs are of opposite 
polarity in the two hemispheres. For example, if the preceding spot 
in the northern hemisphere is positive (R or north-seeking), the preceding 
spot in the southern hemisphere will ho negative. More often a bipolar 
group will consist of a stream of spots whose preceding and following 
members have opposite polarity. Direct telescopic observation cannot 
distinguish between spots of opposite polarity, although polarization 
tests in their spectra can tell them apart at once. In complex spot 
groups, spots of opposite polarity are mixed together. The bipolar 
appears to be the fundamental type. 

Hale and Nicholson employed both the appearance of the bright 
calcium flocculi or plages and the magnetic polarities in their spot 
classification scheme: 


(cO denotes unipolar spots for which the distribution of flocculi 
preceding and following the group is fairly symmetrical 

(ap) denotes unipolar spots in the preceding part of an elongated 
area of flocculi. 

(nr/) denotes unipolar spots in the Following part of an elongated 
area of flocculi. 

(/?) denotes bipolar spots for which the preceding and following 
members, whether single or multiple, are approximately equal 
in area. 

(0p) denotes bipolars for which the preceding member is the prin- 
cipal component of the group. 

(8f) denotes bipolars in which the following member is the largest* 
The great sunspot group of January 29, 1946, in which the 
following member was the largest, was classified as 0 /. 

(07) denotes those groups t hat show bipolar characteristics but 
with no well-defined dividing line between groups of opposite 
polarity. 

{ 7 ) denotes complex spots. 

Hale and Nicholson give numerous examples to show how the polari- 
zation criteria are to be employed to distinguish the character of spot 
groups. 
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The following table* gives the percentage and frequency of each spot 
group Hass for the interval from 1915 to 1924, The number given in the 
unclassified column is the percentage of all observed groups; the per- 
centages in other columns are of groups actually classified. 


Classification of Sunspot Groups 


a 

ap 


£ 

tp 

Sf 

fly 

y 

Unclassified 


14 

20 ! 

4 

21 

29 

8 

3 

i 

7 

per cent of groups 

284 

109 

80 

123 

592 

159 

61 

17 

149 

total 


Hale and Nicholson remark, f "The most striking fact brought out is 
the large preponderance of bipolar groups, and the tendency of unipolar 
groups, even when not lapsing intermittently into lire bipolar state, to 
hover continually on its margin. A study of the daily history of the 
spots further emphasizes this tendency as it shows the frequent passage, 
back and forth, from one type to the other and the development from 
time to time of invisible spots in unipolar groups which never visibly 
attain the bipolar condition,” 

Of considerable importance is the relation between the solar cycle 
and the magnetic polarities of the spots. When a new cycle begins, the 
spots first appear in high latitudes (about ±30°). As the cycle advances, 
the number of spots increases and they appear closer and closer lu the 
equator (sec Fig. 0) until, as the cycle dies away, all are found in low 
latitudes. Before the old cycle dies away completely, a new cycle begins 
in a high latitude, with reversed polarity, if the preceding spot in a 
group of the dying cycle has It polarity, the preceding spot in a group 
of the new cycle in the same hemisphere will have V polarity. Since if 
requires 23 years for the status quo to be restored, we think of the com- 
plete solar cycle as requiring 2 X 11.5 years. 

We shall summarize here some of the most important magnetic 
properties of the spots. The relation between the magnetic field // and 
the area of normal pairs is given by an equation of the form 

" - * - b IJ f (l) 

where a — 3700 gausses, and b is a constant which depends on the units 
in winch the area A is measured. Thus, for large spots, Lite field does 
not depend closely on the area* The field is closely confined to the spot: 


Ap. J . 62 , 293 , 1 925 * 


t Ibid. 
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it is largest a* the eenter and becomes too small to detect at the edge of 
the penumbra* H m is the maximum value of the spot field. 




This diagram shows the approximate variation in latitude and polarities of sun- 
spols observed at Mount Wilson from June, UJ0& to January f 1950- The preceding 
spot is indicated on the right. Pilled circles denote spots of north-seeking polarity; 
open circles denote those of south-seeking polarity. The cross-hatched area indicates 
roughly the distribution of the spots at any one time. Notice the decrease in the 
average latitude of the spots as the cycle advances (Spoerer's Law), and the reversal 
of polarity in each hemisphere at the end of each cycle. 


Careful photometric measurements of the Zeeman components of 
the spot lines across the disk can he used to determine the inclination 
of the lines of force. Recent studies confirm the earlier results of Nichol- 
son, who found that the angle & between a normal drawn to the surface 
and the linos of force emerging from a .spot could be closely represented 
by an equation of the form 


Vi 


(2) 


where b is the radius of the spot to the outer edge of the penumbra and 
r is the distance from the center. If Ha is the field at the center the field 
strength in the spot can be represented fairly well by the formula 


ll = tf 0 (l - (3) 

XI. von Kl fiber made simultaneous observations of the magnetic field 
strength as a function of the distance across l he spot and the intensity of 
the spot as measured upon calibrated direct photographs- He found 
the field to vary as the blackness of the spot. The most surprising result 
of this investigation was the detection of single spots in which the field 
reversed itself at the center, as though the two components of a bipolar 
spot were pushed together. 
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Statistical analyses of the Mount Wilson observations indicate that 
the field strengths of the spots appear to diminish from the center of the 
disk toward the limb. Although photospheric light scattered into the 
spot might account for some of this effect, the phenomenon appears to 
indicate a decrease of magnetic field strength with height in the atmos- 
phere. From a comparison of linos of different intensity, R. B, King 
found a gradient of 2,5 gausses km, J. Houtgast and A. van Sluiters 
found a gradient of 5.7 gausses/km, whereas from the divergence of the 
lines of force in the field Joy and Nicholson suggested 0.7 gausses km. 
Possibly the field becomes attenuated faster than the spreading of the 
lines of force would indicate. 

The area of a long-lived (60 d ) spot increases rapidly at first, reaches 
its maximum in about ten days, and then gradually decreases- The 
magnetic field, on the other hand, reaches a maximum near 3000 gausses 
and remains roughly constant for about thirty days. Thereafter it 
declines, slowly at first and then more rapidly. Thus the total magnetic 
induction varies with the area. About a day would be required to estab- 
lish the field, if it is produced by the darkening of the spot, which seems 
extremely doubtful. 

The magnetic field in a spot does not remain strictly constant with 
time. 10 ven quiet spots show variations of t he order of 20 to 30 gausses 
an hour and in the course of several days variations of hundreds of 
gausses may occur. The variations do not seem to be more frequent or 
pronounced in magnitude when flares are observed in the spot group. 

Following 8. Chapman we may discuss the magnetic fluxes, dipole 
moments, and mechanical forces involved in spots. If we integrate the 
vertical components of the magnetic field // cosfl over the area of a 
circular spot [cf. eqn. (3)1, the emergent flux is found to be roughly 

F = (4) 

which is related to the pole-strength m of the spot by 

F = 2irro (5) 

For example, the spot MW GG18, September 21, 1939, had a field strength 
// 0 of 3000 gausses, a radius b of 28,000 km, and thus a magnetic flux 
of 3 X 10** gausses em 2 . 

The magnetic dipole moment it/ corresponding to a bar magnet of 
pole strength m and length d is M = md; e.g., the bipolar spot MW 6725 
consisted of two spots each of radius b = 20,000 km, and of field strength, 
3900 gausses, separated by 175,000 km. Hence the magnetic moment is 

M = (J^j X <1 = 5 X 10 16 r km 3 


(0) 
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or 600,000 times t.he dipole moment of the earth. The dipole moments 
of sunspots are usually nearly parallel lo the equator, although the 
leading spot is often a little closer to the equator than the follouinir 
spot. 

If the lines of force of the components or a bipolar spot are joined 
together under the surface as Ilale suggested, we may compare the spot 
pair with a horseshoe magnet. The flux from one spot simply flows 
into the other spot of the group. The magnetic flux from a unipolar 
spot must return to t he solar surface somewhere in an unspotted region. 
The same phenomenon must also occur in bipolar and complex groups 
where the total north-seeking flux and south-seeking flux from recog- 
nized spots do not balance. The plages sometimes suggest where the 
missing magnetic: flux returns to the sun. They precede the birth of a 
spot group and persist after it has vanished. Thus, they usually indicate 
that a particular unipolar spot is a remnant of a defunct bipolar group. 
As the sunspot group decays, the plages fade also and in the end they 
symmetrically surround the expiring remnant of the group. Ilale and 
Nicholson found magnetic fields in the plages around a spot. They 
called such regions of appreciable magnetic flux, but no darkening, 
“invisible spots." 

If we suppose that the magnetic fields of spots are produced by elec- 
trical currents flowing in circular paths about their axes, as in a solenoid, 
the total flow through the radial half plane passing through the axis of 

the magnet is ~~ e.m.u. — amps per cm length along the axis. 

Thus if H is 3000 gausses, the current is 2100 amps pci- cm depth below 
the surface. The direction of current flow around the axis of the spot of 
north-seeking polarity is counterclockwise as seen from the earth. 

The mechanical forces caused by these large magnetic fields must be 
considerable. The lines of force may be regarded as subject to stresses. 

If the field strength is //, these stresses consist of a tension ~ along the 

5tt 

lines of force, and equal pressure p mAS normal lo them. Alfvdn supposed 
that the spot was maintained in equilibrium by a difference in gas 
pressure inside and outside the spot such that 


P$ + pi ring — Pi 


+ ^ = 
T 8 JT 


pi, 


(7) 


where po is the gas pressure outside the spot and p M is the gas pressure 
inside. The coolness of the spot and its sharp boundary present diffi- 
culty in any theory. How is such a refrigerated region to be maintained 
on the solar surface? Presumably radiation from the side would heat 
the spot material, p t would increase, and p t + p lllS4£ would exceed po- 
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The spot might then expand and additional material would he drawn up 
along the lines of magnetic force from great depths. If the spot is to be 
stable, these gases must be cooler when they arrive at the upper level 
than the material they replace. The adiabatic cooling of the rising 
gases must retard the warming of the spot. In view of the effect of the 
hydrogen convection zone it is likely that rising gases would be actually 
hotter. Cowling has argued that the base of the spot must be so deep 
that appreciable radiation would leak in from the side and the spot would 
have a fuzzy edge in contradiction with observation. This objection 
applies not merely to the Alfvfo theory but to all present ideas on the 
origin of spots. The pressure difference between the spot and the sur- 
rounding material at the base apparently would require an inadmissibly 
large magnet ic field, * 

Further, it is to be observed that two spots of opposite polarity in a 
bipolar group should attract one another. Following Chapman, con- 

4 X 10” 

sider two spots, each of pole strength 9ir ^ cm 2 , and separated by 

125,000 km. If we treat them as point poles the mutual attraction is 

(£_XJ(P)- ^ ^ 1()ll y = 2.6 X 10- dynes, or 260 million million 

tons. During the growth of a spot group, the two components tend to 
move apart against this strong magnetic attraction, apparently under 
the influence of powerful hydrodynamical forces. The magnetic energy 
stored in a sunspot is 

^ J H* dv (8) 


integrated over the entire volume of the spot. At the center, where the 
field is 3000 gausses, the energy/rm 3 is 3,6 X 10* ergs, and since the 
energy radiated at the center of the spot is about 1.2 X 10 10 ergs/cm 2 , 
the radiation /sec is equal to the amount of magnetic energy contained 
at any one time in a layer a third of a kilometer thick. 

From a study of large spots, Cowling showed that the magnetic field 
cannot grow and decay with Hie appearance of the spot, but must exist 
before the spot becomes visible and must persist after it disappears. 
Since a strong magnetic field is rarely observable in the absence of a 
visible spot, the field existing before and after the spot must be below 
visible layers, or different in form from that observed in a spot. Cowling 
calculated that about 300 years would lie required for the electromagnetic 
decay of a sunspot field. Or, conversely, tins is the time required for 
the field, if due lo electric currents, to increase to its steady state value 
against the initial effects of self-induction. More recent work indicates 
that even longer times are required. 
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Cowling suggests that the growth and decay of the field is caused by 
the motion of gases which cany the magnetic field with them. Many 
years ago, Bjerknes suggested that lines of force run in a tube or vortex 
ring around the sun and just below its surface. When part of this field 
is convected to the surface a spot pair arises. 

Alfven suggested a theory of sunspots based on magnet o-hydrody- 
n arnica! waves which was amplified and extended by Wal4n. The 
magnetic fields are presumed to originate deep in the sun as vortex rings 
which move through the solar material. As these vortex rings Intersect 
the surface of the sun, spots are produced. Cowling has shown that the 
present form of the theory probably cannot explain the origin of the 
spots. Unless the motions in the vortex rings are nearly parallel to 
the surface, the magneto-hydrodynamic waves suffer serious losses of en- 
ergy as they rise through a stable region, but if they are horizontal they 
cannot produce spots. Although the exact mechanism of the Alfv4n- 
Wal&i theoiy is open to question, there seems little doubt that the 
origin of sunspots must be sought, in disturbances deep in the interior 
of the sun. To some extent, sunspots may be a consequence of the solar 
rotation but at the present time a satisfactory theoiy of their origin 
is not available. 

In addition to (he magnetic fields of the spots, one might anticipate a 
general solar magnetic field akin to that of the earth. Ilaie believed he 
found a field of about 2i> gausses but subsequent measurements failed to 
confirm this result. 0. Thiessen, working at the Hamburg Observatory 
with a highly sensitive photoelectric method, measured a field of the 
order of 1 or 2 gausses, with a probable error of about 0.5 gausses. More 
term i lly, von Kliibcr concluded there is no evidence for a general mag- 
netic field but this result cannot be taken as final. 

Cosmic ray analyses required that the sun have no field greater than 
about 10 gausses. Theoretical studies by Sweet suggest that the law of ro- 
tation of the sun cannot be reconciled with the existence of a general field. 

1'he strongest argument for the existence of a general magnetic field, 
at least in the upper layers of the solar atmosphere, comes from the 
appearance of the corona, whose polar streamers at the time of sunspot 
minimum strongly recall the appearance of the lines of force around a 
magnetized sphere. 

H. C. van de Hulst points out that the polar rays cannot be explained 
as ejected streams of material because the densities decrease too rapidly 
outwards. He suggests that they coincide with lines of magnetic force, 
and that the diffusion perpendicular to the magnetic field is negligible 
e\ en if the field is low. I Icuec the form of the rays may give clues to the 
character of the magnetic field. This field may be variable with time; 
at the surface of the sun it seems to be intricate in structure. 



(Courtesy, L. rrAaambuja, Mention Observatory,) 
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Fig. V), An Eruptive Type Prominence 


Prominence of September IT, 1037, photographed in the Kt(Ct\ II) line. G.C.T. of 
exposures: 

A : M 50 "\m B : 14* 55™ .34 C : 15* 0fl m . 1 3 

I > : 15* O0»- 1 1 K : 15* 1 4 m .Z I F : 1 6* 0G™.7 

Tn F the prominence leaves the frame at 1,000,000 km nhovc the sun, (McMath- 
Hulbcrt Observatory, l ' niveraity of Michigan.) 
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Studies of magnetic fields in sunspots and elsewhere upon the solar 
disk have been aided by the greatly improved experimental techniques 
developed largely in Germany by G. Thiessen, II. von Klftber, VV. Gro- 
trian, and (heir colleagues. 

The most powerful technique for the study of magnetic fields upon 
the solar surface, however, is that- developed by II. W, and II. 1). Bab- 
cock at the Mount Wilson Observatory. Their procedure involves the 
photoelectric measurement of minute Zeeman shifts in spectral lines 
formed in the fifth older of a grating that gives a dispersion of 11 mm/d 
and a resolution of 600,000. The entire disk of the sun can be scanned 
and fields down to about 1 gauss (the noise, level in the photomultiplier 
tubes) can be measured. 

The magnetic pattern of the sun includes a number of strong multi- 
polar fields which persist from day to day with measurable fluctuations, 
as well as regions of smaller magnetic activity, some of which might be 
quite extensive. Areas with fields as strong as 30 gausses are measured 
near spot groups, incipient spots, and plages. Furthermore, following 
the disappearance of a visible sunspot, the field may last for several 
days. The Babcocks found persistent magnetic deflections in high 
latitudes. The field showed a fine structure but. the predominant mag- 
netic polarity is of opposite sign near the north and south poles of the 
sun. On some days at least, the sun appeared to have a badly distorted 
but real semblance of a dipole field. The magnetic effects are certainly 
so complex that extensive observations will be needed to establish their 
character. 


6. Studies with the Spectroheliograph— Disk Phenomena 

The amount of information obtainable from direct photographs of the 
solar disk is limited. One recognizes that faculous areas tend to be as- 
sociated with sunspots and that they precede the development of spots 
and persist after the spots have disappeared. 

Under conditions of good seeing, the faculac have been resolved into 
grains of about, the same size as the photospheric granules. According 
to Waidmeier and 1\ ten Bruggencate, the facular grains have lifetimes 
of the order of two hours and exceed the brightness of the photospheric 
granules by 40 t o 50 per cent. 

Spent roheliograms show these faculae to coincide with the brighter 
portions of the plages and yield much more detaii than direct photo- 
graphs. The aspect of the spectroheliogram will depend on the line 
utilized and the part of the line. The strong Ca II "K" line has a cen- 
tral emission component called K-> upon which is superposed a narrow 
absorption line K t . Photographs taken in the light of the wings (A"i) 
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(see Fig, 7, left) show a mottled structure with bright plages around the 
sunspots. In the light of which corresponds to the highest level of 
the atmosphere (see Fig. 7, right), notice that the spots hare disappeared, 
that the plages are prominent and that there appear long sinuous dark 
filaments. The latter, however, are seen better in Fig. 2, In Kt the 
filaments disappear and in the outer part of the line K u the appearance 
of the spectroheliogram approaches that of a direct photograph. 

Fig. 2 permits a comparison of a spec ■ t r ohe Liogram taken at the center 
of the liar line with a Ca II “K*” image. Notice that the plages arts leas 
prominent in the hydrogen photograph, whereas the filaments are more 
pronounced and the spots are visible. The “fine structure” of the back- 
ground in the hydrogen photograph appears more delicate; the individual 
grains are five or six times larger than the photosphere granules and ap- 
pear dark on a bright background. Hydrogen spectroheliograms also 
often show a vortical structure around spots, which suggested to Hale 
that spots might contain magnetic fields. Spectroheliograms taken in 
the wings of the Ho? line more nearly resemble Xi spectroheliograms. 
Fig, 8 compares spectroheliograms taken in successive lines of the Bai- 
mer scries. Notice the weakening of the plages and the increased prom- 
inence of the spots, toward the higher members of the series. 

Spectroheliograms made in the light of Cal A4227, Xa “ D ,” Fel, 
and other lines show many of the same features as the Ca II images, al- 
though the plages are of relatively lower intensity. Spectroheliograms 
taken in weak lines resemble those of hydrogen in that dark grains ap- 
pear on a bright field but no vortical structure is evident. 

Of great interest is the appearance of the disk in the light of the in- 
frared helium line X10,830 which arises from the metastable 2 *S level, 
A comparison of the He I and Ha photographs taken on the same date 
shows that the filaments are visible in absorption on both images, but 
that the plages appear dark in the helium image instead of bright as on 
the hydrogen images. On spectrograms, the He I line is visible only in 
the filaments and plages where it has a discontinuous appearance. 

The structures observed in spectroheliograms are of two fundamental 
types, (1) those connected closely with the photosphere, granules, etc., 
(2) those originating in the high altitudes above the solar surface— the 
dark filaments, plages and bright flocculi which are connected with the 
prominences, whose properties we shall now study, 

7. The Solar Prominences 

Prominences are not distributed uniformly on the solar disk. They 
appear in two principal zones. The first group follows the sunspot zones. 
The second group is found in latitudes of about 45° at the start of the 
solar cycle, and migrates poleward. It reaches the pole near the maxi- 
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mum of solar activity and disappears soon thereafter. 1 here seem to 
be appreciable differences between prominences associated throughout 
their lives with sunspots and other types. 

Typical prominences are flat, wispy structures, (>000 to 12,000 km 
thick, 60,000 km high and 200,000 km long* They arc usually observed 
on the limb with a spectrohelioscope, spectroh el i og raph , or polarizing 
monochromator. Still photographs fail to convey the complicated kine- 
matics of much prominence motion; hence \ hese objects are studied most 
effectively with the aid of motion pictures such as those first obtained at 
the McMath-Hulbert Observatory* 

One can observe prominences not only in elevation at the limb, but 
also in plan as dark markings on the disk. The disk observations pos- 
sess certain advantages over the observations at the limb. Certain types 
of prominences such as those associated with sunspots are low altitude 
objects which are visible at the limb only a day or so before the solar ro- 
tation carries them from view. Hence the disk appearance, where the 
prominences are seen in absorption against a bright chromospheric back- 
ground, may give fuller and more continuous records. The greatest 
difficulty in the interpretation of the disk observations lies in the assign- 
ment of a particular disk prominence to the corresponding type observed 
at the limb. With the spectrohelioscope and with the Stone spectro- 
heliograph of the McMath-Hulbert Observatory, rapid changes in de- 
velopment can he followed by the observer and if large vertical mot ions 
occur, the change in displacement of the line on the second slit can be 
pursued with the line shifter, or in the spectrum. 

The earliest work, carried out by examination of the limb of the sun 
with a spectroscope and a widened slit, suggested two types of promi- 
nences. Objects in which a casual inspection revealed little activity 
were referred to as quiescent, those showing high velocities were called 
eruptive. More detailed studies, such as those by Pettit at Mount Wil- 
son and by McMath and his co-workers at Michigan have shown this 
classification to be inadequate. Pettit employed the association of a 
prominence with a sunspot, its motion and structure, and whether it ap- 
peared to originate from the corona or from lower levels of the chromo- 
sphere in his classification scheme of six types: 1 Active, II Eruptive, 
III Sunspot, IV Tornado, V Quiescent, and VI Coronal. There are 
sometimes subgroups within each class, e.g,, Pettit suggests nine sub- 
divisions of the sunspot type. 

Type I: Active prominences constitute the most frequent type and 
occur all over the sun’a disk. Frequently, they develop from quiescent 
prominences and somet imes they evolve into the spectacular eruptive 
type. They show a mass of filaments connected with the photosphere, 
and these filaments often move along a curved path into a so-called 
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“center of attraction” at Iho base of the chromosphere. At times, a 
prominence appears to he literally pulled to shreds. Sometimes, promi- 
nences standing side by side are connected by streamers in which the 
material actually moves in both directions; these are the so-called inter- 
active type. 

Type II : Eruptive prominences often evolve from the active type and 
tend to favor the sunspot zones* Material moves into a center of att mo- 
tion at an increasing pace, and ms the activity mounts, the whole prom- 
inence may rise several hundred thousand kilometers before it is pulled 
into the center of attraction. It may even appear to leave the sun en- 
tirely, expanding as it rises and fading while in motion (see Fig, 9). 
During the whole course of development it continues to return streamers 
to the original centers of attraction. The record for height is held by 
the eruptive prominences observed by E, Pettit and J. O, Hickox on 
June 4, 1946, which reached a height of 1,703,000 km or 1.22 solar di- 
ameters. 

Type III: Sunspot prominences often imitate the quiescent, active, 
and eruptive prominences found away from spots, and in addition dis- 
play several characteristic types* Cinematographic records often reveal 
a high level of activity in the neighborhood of spots. Long wisps may 
appear in the region immediately above the spot, brighten, and descend 
to some center of attraction in or near the sunspot group. Rarely there 
appear graceful loop structures which seem correlated with high excita- 
tion in the overlying corona. There often appear the surges, which were 
recognized as a distinct type of prominence at the McMath-Hulbert 
Observatory. Mi-Math and Pettit described them as small jets of ma- 
terial rising a few thousand kilometers, or as immense tongues of gas 
hurled outwards to a distance of a hundred thousand kilometers which 
suddenly retract or fade away* Sometimes the initial outburst breaks 
up and falls back in fragments. Their lifetimes range from about fifteen 
minutes to an hour, their velocities sometimes exceed 500 km sec, and 
they protrude from the spot at all angles. They are sometimes observed 
to rise again and again from the same part of the spot* Upon apectro- 
heliograms they often appear as sudden dark splotches in active spot 
regions. Surges bear a close relationship to solar flares. 

Type IV: The rare Tornado prominences resemble cyclones or whirl- 
ing waterspouts 5000 to 20,000 km in diameter and 25,000 to 100,000 km 
high, Pettit finds the helical motion suggested by their appearance to 
be confirmed by spectroscopic observations* They may evolve into 
eruptive or active prominences or simply disintegrate if the rotational 
velocity becomes sufficiently great. 

Type V: Quiescent prominences include the longest lived of solar 
phenomena. They show a minimum of activity and motion and some- 
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times present a palisaded structure with closely packed filaments. Me- 
Math-Hill bert Observatory films show a great deal of turbulent internal 
motion. The thicknesses of quiescent prominences are of the order of 
6000 km t their heights are about 40,000 km and their lengths are as 
great as 200,000 km. They often appear as dark sinuous filaments on 
the solar disk. 

The d’Azambuja’s observed them to Form along meridians of solar 
longitude in active regions and then move poleward. As they move, 
they are drawn out of the meridians by solar rotation, and beyond 45° 
they are oriented along parallels of latitude. Equatorial filaments, seen 
on the limb, exhibit a maximum of structural detail while in higher lati- 
tudes such objects tend to resemble “haystacks," simply because of per- 
spective. 

Solar filaments may become active, disappear, and then reform in the 
Siime region after a few days. The average filament lasts four solar ro- 
tations, but some have been observed to survive as long as five years. 

Type V! : Coronal prominences appear as long, slightly curved strips 
at. great heights above the photosphere. They descend with speeds of 
the order of 100 to 200 km/sec more or less haphazardly into regions of 
attraction, which are possibly to be identified with sunspots. 

The basis of the Pettit classification is essentially descriptive. The 
various subdivisions merge imperceptibly one into another and (here 
arc occasional objects that seemingly do not. fit into any classification 
scheme at all. 

Frequently, a single prominence will evolve from one class into all- 
ot her. The most obvious example is the development of a quiescent 
into an eruptive prominence. 

In addition, there are the short chromospheric spikes or spicules, ob- 
served by W. O. Roberts at. the Climax Solar Station of the University 
of Colorado and Harvard University. They are usually faint, short- 
lived (4 to 5 minutes) phenomena that attain heights of less than 8000 
miles. They are most conspicuous near the poles of the sun. Roberts 
finds the velocities of these spicules along the solar radius to be of the 
order of 30 km/sec but these are possibly the faster moving, less typical 
ones. Certain characteristics are not unlike those of the granules: di- 
ameters of 1" and 2" and lifetimes of the order of 3 minutes. f l he 
velocity of outflow of material is much greater than in the granules. 

The motions of prominences are best studied by moving pictures with 
a provision for determining the radial velocity. The streamers associ- 
ated with sunspots seem to move along curved trajectories. On the 
other hand, Pettit concluded that eruptive prominences moved with 
constant velocities between sudden accelerations. Plots of height against 
time gave a series of straight-line segments. Other observers have not 
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been able to substantiate these findings. Certain of the straigfaUme 
portions of the published time-distance curves seem real, but the sharp 
corners may perhaps be regarded with skepticism, Pettit suggested 
that streamers and knots torn from active prominences also follow 
straight-line segments with a curved envelope but this conclusion is open 
to question. Measures of motion in three dimensions for a large number 
of prominences will be needed to settle this question. 

The spectra of prominences supply important data; quiescent promi- 
nences tend to show D A (He I), // and K (Ca II), and the Dataller lines 
with weak lines of the metals, while those appearing over sunspots show 
strong lines of Vo II, Mg U, Na I, and He I. The differences are to be 
attributed to varying optical thicknesses and to excitation effects rather 
than to variations in chemical composition. Different elements appear 
to be well-mixed in prominences. Lyot's visual observations with the 
coronagraph and filters showed the prominence detail to he the same in 
different spectral regions. Flash spectrum images of different elements 
but the same arc length show similar structural details. If we compare 
prominence images of different intensity, we must allow for the effects 
of self-reversal whose importance Briick and Moss demonstrated from a 
comparison of the lie* and £>* (He !) intensities. It may seem strange 
that gases as different as H, He, Ca, and Fe move together, since most 
of the effects we can think of that would cause motion would also act 
differently on the different elements. Evidently the gases tend to drag 
one another along in their motion. McCrea investigated this problem, 
employing the diffusion theory of Chapman and target areas for colli- 
sions derived from Ramsauer-type experiments. He found that if Ihe 
density of a solar prominence is of the order of that of the lower chromo- 
sphere, ^1G !D atoms/cm a , the elements would drag one another along 
even though the forces might act on just one of the elements. A much 
smaller density, however, would permit relatively large separations of 
different elements to occur if the forces responsible for prominence mo- 
tion acted differently upon different elements. Actually, the thorough 
mixing of the chromospheric gases, in spite of the low density that ap- 
pears to prevail in some places, suggests that the forces responsible for 
most prominence activity is non-selcctive as regards the elements in- 
volved. It seems unlikely that radiation pressure can play any impor- 
tant role in prominence motion, or equilibrium, 

McMath has enumerated some facts an adequate prominence theory 
must explain: (1) The character of the motion and Ihe fact that it can 
occur in all directions with respect to the sun. (2) No separation of 
gases. (3) Motions in streamers towards the chromosphere wherein 
sometimes several converge on one spot, and sometimes streamers from 
a given prominence show concurrent motion in random directions. 


See. SI 
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(4) When velocity changes occur, the new velocity either up or down is 
greater than the preceding velocity; accelerations are high and are ob- 
served at great heights. The downward motions from great heights are 
less than those of freely falling bodies, (5) Sometimes prominences ap- 
pear to leave the sun while on other occasions bright clouds form in the 
inner corona from which streamers descend to the sun. (0) Relative 
frequencies of various prominence forms. (7) Occurrence of prominence 
activity in all solar latitudes. (8) Prominence activity is correlated 
with the sunspot cycle. 

Although the Doppler displacements of the lines indicate an actual 
motion of the prominence material, we cannot be sure that all “motions’' 
observed may not in part arise from a change in excitation and ionization 
in a previously existing medium. Much of the behavior of knots and 
streamers, the disintegration of prominences by shredding, and the ejec- 
tion of prominences to coronal regions all suggest actual material mo- 
tions. On the other hand, the condensations of streamers out of material 
in the coronal region and the fading and reappearance of filaments ob- 
served upon the disk, indicate that excitation conditions must play an 
important role. 

8. Flares 

Closely associated with active sunspot groups are the bright chromo- 
spheric eruptions or flares which appear sometimes in the order of min- 
utes and fade in one hour or less, Waldmeier describes the outbursts 
not as eruptions of material, but simply as excitation effects. 

The statistics of flares have been discussed by G. E. Hale, H. W. 
Newton, M, A. Ellison, M. Waldmeier, and by H, Dodson and R. 
Hedeman, 

Flares cover a wide range of intensity and size. Some appear a s tiny 
points of light on the solar disk whereas others such as the great flare of 
July, 1946, are described as being intensely brilliant. Some appear as 
long bright ropes, others appear as small bright spots whose arrangement 
suggests a certain chain-like nature. Although they occur most often in 
the region between spots or close to or over the pemimbrae of spots, 
some have been observed extending directly over spot umbrae. Flares 
tend to occur repeatedly, not merely in the same region, but seemingly 
in exactly the same small portions of the solar disk. Some seem to fol- 
low, at least in part, channels already established by the dark filaments 
(prominences seen in projection on the disk). Although filaments some- 
i imes disappear after the outbreak of a great flare, they sometimes seem 
to survive bright eruptions. The brightest flares are associated with 
complex spot groups and tend to occur when the group is growing most 
rapidly. They cover a larger area and tend to fade away more slowly 
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than the smaller outbursts. The total number is correlated with ihe sun- 
spot number. Flare intenmt ies are usually expressed on an arbitrary scale, 
although extensive quant it alive measures have recent ly been made at the 
MeMath-Hulbert Observatory by Helen Dodson and Ruth I ledeman. 

Near the moment of peak intensity, high- velocity dark floceuli (darker 
than most filaments) are often observed. Idle work of M. A. Ellison, 
II. W. Newton, Orren C. M older, and Helen W, Dodson show these dark 
markings to be surges seen in projection upon the disk. (See Fig. 12.) 

Richardson and Minkowski, C. W, Allen, and M. A. Ellison have 
described the spectra of flares. In a bright outburst, Ha develops bright, 
generally symmetrical emission wings soon after the onset of the flare. 
The emission wings fade away in a few minutes although the flare may 
persist longer. In the July, 1946, flare, bright Ila attained a width of 
15A with a central intensity three times that of the continuum. Simul- 
taneously, Da (He I) appeared in emission over the flare, although it 
remained in absorption over the nearby photosphere. The Si II, X6347, 
X6371, lines were reversed and the profiles of many iron and nickel lines 
were filled in. The continuous spectrum appeared to be brighter over a 
small area containing the flare. 

In general, flare spectra resemble the flash spectrum. All the Fe II 
and the low excitation Fe I lines are strongly enhanced in flares. An 
increased intensity of the Fe II lines occurs in prominences and the 
“hot spots” of the solar chromosphere, but the low excitation Fe I lines 
are not intensified. 

Not only are bright flares correlated with marked activity in the 
chromosphere, but they are also related to radio fadeouts and terrestrial 
magnetic disturbances. A bright flare is frequently followed by an im- 
mediate fadeout of short wave radio reception on the sunlit side of the 
earth. Magnetic storms sometimes occur one to t wo days later. 

The sunspots, faculae, or plages, certain types of prominences and 
flares all appear to be closely related. The interpretation of these rela- 
tions is one of the most difficult problems of astrophysics. Perhaps a 
significant clue is to be found in the magnetic fields of the spots. For 
example, the close similarity of the arcs and loops of certain sunspot 
type prominences with the directions of magnetic forces one would ex- 
pect around spots, strongly suggests that magnetic forces determine at 
least in part the motions of ionized gases. It would appear worth while 
to examine more closely the magnetic character of sunspots and the be- 
havior of gases in magnetic fields. 


9. Electromagnetic Phenomena Associated with Sunspots 

Solar electrodynamics constitutes one of the most difficult domains 
of astrophysics. One can set up Maxwell's equations and the equations 






prominence rising above the chromosphere. 











Fig* 14. The Flash Spectrum Photographed Just Before Totality 

(A spectrogram taken at the solar eclipse of August 30, 1932, Fryeburg, Maine, by 
£L IF Menzel of the Lick Observatory eclipse expedition*) 
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Fig, 15. — The Flask Spectrum Photographed with the Moving- 
Plate Apparatus 

(After W. W, Campbell; courtesy, Lick Observatory.) 
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of motion for charged particles in an anisotropic medium* The latter 
involve not only (he macroscopic electric and magnetic fields, but also 
the microscopic forces arising from collisions, etc., and the loss of energy 
by radiation* There also exist the usual hydrodynamic effects which 
must be combined with the electromagnetic effects to yield a complete 
description of the motion* That is, the expression of the current flow 
has terms arising from body forces, pressures, etc., and from viscosity. 

Rapid changes in magnetic fields induce electric fields. The induced 
electric field, although perpendicular to the varying magnetic field, is 
not necessarily always perpendicular to the total magnetic vector. At 
certain points the spot fields may cancel one another, hut the induced 
electric field may remain, and if the conductivity is sufficient, an appre- 
ciable electric current may flow* Giovanelli suggested that under the 
influence of such electric fields free electrons may suddenly acquire 
enough energy to excite hydrogen and other atoms, thereby producing 
a flare* The complex character of the magnetic fields near spots renders 
quantitative discussion difficult* The actual changes in the fields may 
be of the order of several gausses min, and if they are propagated as 
waves, the effects of such changes may become steadily more violent as 
the wave moves into regions of decreasing density, as Cowling has 
pointed out* A relatively moderate change at photospberic levels might 
produce fairly marked effects higher in the chromosphere, where a mag- 
netic field cannot be measured directly* If a flare is due to a sudden 
change in a magnetic field, the effect will probably not be instantaneous 
but will be propagated along the lines of force with a velocity dependent 
on the densities involved. The fact that flares are not correlated with 
any undue magnetic activity speaks against the Giovanelli theory, how- 
ever. 

Among the attempts to explain the motion of a prominence we may 
mention those of David Evans and of Zanstra* Evans tried to account 
for prominence forms by the electrostatic diffusion of a charged cloud 
and the motions of ions in a magnetic field. By hydrodynamic&l experi- 
ments, Zanstra was able to reproduce certain features of solar promi- 
nences, Since prominences move, not through a vacuum but through 
a medium of apparently lower density, their motion should bear some 
resemblance to the streaming of one fluid through another (e*g., smoke 
through air)* The prominence may be nearly in mechanical equilibrium 
with the surrounding chromospheric gases, it may be cooler and denser 
while the surrounding gases arc hotter and more rarefied, but the gas 
kinetic pressures may be nearly equal* 

The essential objection lo all prominence theories so far proposed Is 
that while they all give prominence-like forms, none has been able to 
predict the motions of any prominence from initial conditions* That is, 




ASTROPHYSICS 


364 


[Ch. 9 


if we evaluate the space velocity of a moving prominence knot at an 
early stage in its history, all the theories fail completely to predict the 
subsequent motions. The attempts by Evans and others to derive prom- 
inence forms on the basis of various forces show that the shapes of prom- 
inences can be “explained” hv a host of assumptions and postulated 
initial conditions, but we have yet to find which, if any, of these theories 
will prove useful. 

Although the trajectories of spot prominences may be well enough 
defined by the magnetic field, t he velocities are not explained. The gen- 
eral impression one obtains from the films is of material feeding into the 
neighborhood of the spot, either from the shredding of a nearby promi- 
nence or from some kind of condensation from the corona. The factors 
controlling the behavior of a prominence must range from nearly equi- 
librium conditions for filaments to catastrophic forces for eruptive prom- 
inences or surges. Radiation pressure from flares has been invoked to 
explain prominence motion, and it does seem that surges are often con- 
nected, in time at least, with flares. If the magnetic fields alone domi- 
nated their motions, the prominences should not only follow curved 
paths but should present smooth, orderly forms. The chaotic appearance 
of many of them is suggestive of turbulence. The ions of an ionized gas 
moving into a strong, inhomogeneous field would tend to follow the lines 
of force. Hence the gas would tend to be compressed laterally. Thus 
recombination may be facilitated and the prominence streamer would 
become visible. 

Quantitative data on the prominences, save for some material on 
their motions, is lacking. A few line intensities have been measured but 
the data are often difficult to interpret. We would like to know some- 
thing about the prominence masses involved. Perhaps densities might 
be estimated from the intensities of the Batmer lines, provided their 
emission arises primarily from recombination. It would be of interest 
to know how the densities within the prominences compare with those 
obtaining in (he nearby chromosphere. Presumably, the prominences 
are both denser and cooler, hut the actual differences will have to be 
established by observation. Quantitative measures of the monochro- 
matic brightnesses of prominences, as well as of their motions, are ur- 
gently needed. 


10. Observations of the Solar Chromosphere 

Above the photosphere of the sun lies a thin envelope of relatively 
transparent gases which is called the chromosphere. It is distinctly 
separated from the photosphere and from the tenuous corona as well* 
(See Fig. 13.) Under conditions of excellent seeing, the solar chromo- 
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sphere displays an intricate pattern of numerous tiny prominences, 
mostly 2“ to 7.5“ in length, in contact with the photosphere. The con- 
ventional prominences, described in Sec. 7, appear in the region of the 
corona* 

The tiny prominences that compose the chromosphere proper, and 
to which Mahler refers as “jets,” have an average height of 5.2". Their 
average width of 1.8“ is closely comparable with the average width of 
a granule, 1.6“ (according to Keenan). These chromospheric jets are 
comparable in number with the granules with which they are presumably 
closely associated. 

The best observations of the solar chromosphere are those obtained 
at the time of total solar eclipse. Weak as well as strong lines can be 
observed, and we can determine the distances to which the various radi- 
ations extend from the sun. 

S. A. Mitchell employed essentially a siitless spectrograph. Just be- 
fore totality, the dark-line spectrum of the photosphere vanishes, and 
the bright lines of the chromospheric spectrum appear. At this moment 
a spectrogram of the sun is taken; the narrow crescent of the sun serves 
as a slit and we obtain, in effect, a photograph of the chromospheric arc 
in each of the radiations it emits. (See Fig. 14.) 

W. W. Campbell placed a screen in front of the photographic plate 
with a narrow slit parallel to the dispersion of the spectrograph so that 
only a short section of the central portions of the crescents fell on the 
plate. During the eclipse the photographic plate was moved uniformly 
at a constant rate in a direction perpendicular to the dispersion so that 
different portions of the flash spectrum were recorded on different por- 
tions of the plate. (See Fig. 15.) Campbell also secured “stationary- 
plate” spectrograms of the type obtained by S. A, Mitchell. 

There is no difference between the stationary- and moving-plate ar- 
rangements so far as the optical parts are concerned. 1 n each instrumen f 
the objective prism forms monochromatic images of the chromospheric: 
crescent. The exposure with the moving-plate apparatus is started be- 
fore the photosphere is completely covered so that the Fraunhofer spec- 
trum is recorded on the lower part of the plate. The gradual transition 
from the dark-line spectrum of the photosphere to the bright-line spec- 
trum of the chromosphere is well exhibited in Fig. 15. 

Since the energy falling upon the plate is the integrated light from all 
levels above the surface of the moon, it makes no difference if the par- 
ticular part of the moon's surface photographed with the moving-plate 
apparatus is a little low or a little high. On the other hand, the irregu- 
larities of the moon's surface produce difficulties in the interpretation of 
the chromospheric arcs observed in the fixed-plate method, A given 
“low-level“ line will disappear and reappear due to the serrations of the 
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lunar surface. If a prominence happens lo fall on the portion of the am 
selected for observation by the moving-plate method, the observations 
might be difficult to interpret and the fixed-plate method then would 
have an advantage. On the other hand, the practical result obtained by 
the fixed-plate method depends on when the exposure is made. If it is 
a little late, the lines in the lower chromosphere are missed; if it is too 
early, the continuous spectrum spoils the observations. 

Menzel’s jumping-film method combines the advantages of flash 
spectrum photography as used by Mitchell with Campbell's moving- 
plate method. The spectrum is photographed as in Mitchell's method, 
but a series of exposures is taken, covering a range of heights. 



If both the moon and the sun were perfectly spherical, the lengths of 
the chromospheric arcs would determine accurately the heights to which 
the various line radiations could be traced above the photosphere. The 
heights follow from measurements of the lengths of the chords L jA f 
IjJL 4, etc., from tip to tip. {Sec Fig. 16.) In practice, small corrections 
have to be made for the fact that the exposure takes a finite time. 

In the idealized situation pictured, the observer obtains a plate when 
the limbs of the sun and moon are tangent as shown in Fig. 17, where 
fi denotes the solar radius, r m that of the moon (as seen in projection), 
and the arcs DP a, EP a, PPi represent successively higher layers of the 
chromosphere. P i, P 2 , Ps represent the points at which the lunar sur- 
face cuts off the chromospheric levels 1*\ E, £), respectively. At P^ for 
example, we observe the radiation from all radiating atoms above the 
level CD = x (Fig, 18) and along the line of sight D } D\> We must con- 
stantly keep this fact in mind in interpreting the chromospheric eclipse 
observations* 
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Suppose, for example, that P« corresponds to the tip of the chromo- 
spheric are of line L» of height CE r and P , i corresponds to the tip of 
of height CD. Measures of the half- 
chords /VH, PzA a and the known 
values of n and r m at the l ime of Hie 
eclipse enable one to calculate CE 
and CD in km. For example, the 
line of sight through P* may lie tan- 
gent, to the layer of the chromo- 
sphere at the height of 1000 km, and 
the line of sight through P 2 may be 
tangent to the chromosphere at 
2000 km. The tip of the spectral 
line corresponds to a definite inten- 
sity, which depends on the threshold 
sensitivity of the photographic plate, 
the transparency of the atmosphere 
and instrument, “seeing,” etc. Un- 
der the given conditions of the ob- 
servation, when the number of atoms 
along the line of sight reaches a cer- 
tain value (or rather the emissivity 
of the column attains a certain criti- 
cal value), the radiation will begin 
to record on the photograph. If L% 
and / J3 are two nearby lines in the 
spectrum (so that plate sensitivity, 
atmospheric transparency, etc., are 
the same for both), the amount of 
energy coming along the line? of sigh! 
through P-> will be the same as that 
along the line passing through Ps. 

We suppose that the amount of self- 
absorption in the tip of the arc L-i is 

the same as that in the arc L a . Furthermore, if the lines L% and L* be- 
long to the same muitiplct, so that the relative A values are known, there 
will be A 2 /Az as many quanta emitted per second at a given point in L* 
as in L:i . Since the same number of quanta are required to produce the 
tip of Li and La, the number of atoms in the line of sight through the 
tip of Pa, n(La) is related to n(L^) by n(La)/n(La) — A 3 /A 2 . 

If a line Li of the same multiplet is observed, then 
it (Pi) __ As , w(Pi) _ Aj 

»(L 2 ) " A t or n(L z ) - Ai 



Fra. 18 . — Plane of the Line 
or Sight and the Solar 
Radius 

The line of sight DiDDl is tangent 
Lo the edge of the moon; r is the radius 
vector drawn to an arbitrary radiating 
volume along the line of sight. 
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B. A. Mitchell and Miss E. T\ R. Williams employed this principle in 
their determination of the density gradient in the lower chromosphere. 
As an example, they give for a multi pi et of five lines the following heights 
and relative strengths:* 



Line 

a 

h 

c 

d 

e 

Observed height 

1500 

1200 

800 

800 

000 

n /Z® 

0.50 

0.25 

0.10 

t). to 

0.05 


Five times as many atoms must omit this multiplet along the 800-km 
tine of sight as along the 1500-km sight line, since the intensity is the 
same for each line at the tip of the arc. The density must vary in such 
a way that there are ten times as many atoms at 600 as at I50Q km and 
five times as many at 800 as at 1500 km, Mitchell and Miss Williams 
found that their data could be represented by a density law of the type 

+ j) e -c ** ( 10 ) 

For Ti II, for example, e l = 2 X 10r\ c s = 5X IQ" 8 , D - 60, Thus 
the density gradient is to be regarded as the sum of two exponentials. 
The lower part, where the second term prevails, simulates an isothermal 
atmosphere; the upper part deviates considerably therefrom. If all the 
constituents of the atmosphere were evenly mixed, and the temperature 
were constant with height, the density, p t would be given as a function 
of the height by f 

Mgr 

f> — ptf kT - poe - ** (II) 

The greater the value of kT/M , t lie lower the gradient. Here M is the 
mean atomic mass, in practical cases, M = 1,66 X 10~ u grams, he,, 
the mass of the hydrogen atom. Hence at T = 5000°K, the theoretical 
gradient is a = 0.08 X 10"*, Mitchell and Miss Williams found the 
density gradients to be of the same order of magnitude for all the differ- 
ent metals, indicating that whatever mechanism was responsible for 
supporting the chromosphere, it must keep the elements well mixed. 

From both the observational and theoretical point of view, the fun- 
damental paper on the chromosphere is Menzel's discussion of the eclipse 
observations of Campbell He calibrated relative line intensities in 
terms of line strengths given by atomic theory and determined the chro- 
mospheric density distribution from the height-intensity relation derived 
from moving-plate exposures. Menzel showed that the Fraunhofer lines 

*Ap. J. 77, 6, ID33, 

tSec, for example, E. H. Kennard, Kinetic Theory of Oases (New York: McGmw 
Hill Hook Co., Inc., 1038), p, 7t>. 
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were formed almost entirely below the chromosphere in layers that pro- 
duce both line and continuous absorption. From the base ot the chro- 
mosphere to the bottom of the layers responsible for the Fraunhofer 
lines, the density increases by a factor of the order of 400. Hence the 
conventional use of the term “reversing layer * does not appear to be 
justified, 

A comprehensive analysis of Mitchell's data has been given by 
R. Wildt who has taken into account the effects of atmospheric scintilla- 
tion and the fact that during a single photographic exposure the moon 
covers, or uncovers, an appreciable fraction of the chromosphere. Hence 
light emitted at different levels is recorded with different exposure 
times. That is, the chromospheric crescents on a flash spectrogram are 
images obtained with varying effective exposures, Wildt studied the 
density gradients of II, He, and the metals and was able to derive the 
electron densities and the pressure of hydrogen in the solar atmosphere. 
Thus, at a height of 500 km above the limb of the sun, that is, above 
some point near the top of the photosphere, the density of hydrogen was 
found to be about 4 X 10 15 atoms/cm 3 . 

The studies by Mitchell and Miss Williams, and of Menzel and Wildt 
all indicate that the metallic abundances are about the same as those 
found by Russell from the Fraunhofer spectrum, Wildt finds a hydro- 
gen-to-metal ratio similar to that of the photosphere at the base of the 
chromosphere, but the ratio appears to increase with height in the upper 
layers. 

An important fact brought out by the eclipse observations is that 
there exists a sharp demarcation line between the chromosphere and the 
photosphere. The chromospheric density gradient at levels, say 500 km 
above the well-defined limb of the sun, is much less steep than the den- 
sity gradient in the photosphcric layers. The observed sharpness of the 
limb of the sun is in agreement with the hypothesis that the negative 
hydrogen ion is responsible for the opacity and that the photospheric 
Layers are in hydrostatic equilibrium, Were the chromospheric density 
gradient to persist into the photosphere, the edge of the solar disk would 
be noticeably fuzzy. (Bee Fig. 13.) 

Both Campbells and Mitchell's observations suffered from one com- 
mon defect, the lack of photometric calibration, which would have per- 
mitted the reduction of the measured photographic densities on the 
plate to actual intensities. More recently, photometric measures have 
been included in flash spectrum studies, and progress along quantitative 
lines has become possible. As an example in point we may mention the 
observations of the flash spectrum obtained by the 1932 Lick Observa- 
tory expedition and discussed by Menzel and Gilli£. Calibration expo- 
sures with a step wedge permitted photographic densities to be converted 




370 


ASTROPHYSICS 


[Ch. 9 


to relative intensities. Since the spectrum of l he solar limb, whose en- 
ergy distribution is known, is also photographed on the same plate, the 
effects of atmospheric transparency, color sensitivity of the emulsion, 
etc,, may be determined, CilliS and Menzel gave a careful theoretical 
analysis of their photometric data. They took into account the effects 
of self-reversal and showed how a curve-of-growth type of analysis may 
be applied to chromospheric emission lines in order to derive the true 
density gradient from the observed intensity gradient. The effect of 
self- reversal is particularly striking for the strong H and K lines but also 
appears in the hydrogen lines, as It, N, Thomas has shown. 

We cannot use the method employed by Mitchell and Miss Williams 
to get the density gradient of hydrogen since we would have to compare 
lines arising not from the same upper level (or term) but from succes- 
sively higher levels. The populations in these levels do not deviate from 
the values valid for thermodynamic equilibrium by the same amount. 
In fact, the deviations occur in such a way that the gradient found by 
Wildt is too low. 


The logarithmic gradient : ~'j~ neutral hydrogen at a height of 

about 1000 km above the limb is 1.54 X cm -1 according to Gillie 
and Menzel, in good agreement with the value 1.62 X 10 * cm 1 found 
by Pannekoek and Minnaert. R* N, Thomas, from a rediscussion of the 
Cilli4-Menzel data in which he takes the effect of self-reversal into ac- 
count, obtains a value of 1.08 X 10 * cm** 1 . 

Helium exhibits an interesting behavior. The data of CilU6 and Men- 
zel, Pannekoek and Minnaert, as well as subsequent observations by 
E. .1, Perepelkiu and 0. A. Melnikov, show that the intensities of the 
He I lines increase with height up to about 11)00 km and then slowly 
decline. The A4680 He II line, which is sometimes observed in regions 
of high excitation, falls off slowly in intensity with increasing distance 
from the limb. 



11. The Electron Density and the Temperature of the Chromo- 
sphere 

We may compute the electron density in the lower chromosphere 
from the Inglie-Teller formula [eqn. (173) of Ch. 8], For example, 
Mitchell’s plates showed Palmer lines up to n = 37, if most of the 
electrons of the chromosphere are supplied by hydrogen, as appears 
plausible because of the high abundance of this clement, A f * = A r c , and 
we find log N k — 11.49 at a height of 500 km, Wildt has shown that 
the electron density of the upper chromosphere merges smoothly into 
that of the corona as evaluated by Baum bach. The intensity of the 
continuous spectrum at the head of the Balmer series gives yet another 
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estimate of N r * If we employ Menzel and CUtid's measurements of the 
emission per unit volume per unit frequency interval at the base of the 
chromosphere, E = 3.8 X 10 ergs/cm*/ sec, in conjunction with eqn. 
(106) of Chapter 5, we find N t = 4 X 10 n (which corresponds to about 

0.6 dynes) for an electron temperature of 10,000° K. The electron pres- 
sure in the layers responsible for the Fraunhofer lines is of the order of 
20 dynes. 

The chromosphere deviates strongly from thermodynamic equilibrium 
so that it is not possible to specify a unique temperature that would 
characterize all physical processes occurring in these layers. Instead, 
one may define a temperature of the chromosphere in terms of any one 
of the following processes: 


1. The distribution of electron velocities, 

(a) As measured from the Balmer continuum [cf. eqn, (107) of 
Ch. 51. 

(b) As measured From the profiles of emission lines. 

(e) As estimated from the intensity of radio waves. 

2. Distribution of atoms among excited levels (Boltzmann formula). 

3. Ionization equilibrium (Saha equation). 

Cillifi and Menzel measured the distribution of energies in the Balmer 
continuum. Their results lead to an electron temperature of 5000°K, 
Their method, however, is open to question, Lyot's observations sug- 
gest that the continuous spectrum of prominences arises largely from 
electron scattering. 

The profiles of chromospheric emission lines broadened by Doppler 
motions (and possibly by turbulence as well) should provide a clue to 
the kinetic temperature. The intensity distribution in an emission line 
unaffected by self-reversal will be given by eqn. (21) of Chapter 3 if 
turbulence is not present. Measurement of the profile, J(X) f will give 
the most probable velocity a and hence the kinetic temperature defined 
by eqn. (12) of Chapter 3. if turbulence is present and the motions 
can be represented by a random (Gaussian) distribution along the line 
of sight, a- in eqn, (21) of Chapter 3 will be replaced by V 2 , defined by 
eqn. (159) of Chapter 8. If the turbulence much exceeds the thermal 
motions, equally intense lines of all elements should have nearly the 
same profiles. If a greatly exceeds the turbulent velocity £, the breadth 
of the line ought to decrease with increasing atomic weight. 

R. 0. Redman used eclipse observations of weak, sharp, chromo- 
spheric lines of hydrogen, helium, and a number of rare earths to esti- 
mate a . He found the line widths to depend on the atomic weight in 
such a way as to indicate that turbulence amounts to less than 1 km/sec 
and that the kinetic temperature is about 30,000° K. Wildt found the 
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density gradient of hydrogen to correspond to an atmosphere in hydro- 
static equilibrium with a kinetic temperature of 35,000°K. 1 Ic obtained 
the same gradient from a comparison of the electron density at the base 
of the chromosphere with the electron density at a heigh 1 of 15,000 km 
as estimated by Raumbaeh from an interpretation of the continuous 
spectrum of the corona* The metallic; gradients are sleeper* Presum- 
ably, this is a consequence of increasing ionization with height in the 
solar atmosphere* 

From his observations at the 1952 Khartoum eclipse, however, Red- 
man finds that the kinetic temperature of the chromosphere cannot 
exceed 17,000°K, and the horizontal component of the turbulence cannot 
be greater than 2 km/sec. 

The so-called excitation temperatures may be found from the rela- 
tive populations of excited levels (cf, See* 14 of Ch* 8)* Here we are 
concerned with emission lines rather than with absorption lines, how- 
ever, Goldberg has computed the excitation temperature from the 
helium lines in the chromosphere* The effect of self-reversal upon the 
line intensities is negligible* The excitation temperature appears to in- 
crease with height in the chromosphere, the layers above 070 km giving 
T = 4300°K, the lay Cl's above 2300 km giving T — 6700°K, That is, 
the temperature gradient is reversed. The helium lines, e*g., X4471, 
brighten steadily with increasing height above the photosphere, reach a 
maximum and then fade away at the highest levels. We shall see in 
Sec. 12 that the corona has an extremely high kinetic and excitation 
temperature. Hence it is plausible that, as the corona is approached, 
there is a steady rise in temperature. 

The ionization equilibrium for the metals in the lower chromosphere 
is about what one would expect for an attenuated gas illuminated by a 
black body at 5000°K. Hydrogen and helium present quite a different 
problem. Application of the combined Boltzmann and Saha equations 
implies a temperature in the neighborhood of 10,000°K in order to ex- 
plain the observed emission of hydrogen. Helium is observed in two 
stages of ionization. From the lines of neutral helium we may derive 
an estimate of the number of singly-ionized helium atoms, while from 
X4686 of He II we estimate the number of doubly-ionized helium atoms 
(cf* Sec. 13 of Ch* 8)* An ionization temperature of the order of 20,00G o K 
seems necessary to interpret the observations, (See Problem 5.) 

Further information of interest is obtained from an analysis of the 
relative intensities of successive members of the Balmer series (the Bal- 
mer decrement). The measures by Cilli£ and Menzel have been redis- 
eussed by R. N, Thomas who has shown how the effects of self-absorption 
may be taken into account. He was able to obtain not only an estimate 
of the population in the upper levels, but also that in the second level* 
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Then, on the assumption that the solar chromosphere is in hydrostatic 
equilibrium, he was able to estimate the electron density gradient anti 
the temperature gradient* The latter shows a positive value whose 
numerical magnitude is such that the rise of temperature to a million 
degrees in the corona (cf. See. 12) is understood. That is, the tempera- 
ture gradient is of the order of 1° per 10 meters. The kinetic tempera- 
ture is consistent with that found by Redman. 

Finally, radio-frequency radiation from the sun (Sec. 16) provides 
important clues to the structure of the outer layers. The studies by 
John P* Hagen at the Naval Research Laboratory indicate that the 
kinetic temperature does not rise much above the photospheric value 
throughout most of the chromosphere. Then it rises rapidly as the 
corona itself is approached. 

Summarizing the somewhat contradictory evidence on the tempera- 
ture of the solar chromosphere, we enumerate first the evidence for a 
high temperature: 

(a) Broadening of spectral lines (Redman).* 

(b) Density gradients determined on the hypothesis of hydrostatic 
equilibrium (Mitchell, Wildt, Menzel, and Oil!i£), 

(c) Ionization equilibrium of helium (see Problem 5), 

(d) Balmer decrement (R. N. Thomas). 


The evidence for a low temperature comes from: 

(a) Intensity distribution in the Balmer continuum (Menzel and 
Cillifi}. ' 

(b) Excitation temperatures of helium (Goldberg) and the metals 
(W. Petrie). 

(c) Radio noise measurements (Hagen). 

(d) Excitation of the ionosphere. Woolley lias shown that if the 
temperature of the chromosphere were as high as 35,000° K, the 
level of ionization in the ionosphere would be much higher than 
is observed* 


The radio data demand a low kinetic temperature throughout most 
of the chromosphere. Table 1 gives the variation of electron density 
and kinetic temperature in the chromosphere and corona consistent with 
our best present knowledge. 

In any event it seems likely that the departures from thermodynamic 
equilibrium are so severe that a sharp distinction between the ionization 
temperature, excitation temperature, and electron temperature must be 
made. Worm, as well as Iiagen, suggested that the electron tempera- 

* Unsold has recently concluded, however, that Redman’s data can be interpreted 
otherwise than in terms of a high kinetic temperature. 
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turn rises abruptly in the upper chromosphere, where the density falls 
off rapidly. The transition to the corona, which is characterized by 
a kinetic temperature of the order of a million degrees, takes place 
abruptly. 


TABLE I 

Tub Electron Density and Temperature Distribution in the 
Chromosphere and Inner Corona 


Height hi 
Kilometers 

Number of Electrons 
per cm* 

Temperature 
in °K 

,500 

173,000 X L0« 

5,070 

1,000 

135,000 

5,130 

2,000 

85,200 

5,240 

4,000 

36,300 

5,750 

6,000 

15,100 

(i, 140 

10,000 

2,540 

8,320 

14,000 

620 

23,800 

20,000 

368 

180,000 

28,000 

263 

840,000 

35,000 

230 

810,000 


The electron density is adopted from the work of Allen and van dc Hu 1st for the 
corona, and the work of Wildt for the chromosphere. The temperature distribution 
in the corona is taken from Alfvdn. The temperature distribution in the chromo- 
sphere is adopted so as to give a good fit with the radio data {after John P, Hagen, 
N ava 1 Research J ja boratory), 

Ilagen finds that the 8 mm radio wave observations made at (fie 1952 
Khartoum eclipse cannot be fully represented by a uniform solar chromo- 
sphere with a monotonic rise in temperature upwards. The observations 
appear to be consistent with a model chromosphere of the type suggested 
by Ginvanelli. In this picture the chromosphere is regarded as consist ing 
of a network of high temperature (^20,000°K), and low temperature 
(^5000°K) radial columns, 

12, The Appearance, Brightness, and Polarization of the Corona 

The pearly outer envelope of the sun, the solar corona, is best ob- 
served at total eclipses. Its general appearance, as well as its detailed 
structure, shows a strong correlation with the solar activity. At sun- 
spot minimum there is an extension of the corona in the equatorial di- 
rection; short spikes appear in the regions of both the north and south 
poles. At the maximum of the solar eyrie, the polar spikes are missing 
and the corona has a more uniform appearance. 

The activity in the underlying chromosphere and photosphere has a 
pronounced effect on the corona. Arches, fans, and fibrous filaments 



I'm. JO. — The Corona, August 30, 1005 
(Courtesy, lick Observatory.) 




Fie. 20 . — Simultaneous Photographs of tbs Inner Corona and the 

Prominences 


Top: Tin; solar corona photographed with a coronagraph and polarizing mono- 
dirotnatic fill c-r isolating I In- XU379 line at the center of a hand 3A wide. Bottom : The 
prominences photographed simultaneously in the light of Her with the .same apparatus. 
(Courtesy, H, Lyot,) 
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abound near regions of high excitation. Prominences often appear im- 
prisoned on the interior of coronal arches, suggesting that the coronal 
and chromospheric phenomena are connected. Thus, coronal, as well as 
chromospheric, activity is strongly affected by apparent centers of at- 
traction and excitation on the solar surface. 

Unlike the prominences, t lie corona shows little large-scale motion, 
Lyot made simultaneous moving pictures of the coronal radiation on the 
one hand, and the prominences in the light of Ha on the other. Even 
when the film was speeded up 24 00 times, the corona remained station- 
ary; arches and jets appeared and faded continuously along invisible 
trajectories. That is, the corona modified its shape and appearance 
without perceptible motion. Waldmeicr found local motion of the order 
of 5 km 'sec over active sunspots and in one instance a Doppler shift in 
the X5303 line corresponding to — 150 km/sec. 

The distribution of brightness in the corona as a function of distance 
from the sun has been studied by many observers. From a critical dis- 
cussion of alb observational data, B&umbach found that the mean photo- 
graphic brightness of the corona averaged over all position angles may 
be expressed in the form 

I {p) = 0.0532p-** + 1.425p -7 + 2,565p“ 17 (12) 

where the intensity of the center of the solar disk is taken as 10 fi and 
distances, p, are measured in unite of the solar radius from the center 
of the sun. 

The total light of the corona has been measured visually, photo- 
elect rically, and by bolometric methods. Results differ from eclipse to 
eclipse and from observer to observer. Since the corona is much brighter 
in its innermost portions and varies in shape, form, and intensity with 
l he solar cycle, and since the apparent size of the moon varies from 
eclipse to eclipse, some differences are to be expected. At the 1918 
eclipse, Kunz and Stehbins found the total coronal brightness to be 
about half that of the full moon. Pettit and Nicholson obtained a bolo- 
metric brightness of 1.01 X 10“° that of the sun or 0.47 that of the full 
moon. 

The importance of polarization measurements of the corona was first 
emphasized in 1879 by Schuster who pointed out that such studies 
might give information on the size of the scattering particles. The ob- 
servations are difficult and tend to be affected by scattered light* They 
do show the polarization to be independent of wave length, and that 
the electric vector of the light wave vibrates preferentially in the direc- 
tion perpendicular to l Sic radius drawn from the sun* Let us call the 
intensity of the plane-polarized component in this tangential direction 
1 1 . The intensity of the component whose E vector vibrates along the 
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radius drawn to the sun will Ljc /*, Then the degree of polarization 
may be defined as 


l 1 = ' /( —> where I 0 = I, + 1 R (13) 

On the assumption that the coronal light arises entirely from electron 
scattering, Baumbach calculated the degree of polarization as a fnne- 
tion of the distance from the solar limb in units of solar radii. In 
Fig, 21 we compare his predictions with Ohman’s polarizat ion measure- 
ments, Notice that the observed polarization falls off rapidly with in- 
creasing distance from the sun. Evidently, some source other than pure 
electron scattering must be responsible for the light from the outer 
corona. 



distance from limb (solar radii) 

Fig. 21*- — Polarization in the Corona 

The dashed curve gives the theoretical degree of polarisation on the assumption 
the coronal light comes entirely from electron scattering. The solid curve and dot- 
dashed curves give the measured polarization at the equator and at the pole, re- 
spectively, (After Y, fihman, Stockholm Obaenxtfory Annals 16, 2, 15, 1947.) 


13, The Continuous Spectrum of the Corona and its Inter- 
pretation 

Most of the coronal light arises from a strong continuous spectrum 
whose energy distribution is similar to that of the sun. Within the so- 
called inner corona, 5 ; to 10' of the limb, the spectrum of the corona is 
purely continuous. Beyond this point, in the so-called middle and outer 
corona, emission lines appear. Finally, in the outermost portion of the 
corona, the Fraunhofer absorption lines reappear. They are weaker 
than in the solar spectrum but of about the same width. 

If the intense continuous spectrum of the inner corona arises primarily 
from electron scattering, as its faithful reproduction of the sun's color 
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would indicate, very large electronic velocities would be required to 
obliterate completely the dark-line Fraunhofer spectrum. The H and 
K lines of Ca II are almost completely washed out. The depression in 
the solar energy distribution caused by I lie crowding together of many 
strong dark lines beyond X38G0 is reproduced, however, in the coronal 
spectrum. No individual lines arc present; all appear to be smoothed 
out by the swift motions of the scattering electrons. Grotrian est imated 
that a thermal width for the scattering electrons of the order of GOA 
would be required to produce the observed effects. Then [cf. eqn. (25) 
of Ch. 3] an electron temperature of the order of 300,000° K is implied. 

The continuous spectrum of the middle and outer corona consists of 
two components: the K component which has no Fraunhofer lines and 
evidently arises from electron scattering, and the ¥ component which 
is a pure reflection of the Fraunhofer spectrum. Grotrian suggested 
that the latter arose from scattering by small particles possibly related 
to those that cause the zodiacal light. The discussions by O. W. Alien 
and H. C. van de Hulst strongly favor this explanation. In fact, van 
de Hulst has subtracted the contribution of the "false corona” which 
contributes about 30 per cent of the total light and has shown that the 
true coronal light, due to electron scattering, may be represented by an 
expression of the form 


I(P) - 


1.125 

V 1 


2,505 
+ p n 


(14) 


'Hie ratio of the F and K components varies with position angle and 
perhaps from eclipse to eclipse. The streamers belong to the true corona 
which is stronger near the solar equator than the pole, while the false 
corona is circularly symmetrical at all distances from the sun. 

From the coronal brightness distribution, eqn. (12), Baumbach cal- 
culated the emissivity e(r) per unit volume per unit solid angle as a 
function of the distance from the center of the sun. Then, on the as- 
sumption that the luminosity arises from the scattering of the photo- 
spheric light by free electrons, he computed the electron density N c as 
a function of r. We must modify his discussion so as to lake account of 
the light of the true corona only. If 


e(r) = Air + Atfr* 

we may write 

I{P) = W + L(p) = A 'f + 

From the geometry of l lie problem (sec Fig. 18, with p = n + x) 


(15) 

(16) 


r = Vp- -j- i/ t y = p tan 0, r = p sec 0 


(17) 


Then* 
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Ii(p) = A 



d( p tan 0) _ 2Aj 
p a see® 6 p u “ T 



6 dO = VV 



(18) 


with a similar expression for / 2 , Hero r denotes the gamma function. 
Thus if I{p) is given in the form of eqn. (14) , we may compute the 
emissivity with the aid of eqn. (18). With a millionth of the sun's 
brightness at the center of the disk as our unit of luminosity* and (he 
solar radius as the unit of length* the emission function becomes 


r ?M iW _ 115 , 4.157 
m ~ 4tt " r* + r» 


( 10 ) 


For isotropic radiation the scattering coefficient per electron is 0.66 X 
10 - -’ 4 , and the corresponding scattering coefficient per unit length (solar 
radius) is 

S = 0.66 X 10-*ViAT e = 4.60 X 1Q- U N* (20) 

The total amount of scattered energy follows from an integration of the 
incident intensity over all directions: 

j(r) = sf I dw = 4 wSl (21) 


where Q is the solid angle subtended by the sun at the point r in the 
corona, and / is the intensity of sunlight. When 7 is computed, N c 
may be found from j(r). 

Recently* van de Hulst has discussed the brightness, polarization, 
and electron density of the corona, in a more elaborate fashion, taking 
into account the fact that the density depends on the solar cycle and 
the latitude. lie used Baumbach's work plus new photoelectric observa- 
tions which show that the brightness at the maximum of the solar cycle 
is 1,8 times the brightness at minimum. Table 2 gives the electron 
density as a function of r for the equatorial and polar regions. 

II, Alfvfin and M. Waldmeier showed that if the inner corona was in 
hydrostatic equilibrium with a density gradient such as that implied by 
Baumbach’s work, a temperature of the order of a million degrees would 
be required. Under these conditions, the actual heat loss of the corona 
would arise mainly from free-free transitions of electrons, Biermann 
and ten Bruggencate find the rale of heat loss of the whole corona to be 
6 X 10 2 * ergs /sec, about a hundred times smaller than the observed 


* See* for example, B, O. Peirce, A Short Tabic of l ntcgrals (Boston : Ginn & Co., 
1929), p. G2, 


See. 141 


SOLAR PHENOMENA 


379 


TABLE 2 

The Electron Densities in the Solar Corona at Time of Sunspot 

Minimum* 


r 

Unite of 

Solar Radius 

Equatorial 

Region 

Polar 

Region 

LOO 

227 X 10 s 

174 X 10 s 

1.03 

178 

127 

1.06 

132 

87.2 

1,1 

90 

53.2 

L2 

39.8 

tl>,3 

1.3 

21.2 

5.98 

1.5 

8.3 

1.41 

1.7 

4.00 

0.542 

2,0 

1,58 

0.195 

2.6 

0.374 

0.040 

3.0 

0.176 

0.017 

4.0 

0.050 

0.004 

5.0 

0.025 


0.0 

0.016 



* After H. C. van de Hu 1st, BA. A r . 11, 135, ID50. 

brightness. The observed coronal continuum is almost entirely scat- 
tered photosphcric light and does not represent a loss of thermal energy 
from the corona. 

14. The Line Spectrum of the Solar Corona 

The identification of the emission lines in the solar corona marks an 
outstanding achievement of spectroscopy. The most conspicuous of 
these lines is the green X5303 line discovered by Harkness in 1869. 
Other strong lines include the red radiations at X6375 and X0702, three 
lines in the infrared at X7892, X10,747, and X10J98* and one in the ultra- 
violet at X33S8. Not all of these lines show the same intensity ratios in 
different parts of the corona. Lyot* who was able to photograph all of 
the stronger lines outside an eclipse, classified them in three groups on 
the basis of their behavior. 

Unlike the forbidden lines in the nebulae, the coronal lines are fuzzy 
instead of sharp* with widths of the order of 0.8 to 1.0A, which become 
larger toward the red. Their radiation is un polarized. Attempts to 
identify these lines proved unsuccessful for many years. 

In 1939 Grotrian pointed out that the term separations, — 2 P 3 /*, 
of the 3s 2 2 p b configuration of Fe X and that of a Fi — *Pi of the con- 
figuration 3s 2 2p 4 of Fe XI* which had been measured by Edlgn, corre- 
sponded to the frequencies of the red coronal lines, X6374 and X7892. 


r 


[Ch. 9 


380 ASTROPHYSICS 

Edi6n had also studied the spectra of Ca XII and C& XIII and had 
noted that certain weak coronal lines coincided with the corresponding 
forbidden lines of these ions. The experimental basis for the identifica- 
tion of coronal lines ia summarized in Table 3* The terms were com* 
puled from lines in the far ultraviolet, 00 to 150 A. Hence the resultant 
prediction of the positions of the coronal lines could be subject to appre- 
ciable error. The important point, however, is that assuming the above 
identification to hr correct, Edl§n was able to work out the origins of 
the other coronal lines in a consistent fashion. 


TABLE 3 

The Expbrim ental Basis for the Direct Identification of Coronal 

Lines * 


Laboratory Data 

Corona 

Electron 

Configurations 

Forbidden 

Transition 

Separation as 
Obtained from 
Observed 
Laboratory 
Lines 

Wave 

Number 

Wave 

Length 

Pc x 3s“3p 5 

Fc xi 3s-3p* 

Ca xn 2s 2 2p s 
Ca xni 2s-2p 4 

2 P _2p 

1 \/% *8/2 

3 Fi- s J? 2 
*^l/2 - “^*3/2 

S P I ~*P ; , 

15,687 cm -1 
12,673 

30,028 

2-1,464 

1 5,683 enr 1 
12,668 

30,039 

24,465 

6374.5 A 
7891.9 
3328 
4086.3 


* Courtesy, P. Swings, Public, Aatron* Soc* Pnc, 67, 125, 1945. 


Several important points are to be noted. Fe IX has a configuration 
3s-3p* l So and hence can give no metastable levels. Fe VIII has a 
3s 2 3p fi 3d configuration and therefore a and a 2 Dm level but the 
term separations of these levels are too small to give lines in the astro- 
nomically accessible region. The forbidden lines of Fe VII are observed 
in certain novae and peculiar stars, but definitely not in the corona. 
Hence we can look for the identification of the coronal lines among the 
3$ 2 3 p — 3s*3p & configurations of the iron group. Fe XII and No XI\ 
are missing because the intensities of their lines that fall in observable 
parts of the spectrum are too low, 

Edl6n studied first the 3s 2 3p and 3s-3p" configurations which give a 
- p term only. Laboratory investigations of isoelectronic sequences have 
shown that the splitting of this term accurately follows a relation known 
as the regular doublet law, viz., 

»( % Pw ~ *Pm) - a)* ( 22 ) 

where Z is the atomic number and the screening factor a is nearly con- 
stant. The identification of Fe XIV and Ni XVI by this method is 
illustrated in Table 4 of the isoelectronic sequence 3s*3p (A1 I, Si II, etc.) 
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TABLE 4 


Ground Term Splittings in Isoeij#ctroniu Seuuenc-js 


Atomic 

No. 

Ion 

- 2 Pm 

Term 


Difference 


Separation em“ J 




(3 

All 

1 12.04 

2.939 


0.781 

14 

Si 11 

287.3 

3.720 


0.075 

(5 

PHI 

559.0 

4.395 


0.022 

Hi 

8 IV 

950.2 

5.017 


0.599 

17 

Cl V 

1 ,492 

5.610 


0.579 

18 

AVI 

2,210 

6.195 


0.504 

19 

K VII 

3,131 

6.759 


0.500 

20 

Ca VIII 

4,305 

7.319 


0.552 

21 

Sc IX 

5,759 

7.871 



22 

(TiX) 




23 

{VXI) 




0.543 

24 

(CrXH) 




25 

(Mn XIII) 





20 

Fc XIV 

18,852.5c 

10.538 


0.538 

27 

(Co XV) 

— 

— 



2S 

Ni XVI 

27,702c 

1 1.661 




* P. Swings, "Edl&n’e Identification of the Coronal Lines, ir Ap. J . 98, 110, 1943. 


which is abstracted from the table by Edl6n. The first two columns 
give the atomic number and the ion; the third column gives the term 
separation, "Pm “ *P in = A?, in the wave number units, cm -1 , and the 
fourth column gives Vf where 

r - |Ar (23) 

Notice that the differences run very smoothly. If we assume that the 
green coronal line (whose wave number is 18,852 cm -1 ) belongs to Fe XTV, 
the resultant mean value of the difference tabulated in the last column 
is quite consistent with the run of the table. The ions in parentheses 
are those whose term splittings have not been observed; c denotes an 
observed coronal line. Fe X and Ni XII can be identified in the same 
way from the 3s 2 3p 6 isoelectronic sequence. The intensity ratios of the 
iron and nickel lines give further support to the suggested identifications. 
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For the 3s i 37> 2 and 3s*3p 4 configurations, the extrapolation ran lie 
carried out by more complex lull equally accurate methods. 'I 'he re- 
sults are shown schematically in Fig. 22. We find that Fe, Ni, and Ca 
contribute nearly all of the observed coronal lines. The next step is to 
examine the mechanism for the production of the corona) tines and see 
if the predicted intensities agree with the observed intensities after the 
known abundance ratio of Fe and Ni has been taken into account. 

V-ICT 
30 
20 
10 
0 
50 
40 
30 
20 
10 
0 
50 
40 
30 
20 
10 
0 
30 
20 
10 
0 


Fio. 22. — I.hoei.ectkonic Sequences Involving the Coronal Transitions 
{After II. Edlfia ; courtesy, Astro-physical Journal, Cuiversity of Chicago Press, 98, 
120, 1943.) 

Edl6n supposed that the coronal lines were produced by coliisioual 
excitation from the ground level, followed by a return to a lower level 
with the emission of a forbidden line. This is the mechanism responsible 
for the excitation of the forbidden lines in the planetary nebulae. 
Excitation by radiation also plays a role, but this process is probably 
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somewhat less important than collision al excitation. Edlfin was able 
to account for the observed intensities of the coronal lines, not only 
qualitatively, but also semiqun ntit&t t voly . 

TABLE 5 

Coronal Euxssion Lines 


Wave 

Length 

Intensity in Sun 

Intensity 

T ('or Bor 

Identi- 

fication 

A m 

K.P. 

ev 

LP. 

ev 

Grotrian 

Lyot 

3328.0 

1.0 



Ca XII 

480 

3.71 

589 

3388.0 

10 



Fe XIII 

73.5 

5.93 

325 

3454.1 

2.3 







3001.0 

2 A 



Xi XVI 

192 

3,43 

455 

3642.9 




Xi XIII 

16.5 

5,80 

350 

3800.4 








3980 J 

0.7 


0 

Fe XI 

9.08 

4.00 

261 

4080,3 

10 



Ca XIII 

319 

3.02 

655 

423L4 

2.6 



Ni XII 

237 
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5604.42 


1.2 


Ca XV 
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2,18 
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FeX 
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1,94 
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Ni XV 

56.3 

1.84 
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7009.02 
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Fe XV 

38 

31.7 
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Fe XI 

43,5 

1.56 

261 

8024,21 


0,5 


Ni XV 

20.2 

3.38 

422 

10740.80 


55 


FeXIII 

14.0 

U5 

325 

10797,95 


3o 


Fe XIII 

9,5 

2.29 

325 


Table 5 lists the emission lines observed in the corona. Successive 
columns give the wave length adopted from the work of S, A. Mitchell 
and of 1). H. Menzel and W. Petrie, the intensity according to Grotrian 
and to Lyot, the intensity on Feb. 15, 1946, in the repeating nova T 
Corona Borealis as observed at Michigan, the identification, the transi- 
tion probability, the excitation potential, and the ionization potential in 
ev. The ionization potential refers to the next lower ionization stage. 

Edlfin showed that other ionization stages of iron and nickel are not 
observed because the relevant transitions fall in an inaccessible part of 
the spectrum or the transition probabilities are too low. Highly ionized 
atoms of neighboring metals might be expected to appear, but if the 
chemical composition of the corona is the same as that of stellar atmos- 
pheres, the lines would be too weak to be observed against the strong 
background of the coronal continuum. Calcium and probably argon 
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arc also present, Xo forbidden or permitted line of silicon, carbon, 
nitrogen, oxygen, or neon is possible in the corona under the conditions 
that presumably exist there.* 
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Fiti. 23 . — Transition Schema for the Principal Coronal Lines 
(After B. Edten. Courtesy, P. Swings, Publications of jUtranomical Society of the 
Pacific 57, 125, 1946.) 


The great width of the coronal lines, the high level of ionization of 
Fe, Ca, and Ni, the washing out of the Fraunhofer spectrum by electron 
scattering, and the vast extent of the corona— all demand a temperature 
of the order of 500, 000° K. 


* A number of years ago, H. W. Babcock found the strong [FeX] X6374 coronal 
line extending into the region of the chromosphere, McM&th, Goldberg, and Mohler 
have found this line as a fuzzy feature in absorption in the Fraunhofer spectrum with 
an equivalent width of the order of 0.01 A, corresponding to about 10» absorbing 
atoms There does not seem to In- enough Fe X in the corona to produce a me oi 
this intensity; perhaps this material exists in quantity even m the chromosphere as 
Babcock's observation would suggest. 
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The absence of the rec ombination lines of abundant hydrogen is also 
indicative of a high temperature. Since the recombination rate at high 
temperatures varies as at 500,000° K these lines would be 360 times 
weaker than at 10,000°K. Furthermore, they would be as wide as 7A 
and superposed on a strong continuum. An elementary calculation 
shows that these weak broad lines would show so little contrast with the 
continuum as to be invisible. Goldberg and Menzel find that Il<* will 
be absent from the spectrum if T\ » 25N Rf For = 300,000°K and 
N c — 10 s we find that this inequality holds, 

Lyot and Waldmeier’s coronagraphic work shows that different coro- 
nal lines have different distributions. There are “red” regions of rela- 
tively low excitation where the X6374 [Fe X] lint' is abnormally strong 
and “green” regions where the X5303 [FeXIY] line and other high ex- 
citation lines are strong. There is a positive correlation between the 
stronger chromospheric plages and the coronal maxima but the coronal 
line emission tends to be strongest in the spot regions. Here appears 
the X5694 line, which Roberts finds to be at least occasionally associated 
with prominences of the sunspot type, it is normally about 0.05 as 
bright as X5303 [FeXIY] but Waldmeier once observed it to be three 
times as strong as X5303 over an active spot group* Lyot found the line 
to show a different behavior from that of any other coronal line. 

In some regions, Waldmeier found X5303 to be unusually strong. 
He refers to these as “C regions.” They appear to he related to ter- 
restrial magnetic storms anti aurorae, which seem to appear about 0,6 
days after these areas cross l lie solar meridian, according to Waldmeier's 
observations. 

16. Theories of Coronal Excitation 

A satisfactory theory of the corona must not only account for the 
high degree of ionization observed, but also it must explain the simul- 
taneous occurrence of four or more ionization stages of iron and nickel, 
it must account for the shape of the corona and the form of the stream- 
ers. Finally, it must explain why the excitation tends to be greater 
near disturbed areas such as sunspots. 

Kiepenheuer has discussed the general form of the corona on the 
basis of various hypotheses about solar magnetic fields. The high ex- 
citation of the corona has been attributed to the kinetic energy of inter- 
stellar material accreted by the sun (Vand, Bondi, and Lyttleton), high 
speed particles accelerated by fluctuating magnetic fields in the neigh- 
borhood of spots (Kiepenheuer), illuminat ion from small intensely heated 
areas on the solar surface (Menzel and Goldberg), dissipation of shock 
waves from solar granules (Biermann, Schwarzschild, and Schatzman). 
Critical assessment of these theories is difficult. Mechanisms such as 
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accretion or shock waves must he supplemented by other “local” phe- 
nomena to account for the high excitation near disturbed areas. 

In the Sohwarzsohild theory, the energy of the corona is supplied by 
a stream of acoustical waves that originate in the turbulent motions of 
granules, transport mechanical energy through the photosphere and 
dissipate it as heat in the upper chromosphere and corona. 

As the granules rise through the unstable layers, they are slowed 
down and part of the mechanical energy is dissipated in the form of 
compression^ waves. Since their formation and dissipation takes place 
in a random way, the energy they transmit to the overlying strata may 
be partly in the form of acoustical waves which are simply superposed 
without phase or amplitude relation with one another. The waves 
move with a propagation velocity V which is almost identical with the 
velocity of sound. Since w is the mean material velocity in the waves, 
the energy density is pw~ t and the noise flux is of the order of pw- V , cm-. 
The exact numerical coefficient depends on the shape of the wave. 

The kinetic energy of a granule of diameter d, density p> and velocity 
v is 

E = |p|dV (24) 

The granular velocities v are of the order of \ km/sec. With p = 10 -T 
gm/cm 3 (corresponding to a point near the top of the convective layer), 
and d = 10 s cm, the energy per granule will be about 0 X 10- 3 ergs. 
If, at any time, there are 10“ granules on the surface of the sun and their 
lifetimes are 200 seconds each, the rale of energy transport will be 

= y = 3X 10“ ergs/see (25) 

If we take the velocity of the granule, \ km/sec, as equivalent lo the 
material velocity of agitation, and note that the velocity of sound in an 
isothermal photospheric layer is 

y-S T ^ 7 km/sec (2ft) 

$ * 

where M is the mass of the average atom, the upper limit to the energy 
transport in the wave will be 

F m tx = ptTPV = 1,7 X 10 s ergs/sec/cm* (27) 

At any one instant, only a portion of the solar surface is covered by ris- 
ing granules. Since the noise flux, F = pwW is constant, a decrease in 
the density p will be accompanied by a rise in the velocity of agitation, uj. 

Not all of the energy carried by the granules is converted into sound 
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energy, if only a tenth is so transformed, the amount of energy avail- 
able for heating the chromosphere and corona will be about 3 X 10 28 ergs. 
The total amount of radiation lost by the corona, principally as free- 
free and bound-free transitions is I0 23 ergs/sec, while as much as ID 27 
ergs/sec may be radiated by the chromosphere. Hence the granular 
noise appears capable of supplying enough energy. 

After a few “wave lengths,” the acoustical waves degenerate into 
shock waves. Unlike an electromagnetic wave, whose velocity is gov- 
erned solely by the properties of the medium through which it is passing, 
the amplitude of a compressions! wave in a fluid will have an influence 
on its velocity. If l he amplitude is large, the top will propagate with a 
greater speed than the base and the latter will tend to become distorted 
(see Fig. 24). 



Fig. 24. — Deformation of a Wave of Finite Amplitude into a Shock 

Wave 

The crest of the wave movies faster than the velocity of Bound, the wave becomes 
distorted, arid finally evolves into a shock wave as the front face becomes vertical. 


The number of wave lengths required for a sound wave to be trans- 
formed into a shock wave is of the order of V fw* 

The acoustical waves pass through the photospheric layers without 
appreciable dissipation of mechanical energy, since the material velocity 
w in an individual wave is much smaller than the sound velocity F. 
For example, in the photosphere, where w - l km/sec and V = 7 km/ 
sec, w/V = 1/14, In the chromospheric layers where the density has 
decreased by a factor of 100 , w will have increased by a factor of 10 , 
w/V will be 1/1.4, and the sound wave will be transformed to a shock 
wave. 

A shock wave can be described as a surface of discontinuity moving 
in a fluid with a velocity V which is always greater than that of sound 
and is larger the greater the discontinuity in pressure and density. The 
material velocity ith, the pressure pi, and the density p\ in front of the 
wave are related to the corresponding quantities p* behind the 

wave by means of the Hugoniot relation for the conservation of energy, 
and by the equation for the conservation of matter, and by the amount 
of momentum carried across the shock front. 


* Small sounds do not evolve into shock waves because they are damped out by 
viscosity before they travel such a distance. In an explosion, on the other hand, P is 
much greater than P n {the initial pressure) and a shock wave appears at once and 
energy is quickly lost. Shock waves of velocity 6000 km/sec in tubes have been ob- 
served to fall appreciably in intensity in 2 meters. 
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The velocity and energy of a shock wave gradually decreases as it 
progresses. The discontinuity of P and p at the shock front is abrupt. 
As the wave passes through the gas, the latter experiences a non revers- 
ible compression. Subsequently, it expands adiabatic&Uy, but the wave 
does not get back all the work done in the sudden compression ; some of 
the latter is dissipated in heat. 

We can calculate the amount of energy thus degraded if we suppose 
that the shape of the wake behind the front is always conserved* It is 
found that the greater the velocity of the material within the wave, the 
faster the dissipation of energy* 

Schatzman has considered in some detail the transfer and dissipation 
of shock wave energy in the chromosphere. The compressional waves 
arc transformed into shock waves within a few hundred kilometers. 
Because of the steep temperature gradients, V increases rapidly and the 
sound waves are refracted downwards through the chromosphere and 
dissipated into heat** Shock waves cannot move through the corona 
where the mean free path of an atom is much greater than the size of 
the wave. Energy transport in this region is chiefly by conduction* 

The shock wave mechanism seems to explain the observed tempera- 
ture and density distributions in the chromosphere and corona* The 
sharp maximum of the temperature distribution in the lower corona 
arises from the effects of the bending of the sound waves by the steep 
gradient. If refraction were not present, the temperature maximum 
would be too far away from the photosphere* 

Acoustical waves may explain the large turbulence observed in the 
atmospheres of the giant stars* Their low surface gravities permit the 
passage of progressive waves of long period, c.g,, 10* seconds* The rate 
of energy dissipation is much slower than in the sun. From the condi- 
tion of conservation of flux of mechanical energy, the equation of hydro- 
static equilibrium, and the relation between opacity and absorption co- 
efficient, it is possible to calculate t he velocity of agitation of the material 
w at a chosen optical depth as a function of the mass, radius, and lumi- 
nosity of the star. The values of w computed in this way are in good 
agreement with the observed values for stars like d Oanis Majoris, 
r Aurigae, and vj Aquilae* Stars of high surface gravity such as the sun 


* The bonding of the wave will depend on its period. If the period is as long as 
200 seconds, the wave would simply lie reflected by the steep density gradient and 
would never penetrate to the U|>|>or layers* For periods much shorter than 200 see- 
onds, the velocity of propagation is almost independent of the frequency. Schat Kmart 

has suggested that waves with a quasi-period of the order of 15 seconds are required* 
Jf the period is known, we can compute the energy dissipation cmF/scc and determine 
what value of w is required to reproduce the observed energy output. At 1:100 km 
we find a mean random velocity w of about 2 km see as compared with a maximum 
observed turbulent velocity of the order of 1 km/sec* 
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or 10 Lacertae cannot provide large turbulent velocities because of the 
strong dissipation of mechanical energy. 

Although the general excitation of t he corona may be explained by 
ihe hypothesis of granular noise, its behavior in the neighborhood of 
spot 8 suggests that additional causes must act* It is possible that 
charged particles are accelerated to high speeds by varying magnetic 
fields. Alternatively, small areas may become intensely heated and 
produce an excess of radiation in the far ultraviolet capable of affecting 
the corona; these are the hot spots suggested by Mcnsscl and Goldberg, 

Allen finds that the accretion of the particles responsible for the zodi- 
acal light as well as the sweeping up of interstellar material is much too 
.small to supply the energy lo*st by the corona. The irregular nature of 
the temperature distribution as shown by the variation of X5303 in space 
and time is difficult to understand if the source of energy is external to 
the sun* The complicated isophotic contour of this and other lines like- 
wise makes it extremely doubtful that the corona is in hydrostatic equi- 
librium. On the contrary, these irregularities strongly suggest the 
influence of electromagnetic forces. A dynamical rather than a pinch 
static model of the corona must be sought . 

16* Radio-Frequency Radiation from the Sun 

A new field of research was opened by the discovery of radio-frequency 
(r,f.) radiation. This solar noise may be divided into the following 
categories: 

(a) Quiet thermal noise 

(h) Steady sunspot noise 

(c) Noise storms and bursts 

(d) Outbursts 

(e) Nonpolarized bursts 

(a) Quiet Thermal Noise 

Although the r.f* solar radiation shows a considerable fluctuation in 
intensity with time, at each frequency there exists a finite minimum 
solar noise flux that is related to the radiation from the sun’s outer en- 
velope* Fig. 25 shows the dependence of the intensity on the frequency. 
The r.f. flux is expressed in terms of the temperature a black body sub- 
tending the same diameter would have to have in order to emit the same 
amount of radiation. Notice that at low frequencies this temperature 
seems to be about a million degrees but that for frequencies greater than 
about 10“ me /sec, the “temperature 11 approaches 1 0,000° K* 

The theoretical interpretation of this r.f. radiation from the quiet 
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sun in terms of thermal emission has been highly successful** A radio 
wave of frequency v vvill travel in an ionized medium as long as 


V 

> 


JV r u- 

mn 


(28) 


where N c is the electron density. A wave whose frequency exceeds 
10 : ' megacycles could penetrate the chromosphere, A 7 C < 10 1 *, and its 
intensity should be correlated with the effective temperature of the sun, 
as is observed to be true. For wave lengths of the order of 5 meters, 
the critical electron density is of the order of I0 s /cm 8 . Such waves 
must originate in the corona; hence the high temperature of approxi- 
mately 10 6O K is understandable. 



Fm. 25 . — The Relation Between the Radio-Frequency Radiation 
from the Quiet Sun (Expressed in Terms of the Logarithm of 
the Apparent Temperature) and the Logarithm of the Fre- 
quency (Megacycles /Sec) 

(Adapted from a diagram by C. W. Allen — Seventh report, of the Commission for 
the St udy of the Relations Between Solar and Terrestrial Phenomena.) 


From the wave length variation of the intensity of the radio-frequency 
radiation of the quiet sun, it is possible to determine the electron tem- 
perature of the chromosphere and corona, provided the electron densi- 
ties in the corresponding layers are known, J. li. Hagen of the Naval 
Research Laboratory has discussed measurements of the monochromatic 
“temperature” 7 \ of the sun at 0.85, 3.14, 10.6, and 50 cm. He assumed 
that the emission of radio waves takes place according to KirchhofFs law. 
Hence the signal intensity /* at a given wave length will consist of con- 
tributions from different layers. Since the Rayleigh-Jeans law, eqn. (17) 

* The radiation of the quiet mn can also be regarded a* produced by free-free 

transitions. Equivalent formulae arc obtained. 
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of Chapter 5, applies, the emission at tmy point is proportional to the 
temperature, and „ 

l\ ^ j fc^pT r& "* ** ds (29) 

Mere 7\ is the electron temperature at a height r above the solar surface, 
while ds is the element of integration. The absorption coefficient for 
radio waves, fc Xj may be computed as a function of N t$ T, and X with 
the aid of formulae given by Cowling. The integration is carried out 
over the relevant layers of the solar atmosphere. Hagen adopted N c 
from the work of Wildt, Baumbach, and van de Hu 1st, and found the 
variation of T r with height which would reproduce the observed radio- 
frequency intensities. Ills data give strong support to the idea that the 
kinetic temperature of the chromosphere is low and rises abruptly as 
the corona is approached. Similar studies have been carried out by 
Smerd and others. 

With an apparatus of high resolution, or ideally from eclipse observa- 
tions, it is possible to measure the brightening towards the limb, as a 
function of wave length. In this way we shall be able to End the varia- 
tion of N t as well as that of T e . When data of high resolution and ac- 
curacy arc available, these methods promise to be the most important 
for the determination of N E and T e in the solar envelope. To date it 
lias not been possible to get a complete intensity curve J(r) across the 
disk.* The best determined factor is the ratio of the center of the disk 
temperature To to the apparent, temperature of the whole visible disk. 
The observations agree well with the predictions of the theory of 
S. Smerd. 

(6) Steady Sunspot Noise 

In the higher frequencies (X < 10 cm) there occurs in addition to the 
thermal noise a steady “hum” whose intensity depends on the size and 
number of sunspots. Near the sunspot maximum this hum may be 
comparable with the quiet thermal noise in the same wave lengths. 
The noise appears to be emitted from an area about ten times larger 
than the actual spot areas and sometimes lasts after the spot has dis- 
appeared. This sunspot "hum” is sometimes polarized. The effect of 
a magnetic field on an ionized gas is to doubly refract radio waves. 
The ordinary ray comes from deeper, the extraordinary ray from higher, 
layers in the solar atmosphere. 

* For X < (10 cm the radiation at the center of the disk comes from the photo- 
sphere. Towards the limb the radiation lends to come from the corona as the rays 
tend to come at grazing incidence. The apparent temperature of the limb is about 
850,000* K. When X > 1 meter, all radiation comes from the corona and the apparent 
temperature is high except toward the limb where the optical depth decreases because 
of refraction. The mn is large, fuzzy, anti darkened to the limb. 
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Radiation of meter wave length sometimes increases for hours or 
days and produces "noise storms” or enhanced radiation. Although 
this noise is associated with sunspots it differs from the steady sunspot 
hum in that it probably consists of many small bursts upon which are 
superposed large bursts with frequencies from 50 to 200 megacycles/sec 
with a lifetime of about 2 seconds. The burst radiation is incoherent, 
has a line spectrum, is circularly polarised, and is not correlated with 
disk phenomena. The intensity of the noise is connected with the cen- 
tral passage of sunspots and shows that the noise is emitted in a cone of 
total angle less than 40°. 

(d) Outbursts 

Outbursts also appear on meter wave lengths but last for times of 
Hie order of ten minutes and show a high, erratically varying intensity. 
They are closely associated with solar flares. 

(e) Isolated Nonpolarized Bursts 

Finally, isolated nonpolarized bursts with X ~ 10 ems seem to come 
from sunspot areas. 

The hursts and outbursts cannot be of thermal origin. They may 
originate from the oscillations of the positive and negative charges with 
respect to one another in an ionized gas or “plasma” (plasma osciltar 
tions), The period of oscillation is given by 

T = ^ (30) 

If <1 current of particles moves into an ionized gas, small oscillations 
may !>e amplified under certain conditions as IJohm and Gross showed. 
Giovanclli suggested that as the magnetic fields of sunspots grow, elec- 
tric fields are induced that may accelerate electrons and produce oscil- 
lations. The emission of a plasma in the presence of a magnetic field 
is directed in space. 

Outbursts are closely associated with intense flares. Payne Scott 
and A. G. Little found the source of this r.f. radiation to move with a 
speed of about 500 km see outward from the flare into the corona. That 
is, the outburst appears to be produced by a surge. The frequency of 
the radiation drifts is due, presumably, to the Doppler motion. 

The theoretical work for the interpretation of the r.f. radiation from 
the disturbed sun is all of a preliminary character, and much remains 
to be done before the phenomena are completely explained. 
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17. Solar-Terrestrial Relationships 

The influence of the sun on terrestrial affairs has attracted attention 
since the time of Herschel. Solar variations affect radio communica- 
tions, magnetic compasses, and even power Lines. An understanding of 
the effects of solar radiation upon the earth’s atmosphere will make air 
travel safer, will improve radio communications and ultimately may 
solve questions of long-range weather forecasting. Space permits us to 
mention only a few of the high lights. 

Correlations between solar activity on the one hand and the stale 
of the ionosphere, terrestrial magnetism, and aurorae on the other are 
the best established. Radio fadeouts, disturbances of the earth’s mag- 
netic field, and bright auroral displays arc commoner at times of great- 
est solar activity (sunspot maximum). 

Much study has been devoted to the correlation of solar activity and 
ionospheric disturbances. The ionosphere consists of several layers of 
ionized gas, the D , E t and F layers, situated roughly at elevations of 
70 to 100, 110 to 120, and 200 to 300 km above the surface of the earth. 
During the day, at small zenith distances of the sun, the /Mayer is 
broken into two sublayers, the F\ layer about 30 km thick at 220 km 
elevation, and the F 2 layer at 300 km and of 70 km thickness. The E 
and F layers are the most important for correlation studies. During 
the day the electron density in the E layers is about 1.5 X 10* elec- 
trons cm 3 , whereas in the F layers it ranges from 2.5 X 10 a to 10 fi elec- 
trons/ cm*. 

The highest frequency p e which is reflected from a given layer reveals 
(he electron density in accordance with the relation 

N t = 1.24 X IQ^M (31) 

The variation of N c in the h\ layer with the sunspot numbers has long 
been known. E , F t and F* layer ionization also shows a close correlation 
with the calcium flocculi figures. Stetson found the measured values of 
at night also to depend on the sunspot numbers as though the ionization 
of the layers were controlled by charged particles ejected by the sun. 

The most striking correlations are those found between bright solar 
flares and S. I . D/s (sudden ionospheric disturbances) . Short radio waves 
cease to be reflected by the ionosphere, anomalous phase differences be- 
tween the ground and reflected waves in other frequencies appear, and 
parasitica of atmospheric origin are reinforced. The radio fadeouts ap- 
pear to be produced by the absorption in the /) layer of ultraviolet 
radiation from the flare; they appear only on the sunward side of the 
earth. In addition there are often prolonged ionospheric disturbances 
m extensive as to affect the Ionosphere over much of the earth, including 
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the night side* Bright aurorae and magnetic storms tend to occur at 
this time. Flares of moderate or weak intensity (importance 1 or 2) do 
not appear to be correlated with SXD.'s* 

A study of terrestrial magnetism provides additional information* 

It has long been known that a compass needle shows a small-scale 
wavering, which has been attributed to fluctuating magnetic fields aris- 
ing from motions of ions in the upper atmosphere* First, t here is a small 
diurnal motion of the needle presumably caused by the effect of sunlight 
on the upper regions of the atmosphere. Second, there is a constant 
wavering superposed on the diurnal motion* This wavering increases 
at t he time of spring and fall equinoxes and tends to occur in bursts 
separated by a period of 27 days. Third, the needle sometimes shows 
rapid chaotic fluctuations characteristic; of a “storm” that is often asso- 
ciatecl with radio fadeouts and bright flares* Studies of the correlation 
of geomagnetic activity with sunspots show that this activity tends to 
be heightened to a maximum about two days after the meridian passage 
of a very large spot group. The smaller the spot, the less definite the 
correlation, unless the group happens to contain important flares. The 
flares tend to be the important element in the correlation* The mag- 
netic storms are generally related to flares near the center of the disk, 
but sometimes storms are associated with flares near the limb and may 
even be associated with coronal rather than with flare activity* 

It has been suggested that at times of solar flares, corpuscular streams 
are ejected from the sun (perhaps by the pressure of Lyman radiation). 
These strike the earth on an average of 26 hours later and produce geo- 
magnetic storms and bright aurorae that tend to last longer than the 
initial flare* Presumably, these are associated with the surges that arc 
detected by the r,f* measurements* The closest relationship between 
ionospheric disturbances and magnetic storms and aurorae is found at 
high latitudes. Radar studies of the ionosphere indicate that at these 
times streams of ions move in the earth’s upper atmosphere, in regions 
near the pole where the aurorae are observed. 

Oliver Wulf and Seth B. Nicholson have suggested that ultraviolet 
lighl, rather than streams of particles, influences the magnetic fluctua- 
tions* Magnetic storms are produced by whirls and eddies of the charged 
gases of the upper atmosphere* The stability of these layers varies, and 
tempests may be triggered by the ultraviolet light from the sun more 
easily near the equinoxes when the layers are relatively unstable* In other 
words, the magnetic fluctuations are determined by the complex meteor- 
ology of the upper atmosphere which in turn is influenced by the sun* 
A phenomenon of much interest is the increase of cosmic-ray inten- 
sity at the time of bright flares* The percentage increase is small and 
the prevailing opinion (April, 1952) is that the enhanced intensity is not 
due to the production of cosmic rays in disturbed areas of the sun but 
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lo a change in the state of ionization (and magnetization) of the earth's 
upper atmosphere* The penetration of heavy charged particles is 
strongly influenced by the earth's field and if the latter ik changed, the 
character of the cosmic ray spectrum observed at the earth's surface 
will likewise be modified* 

The ionization level of the ionosphere, both in its quiet and in its 
disturbed condition, as well as its response to flares, etc*, may provide 
some important clues to the solar radiation in spectral regions which 
cannot be observed directly* The results will depend on the mecha- 
nisms proposed for the ionization of the F and E layers, usually the 
photoionization of O and X, possibly by radiation beyond the Lyman 
limit from the upper chromosphere* The ionization in the E and I) 
layer is harder to account for as the radiation must get through the F 
layer. X rays from the corona, photospheric radiation from X < 1300 A, 
and Lyman a from the chromosphere have been proposed, but no ade- 
quate theory has been established. 

The high temperature of the corona implies some excess of far ultra- 
violet energy, but the actual amount of such energy must be very small, 
perhaps 10" 7 that of the normal sun* The emission of high frequency 
energy and fast charged particles from disturbed areas of the sun seems 
well established and eventually more may be learned about the sun from 
a consideration of processes that occur in the upper atmosphere. At 
present, unfortunately, the detailed mechanisms which cause the iono- 
spheric layers to behave as they do are not identified and the question 
must be left open* 

Eclipse observations and study of the disturbed sun present some 
knotty problems. From the July 9, 1945, eclipse, Watdmeier concluded 
that the radiation responsible for the E layer was probably of coronal 
origin and associated with the X5303 line, but the observations were not 
definitive. Bosson, Denisse, Gallet, and Seiigman found a sharp fall in 
the electron density in F 2 when a spot group was covered. The J apanese 
observers found a correlation of the Fi region with the occupation of 
active coronal regions. 

From a study of the critical frequencies in the E, Fi, and Ft layers 
and from the correlation of the ionization of the different ionospheric 
layers with spots, calcium flocculi, active coronal regions, etc., C. \\. 
Allen concluded that the E layer is regulated by the flocculi and faculae 
while the Fi and P» layers are associated with the lower corona. The 
augmented ionization of the D layer at the time of radio fadeouts is 
associated with flares, but the type of radiation responsible has not been 
identified. Lyman alpha emission has been suggested, but Ellison s 
observations show that phase anomalies in the reception ot long wave 
lengths, at such times, persist after the Ha emission has disappeared. 
Perhaps radiation from other highly excited atoms play a role. 
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\ ariations In the far ultraviolet solar radiation may lie inferred from 
effect ,s on planets, comets, and the tnooiu W. Becker found brightness 
variations in Saturn and 1. ran us to be correlated by solar activity, while 
l c * Link found the brightness of the lunar surface to be strongly affected 
by variations in the ultraviolet solar radiation as a consequence of fluores- 
cence oi the rocks. V ariations in the brightness of comets may be pro- 
duced by solar activity. The most striking example is the Schwassman- 
Wachmann comet, whose brightness is subject to sudden variations of 
the order of 5 magnitudes, N. Richter suggested that these variations 
were due to solar activity, 

finally, the data obtained by the Naval Research Laboratory from 
rockets fired above the earths atmosphere reveal extreme ultraviolet 
radiation (A < 1300 A) and soft X rays. 

The relation between solar activity and the weather has been the 
subject of an enormous number of investigations. Few correlations 
have been established. It does appear that the mean air temperature 
at the earth’s surface (at least in the tropics) varies with the solar cycle 
in the sense of being lowest at maximum and highest at minimum. Curi- 
ously, C. G. Abbot found no real evidence for an 11?# year periodicity in 
the solar constant, but several workers have suggested that the varia- 
tions may be confined to the ultraviolet and have little effect on the 
total quantity of radiation. This presumably variable ultraviolet solar 
radiation may influence the ozone layer and the circulation of the upper 
atmosphere. 

Long-period fluctuations in the circulation pattern of the lower at- 
mosphere may depend on heat sources in the upper atmosphere. At 
present we have no reliable data on the variability of the direct solar 
heating of the upper atmosphere. Such data might help to solve some 
of the problems of atmospheric circulation and might even permit long- 
range weather forecasting. We must urge caution in drawing correla- 
tions between solar activity and the weather, however. The explosion 
ot a volcano like Krakatoa, which fillet! the upper atmosphere with fine 
dust, may have far greater influence than the solar variability upon the 
temperature at the earth’s surface. 


PROBLEMS 

1. Show that the total intensity in a bright line will be 
I - B(T)( 1 - e-y 

where I, the Planckian function H(T) t and the optica! thickness of the 
radiating layer r, all depend on the frequency. Assume thermodynamic 
equilibrium. 
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2, Calculate the curve of growth for the Ca II K line in emission in 
thermodynamic equilibrium at 10,000°K. 

3, If 1 be chromosphere is in hydrostatic equilibrium with a = O.b X 
IQ-* [cf. eqn, (11)] what is the required kinetic temperature? 

4. The energy emitted /cm 3 / sec in the n — 20 to n = 2 transition in 
hydrogen at the base of the chromosphere is given by Menzel and Ciilid 
as 2 X 10 -4 . The Einstein coefficient A is 2100, If A r e = 3.5 X 10 11 , 
find the temperature from the combined Boltzmann and Saha equations. 

5. Helium is observed in two stages of ionization. At the base of 

the chromosphere Menzel and Cillie find for the 2 3 P lines of He I . 


X 

Terms 

I-X 

Jog A 

tog B 

4020 

5>/> 

0.54 

7,11 

-4.49 

3819 

mi 

0.37 

6.86 

-4.96 

3705 

7 3 D 

0.27 

6.65 

-5.44 

3634 

S J D 

0.21 

6.47 

-5.08 


where E is the emission /crnVsec, I is the ionization potential, A is the 
transition probability, and x is the excitation potential, krom these 
data calculate the number of He+ ions/cm 3 , assuming, tentatively, 
T = 10,000° K and thermodynamic equilibrium. The amount of energy 
radiated per unit time and volume in \4686 (1“3) of He II is given by 
log E = —5.88. Compute the number of doubly-ionized helium atoms, 
JV(He+ + ) per cm 3 , and apply the ionization formula to the He -1 "* lle + 
ratio to get an ionization temperature for helium, 

6. Assume that in the inner corona, N t = 10*, T — 500,000° K, Cal- 
culate the relative intensity of the continuum arising from electron scat- 
tering and that at the center of lla assuming it to arise entirely from 
recombination. Would the line be expected to appear in the outer corona 
where N p = number of hydrogen ions — 107 cm 3 , anc * ^ ~ 500,000°K? 

7* With the aid of the data of Table 2 compute the temperature dis- 
tribution in the corona on the assumption it is in hydrostatic equilibrium. 

8. Compare the amount of energy absorbed per gram of solar material 
per second at a point of optical depth 0.3 with that dissipated in an 
acoustical wave. Assume w — 0.5 km/sec, 7 — 3/3* 
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Pecker, J. 0., 232. 281 
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Poumet, CL H., 159 
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Hoyds, T., 286 
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Sehatsman, E.. 234, 385, 388 
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Schuster, A., 205, 21 K 2, ->8, 3* a 
Schwaraschild, R.» 305, 329 
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Absolute magnitude, 8, 17. 169 
effects in spectra, 14, 88. 166, 321 25 
Absorption coefficient 
calculation of, 253 
classical formula, 121 
continuous; see Continuous absorption 
coefficient 
defined, 109 
Einstein, 126 
for stellar line, 251 
quantum formula, 128 
Abundances of elements 
in y Pegaei, 298 
in planetary nebulae, 329 
in stellar atmospheres, 326 30 
Acoustical waves, 386. 387, 388 
Adiabatic gas law, 54 
At ■ robe e rockets, 332 
Alkali metals 
series in, 23 
spectra of, 26 

Alternation law of multiplicities, 32 
Angular momentum 
as a vector, 28, 29 
of atomic spin, 28 
of electronic orbits, 27, 28, 29 
Anomalous dispersion, 120 
Astronomical* unit, defined, 6 
Afte of Stella Spectra (Morgan-Keenan- 
Ke liman Atlas), 14, 196, 322, 325 
Atmospheric extinction, 160, 160 
Atom, 22 
Bohr model of, 23 
vector model of, 26. 28 
wave model of, 26 
Atomic energy level, 134 
Atomic term, 134 
Aurorae, 394 

Auroral transitions, defined* 37, 151, 
152 

Avogadro’s number, defined, 51 

Halmer discontinuity, defined, 166, 187. 
188* 197, 234 

Ba Inter formula for hydrogen, 23 
Bands; see Diatomic molecules 
Binaries 

eclipsing, 15, 234 
visual, 16 

Blanketing effect, 221* 222 
Bohr atom model, 23, 24, 25 
Bolomctric correction, S* 170, J71, 172 
Bolometrie magnitude, 8, 17, 170 
Boltzmann's constant, defined, 5 1 
Boltzmann's equation, 74, 75, 127 
Brightness temperature defined, 158 


Broadening of spectral lines 
by collisional damping, 243, 244-55 
bv hyperfine structure, 213 
bv radiation damping, 129, 130* 243, 
251-55 

by Stark effect, 243, 308-16 
by stellar rotation, 213, 3 17’ 19 
bv thermal Doppler effect, 58, 243, 

* 251-55 

by Zeeman effect, 243, 251, 320 

Capture coefficient for electrons, 147 
Central intensities of absorption lines, 
277, 2Sli 

Chandrasekhar mean absorption coeffi- 
cient; see Mean absorption coeffi- 
cient 

Chemical composition of stars, 326-30 
Chemical compounds, dissociation of, 92 
{ /hemioal compounds, found in sun, 325 
Chromosphere, 340, 364-74 
density of, 370. 374, 391 
gradients in, 368* 369, 370, 373 
of supergiant stars. 306* 307 
temperature of, 370 74 . 390, 391 
Classical damping constant, 123 
Collision of second kind; see Superelast ic 
collisions 

Color index defined, 8, 170 
Color temperatures, 158, 166, 167, 178, 
186, 194, 196, 234 _ 

Conduction, thermal, 177 
Configuration 
electronic, defined, 30 
parity of, 31 

Continuous absorption coefficient, 144 
for atomic hydrogen, ISO, 182, 183 
for cool stars, 187-98 
for hot stars, 1 82 
for negative hydrogen ion, 190 
mean value of; see Mean absorption 
coefficient 
stellar, J79 

Continuous abeorpt ion of radial ion 
by molecules, 179 

for atomic hydrogen, 144* 145, 146, 
147, ISO ff* 

for II"; see Negative hydrogen bn 
for oxygen, 150 
Coi l tin uou s s pee t n l 
of atoms, 25, 144 
nf corona, 376, 377 
of molecules, 42, 179 
of stars, 21* 174 ff* 

Convection, 1 78 
in sun, 342 
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Convective equilibrium, ITS, 222, 229 
Coifimi, 310, 374 
brightness of, 375 
density of, 374, 370, 301 
1 >olar rays of, 354 
polarisation of, 375 
spectrum of, 370-85 
temperature of, 377, 378, 384, 390, 391 
theories of, 385-89 

Cosmic rays, correlation with solar 
activity, 394 

Curve of growth, 143, 288-99, 323 
departures from, 30S 
effect of turbulence on, 304-7 
practical calculation of procedure. 
293-99 

1 lamping constant 
classical, 122, 123 
collision^, 247, 253, 308, 331 
quantum mechanical, 128. 129 
1 degeneracy 
criterion for, 05, 07 
relativistic, 65, 06, 67 
Degenerate gases, 60 

equation of state of, 61, 64, 05, 66 
Detailed balancing, 74, 127 
Diatomic molecules 
designation of energy levels of, 46 
dissociation of, 91, 92 
electronic bands of, 44 
heat of dissociation of, 42 
progressions and sequences, 44 
pure rotation bands of, 41 
rotation-vibration bands of, 41, 42 
rotational energies of, 11 
vibrcit ional energies of, 41, 42 
Dielectric constant, 1 18, 1 19 
Dipole 
classical, 117 
electric, 1 16 
magnetic, 116 
rate of radiation bv, 123 
Discrete encounter theory of line broad- 
ening. 244, 245 

Dissociation equation for molecules, 91, 
92 

Dwarf stars, II, 87. 88, 166, 322, 323. 324 
molecules in, 94, 95, 96 

Eberhard effect, 2 12 
Eclipsing binaries, 15, 231, 235, 306 
Eddington approximation, 205, 206. 266 
Eddington transfer equal ion, 259 
Effective surface gravity defined, 229 
Effec t i ve t emi iera t u re 
defined, 157 
of stars, 186, 234. 235 
of sun, 162 

relation with boundarv temperature, 
206, 216 

relation with color temperature, 178, 
196 

Effective wa ve le tig 1 1 1 , 1 08 


E i nstci 1 1 pro bal >i 1 i 1 v cocflic iei * 1 a 
defined, 126 

for forbidden lines, 151, 152 
rel s 1 1 ions be tweoi i , 1 27 
relat ions to /-values, 130 
Electromagnetic radiation, 114 
Electromagnetic wave, 114, 120 
Electron, charge of, 22 
Electron scattering 
coefficient of, 125 
in chromosphere, 37 1 
in corona, 376, 379 

in stellar atmosphere®, 179, 185, 201, 
231 

Emission 
continuous, 147 
spontaneous, 126 
Emission coefficient, defined, 108 
Energy level diagram 
construction of, 37 
for Forbidden lines, 38 
for helium, 29 
for hydrogen, 24 
for oxygen, 36 
for sodium, 27 
Equation of state 
for a degenerate gas, 61, 64, 65, 66 
for a perfect gas, 3 1 
Equivalent electrons, 31 
Equivalent width of a spectral line, 143, 
212 

Excitation potential defined, 25 
Excitation temperature, 158, 299-363 
from molecular bands, 302 
Exponential integral function, 177, 238 

/-values or oscillator strength 
averaged, 293 
calculation of, 133 ff. 
defined, 122 

defined for continuum, 146 
emission, 131 

experimental determination of, 142 
relation to Einstein coefficient, 130 
relative, 133, 142 
Faculae, 340, 355, 395 
Fur mi- Dirac distribution law, 63 
Filaments (quiescent prominences), 341, 
356, 359, 361 

Flares, 358, 361, 302, 393, 395 
Florid I us, 340. 34 1 , 362, 395 
Flux of radiation 
defined, 102 

integral relations involving, 202, 204 
Forbidden electronic bands, 47 
Forbidden lines, 35, 37. 38, 39 
eollimonal excitation of, 153, 382 
in corona, 379 84 
transition probabilities of, 151 
Fort rat parabola, 46 
Fourier analysis of wave train, 129, 247 
Fourier integral theorem, 246 
Franck Condon principle, 45 
Fraunhofer spectrum, 20, 241-339 


INDEX OF SUBJECTS 


409 


Gaseous nebulae, 21 

(ttntinuous spectra of, 1 19 
forbidden lines in, 151, 152, 153, 154 
Gaunt factor, 133, 149, 182 
Gaussian method of integration. 207 
G-band, 10, 96, 324 
Giant stars, 11. 87, 88, 323. 324, 388 
molecules in, 93, 94, 95, 96, 324 
Gradients, sped ro photometric defined, 
164, 166, 194. 197 

Granules, 178. 287. 288. 310, 342. 343, 
359. 386 

Gravity darkening, 1 6 
Grey body, 174 

Heat index, 172 

Heisenberg uncertainty principle, 130 
Hertzsprung gap, 6 

Ho Its mark theory of line broadening, 
244, 251. 308, 310, 311, 316; me (lino 
Btark effect 
Hugoniot relation, 387 
Hand’s rule in atomic spectra, 37 
Hydrogen ion, negative; arc Negative 
hydrogen ion 

Hydrogen molecule ion, 236 
H yd ros t atie emit l il iriui n 
of chromosphere, 373 
of stellar atmospheres, 222, 229. 306 
Hvperfine structure, 39, 243 

Induced emission; see Negative absorp- 
tion 

Intensity of a spectral line defined for 
alwrption lines, 24 1 ; see oho 
Equivalent width 
Intensity of radiation 

integral relations involving, 202 
specific, defined, 101 
Intercombination lines, defined, 36 
Interferometer, stellar. 16, 170 
Interlocking, 277, 282 
Intermediate coupling in atomic spectra. 
32 

Ionization 
equation, 77, 79, 80 
equation combined with Boltzmann 
equation, 81. 82 
equation, examples, 80 
pressure, 61 

Ionization potential, 25 
table of, 78 

Ionisation temperature, S3, 158, 301,362 
Ionosphere, 162, 393, 394, 395 
Isoelect roll it- sequence defined, 33,386,38 1 
Isotope 
denned, 22 
effects in sped m, 48 
Iteration method for solution of transfer 
equation, 267, 273 

jj coupling 

in atomic spectra, 32 

line strength formulae for, 135 


Kepler’s third law, 1 5 
Kineraaiical viscosity, 08 
Kirchhoffa laws of spectrum analysis, 20 
KirehhofTs law of thermal emission, 1 10, 
176, 200 

Laminar flow of fluids, 08^ 

Lapurte parity rule, 35, 37 
Lead sulfide cell, 7 
Limb darkening in sun, 16 
effect of granulation upon, 287, 288 
in integrated light. 220. 221 
interpretation of, 192, 340 
measurements of, 162, 163 
theory of, 207, 210 

Local thermodynamic equilibrium, 257, 
288,290 

Loschmidt number defined, 51 
LS coupling 
defined, 29 

departures from, 32, 33 
line strength formulae and tables fur, 
134-41 

Magnetic fields 
i n stars, 319 
in sunspots, 347-54 
of earth, 393 

fluctuations in, 394 
of sun, 355 

Magneto-hydrodynamical waves, 320, 
354 

Magneto-rotation effects, 142 
Magnitude 
absolute, do fin ed, 8 
bolometric, 8 
defined. 6 
infrared, 7 
photographic, 7 
photo visual, 7_ 
radiometric, 172 
red , 7 

zero point of scale, 7, 8 
Main sequence, 11; see oho Dwarf stars 
Mass-luminosity law, 16, 17 
Maxwellian distribution law, 55 
breakdown of in degeneracy, 61 
i le viutions f ro m , 60 
for speeds of molecules, 56 
influence on spectral lines, 2,i2 
Mean absorption coefficient for etel nr 
material (opacity), 191, 192, 219, 
220, 230. 232 
Chandrasekhar, 220 
definition of, 219 
Homeland, 219 
Metastable level, 30, 37, 151 
Milne-Eddington model of a stellar 
atmosphere, 257. 299, 291 
Model atmospheres, 222 ff, 
for early type stars. 229 
for pure helium star, 232 
for pure hvdrogen star, 232 
for sun, 226-29, 270, 271 
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Molecules 

diatomic, 31) IS; sec afro Diatomic 
molecules 
homo nuclear, 44 
in stars, 01 98, 324 
in the sun, 325, 326 
polyatomic, 40 

temperature determination from, 302 
Multiple!, 135 

relative strength of, 139, 1 10 

Nebular transitions defined, 37, 151, 152 
Negative absorptions, 126 
Negative hydrogen km, 150, 170, 189, 
190, 199, 235, 236 

Negative ions, other than hydrogen, 236 
Neutron, 22 
Nucleus, atomic, 22 

Opacity defined, 219; xee also Mean 
absorption coefficient 
Optical depth, 110, 177, 193, 262, 272 
defined, 109 
in a spectral line, 260 
Orion nebula, 20, 70 
Oscillator strength; see /-value 

Parallax 
defined, 6 

spectroscopic, 6, 14, 321 
Parentage of atomic terms 
defined, 33 
fractional, 34 
Parsec defined, 6 

Partial pressure, Dalton's law of, 52 
Partition function 
defined, 75, 78 
of a molecule, 303 
Pauli exclusion principle, 30, 34, 61 
Penumbra of sunspots, 344, 315 
Phase shifts in eollisional broadening, 
215, 246, 249 
Phase space, 61 
Photoelect ric cell 

use in determining magnitudes, 7, 8 
use in spectrophotometry, 165, 167, 
168 

Photosphere, 256, 257, 28 1 
Plage, 341. 355, 356 
Plage faculaire, 340 
Planck's constant, 22 
Planck's radiation formula, 105, 107, 108 
Plasma oscillations, 392 
Polarizability 
of dielectric media, l IS 
of hydrogen atom, 250 
Polarization of Fraunhofer lines, 287 
Polyad, 134 

Potsdam Generalkatalog, 8 
Profile of a spect ral line 
eenter-to-iimb variations of, 265, 286 
observations of, 241, 242 
theoretical calculation of, 261 flL 
269 IT. 


Prominences. 356, 357 
attempted theories of, 363-64 
classification of, 357-59 
motions of, 359 
spectra of, 360 
Proton, 22 
PyrheHometer, 159 

Quadrupole, electric, 116, 151 
Quantum number 
azimuthal, 28 
inner, 74 

orbital angular momentum, 27 
principal, 23 

spin angular momentum, 27 
total angular momentum, 27, 28 
Quantum theory 

of line broadening, 130 
of radiation, 125 

Radiation, Chapter 5 
black body, 105 
classical theory of, 113 ff. 
density of, 104 
dipole, 116, 117 

flow through a stellar atmosphere, 
198 

flux of, 102, 103 
magn e t ic d ipole, 116, 151, 1 52 
mechanical force exerted by, 1 12 
pressure of, 111 
quadrupole, 116, 151, 152 
quantum theory of, 125 ff, 
specific intensity of, 10 1 
Radiative equilibrium, 201, 218. 222. 
231, 344 

Radiative transfer, 198; see also Transfer 
equation 

Radio-f requeue v radiation from the sun, 
373, 389 92 

Rayleigh- Jean's formula, 108 
Rayleigh scattering, 124, 125, 200 
Red index, 170 

Refraction, index of, 119, 120 
Regular doublet law in spectroscopy, 
380 

Resonance lines defined, 27 
Reversing la ver of stellar atmosphere, 20, 
256 

1 1 oy nol d 's c ri t erio n t 68 

Roaaeland mean absorption coefficient; 

see Mean absorption coefficient 
Rotation 
of stars, 317 19 
of the sun, 34 1 , 342 
Rowland scale of lino intensities, 241 
calibration of, 335, 346 
l i ussel 1 - Adams ph ei io menoi i , 33 1 
Russell diagram 

for globular dusters, 12, 13 
far stars near sun, 10. 11 
for types I and II, 12 
Russell mixture, 53, 54 
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Scattering 

by elect rone; see Electron scattering 
by Rayleigh's law; see Rayleigh scat- 
tering 

by small particles, 123, 124 
mechanisms lor absorption line forma- 
tion, 257, 286, 296 
noncoherent, 277, 2S2 85, 314 
Sch uste r-Sc bwa rzs< :1 1 i Id 
approximation, 261 

model of a stellar atmosphere, 257. 289 
Sohwassman-W achmann comet, 396 
Selection rules, 35 

for forbidden lines. 151 
Shock waves in stellar atmosphere, 233, 
387, 388 
Solar constant 
defined | 160 

possible variability of, 162 
Solar cycle, 346 
Solar disk phenomena, 345 
Source fun ct ion 
defined, 200“ 1 6 
for a spectral line, 260, 268 
Spectra 
atomic, 20 50 
molecular, 20-50 
stellar, 73-100, 174-240, 241-339 
Spectral classes 

Harvard sequence of, 9, 83 
interpretation of, 83 
Yerkee system, 14, 322 
Spectral sequence, 9 
branching of, 96. 97, 98 
interpretation of, S3 ff. 

Spectral series 
diffuse, 27 
fundamental, 27 
in alkali metals, 23 
in hydrogen, 23 
in ionized helium, 25 
principal, 27 
sharp. 27 

SpectroDokuneter, 159 
Spcctroheliograph, 310, 355, 356 
Spectrophotometry, 164-67 
Spectroscopic notation, 28, 31 
S[jectroseopie parallaxes; see Parallaxes, 
sped roscop ic ; A bsolu te magn i t ude 
effects 

Spectrum-luminosity relationship, 10; 

see also Russell diagram 
Spicules, 359 
Spin, electron, 27, 28 
Spin-orbit interaction, 31 
Stark effect, 2 13, 284 
in helium, 314-16 
in hydrogen, 308 14, 316 
quadratic, 248, 249, 314, 315 
Statistical weight 

for continuous levels, 77 
of a level defined, 74 
Stefan-Boltzmann law, 106, l OS 
Stellar population types, 12, 13, 14 


Strength of a spectral line 
de filled, 134 
relative, 135-42 
Subdwarfs, 11 
Subgianta, I I 

Subordinate lines defined, 27 
Sum rules for line strength, 131, 139, 141 
Sunspots, 340, 341 
classification of, 348 
development of, 344 
electromagnetic phenomena of, 362 
magnetic properties of, 347-55 
motions in, 3*15 
temperatures of, 345 
Superelastic collision, 30, 73. 151. 259 
Supergiants, 11, 166, 322, 323, 324 
atmospheres or, 306 
Supermwtiplet, 135 
Surges, 358 

Temperature of stars, 157, 158; see aim* 
Color temperature; Effective tem- 
perature; Excitation temperature; 
Ionization temperature; and Bright- 
ness temperature 
Temperature of sun, 162 
Term values in atomic spectra, 23, 134 
Terms 

multiplicity of, 30, 32 
parentage of, 34, 35 
Thermocouple, 170, 172 
Thermodynamic equilibrium 
defined, 73, 74 
deviations from, 76, 77 
Thomas Kuhn sum rule, 131, 133 
Thomson scattering; see Electron scat- 
tering 

Transnurorul lines, 37, 152 
Transfer equation, 200. 201, 259; see 
also Radiative transfer 
Chandrasekhar solution of, 207 16 
Eddington solution of, 205-7 
for constant ratio of line to contin- 
uous absorption, 261 
for spectral lines, 258 
solution by direct numerical integra- 
tion, 266 

solution by iteration, 267 
solution by “mean value” method, 
264 

various solutions of, 216-18 
Transition array, 135, 140 
Transition probabilities; see /-values; 
Strength of a spectral line; and 
Einstein probability coefficients 
Transitions 

bound -bound, 145 
hound-free, 145, 179, 180 
free-free, 145, 149, 179, 181 
Turbulence, 67, 68 
decay of, 70 
element, 68 
in chromosphere, 37 1 
in solar atmosphere, 71, 343 
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T u rb ulencG Continu ed 

in stellar atmosphere. 301 8, 3&8 
spec* rum of, 09, 343 
Types of skdlar populations, 13, M, 329, 
330 

Umbra of sunspots, 344, 345 

Van der Waals constant of interaction, 
250 

Van dor Waals force,, 248, 249, 250 

Weighting functions, applications to 
absorption lines, 280 81 


Weights for evaluation of flux and in- 
tensity integrals, 202-5 
White dwarfs, 11, 17 
Wien approximation to Planck’s law, 108 
Wien displacement law, 107 
Wings of an absorption line, 24 L 
Wolf-Rayet stars, 330 

Zeeman component, 135 
Zeeman effect 

as an aid in analysis of spectra, 35, 39 
in stellar spectra, 213, 251, 3 Ml, 320 
in sunspots, 347 ft. 

Zeeman state, 131 
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